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To Rn.

Rn = {x = (x1, · · · , xn) : xi ∈ R, i = 1, · · · , n} = R× · · · × R

To sÔnolo twn antikeimènwn pou qrei�zontai n pragmatikoÔc arijmoÔc

gia na perigrafoÔn pl rwc.

Par�deigma

H analutik  bajmologÐa enìc apofoitou tou tm matoc statistik c tou

OPA o opoÐoc gia na p�rei ptuqÐo prèpei na per�sei 30 maj mata

eÐnai èna stoiqeÐo tou R30.

Par�deigma

'Ena shmeÐo thc aÐjousac pou gia na perigrafeÐ qrei�zetai m koc,

pl�toc kai Ôyoc eÐnai èna stoiqeÐo tou R3.
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Apìstash dÔo stoiqeÐwn tou Rn

'Estw x = (x1, · · · , xn) kai y = (y1, · · · , yn) duo stoiqeia tou Rn.

Gia na tautÐzontai aut� ja prèpei

xi = yi , ∀ i = 1, · · · , n.

Sthn periptwsh aut  gr�foume

x = y ston Rn

An up�rqei toul�qiston èna i = 1, · · · , n tètoio ¸ste xi 6= yi tìte

x 6= y ston Rn.
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Gia dÔo opoiadhpote x , y ∈ Rn ènac tropoc (ìqi o monadikìc) na

orÐsoume thn apìstash touc einai wc

d(x , y) = ‖x − y‖ =

√√√√ n∑
i=1

(xi − yi )2

An n = 1 tìte d(x , y) = |x − y |.

H apìstash aut  onom�zetai eukleÐdia apìstash ston Rn.

H posìthta

‖x‖ =

√√√√ n∑
i=1

x2i ,

onom�zetai m koc tou dianÔsmatoc x .
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Idiìthtec thc d(·, ·)

1 d(x , y) ≥ 0, ∀ x , y ∈ Rn kai d(x , y) = 0 an kai mìno an x = y .

2 d(x , y) = d(y , x), ∀ x , y ∈ Rn.

3 d(x , y) ≤ d(x , z) + d(z , y), ∀ x , y , z ∈ Rn. (trigwnik  anisìthta)
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Apìstash kai eswterikì ginìmeno

Gia opoiad pote dÔo dianÔsmata x = (x1, · · · , xn),y = (y1, · · · , yn) ston

Rn mporoÔme na orÐsoume to eswterikì ginìmeno

〈x , y〉 =
n∑

i=1

xiyi .

MporoÔme eukola na doÔme oti

d(x , y) =
√
〈x − y , x − y〉.
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Idiìthtec tou eswterikoÔ ginomènou

1 〈x , y〉 = 〈y , x〉, ∀ x , y ∈ Rn.

2 〈x , x〉 ≥ 0, ∀ x ∈ Rn kai 〈x , x〉 = 0 an kai mìno an x = 0.

3 Gia opoiadhpote x , y , z ∈ Rn kai λ1, λ2 ∈ R isqÔei ìti

〈λ1xλ2y , z〉 = λ1〈x , z〉+ λ2〈y , z〉,
〈x , λ1y + λ2z〉 = λ1〈x , y〉+ λ2〈x , z〉
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H anisìthta Cauchy-Schwarz

Je¸rhma

Gia k�je x = (x1, · · · , xn), y = (y1, · · · , yn) sto Rn isqÔei oti

|〈x , y〉| ≤ ‖x‖ ‖y‖,

  isodÔnama ∣∣∣∣∣
n∑

i=1

xiyi

∣∣∣∣∣ ≤
(

n∑
i=1

x2i

)1/2 ( n∑
i=1

y2i

)1/2

.

H isìthta isqÔei an kai mìno an up�rqei λ ∈ R tètoio ¸ste y = λx
dhlad ,

yi = λ xi , i = 1, · · · , n.
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H anisìthta Cauchy-Schwarz èqei pollèc kai qrhsimec efarmogèc

Par�deigma (Apìdeixh thc trigwnik c idiìthtac)

Arkei na deixoume ìti ‖x + y‖ ≤ ‖x‖+ ‖y‖ gia k�je x , y ∈ Rn.

‖x + y‖ ≤ ‖x‖+ ‖y‖ ⇐⇒ ‖x + y‖2 ≤ (‖x‖+ ‖y‖)2

To aristerì mèloc dÐnei

‖x + y‖2 = 〈(x + y , x + y〉 = ‖x‖2 + 2〈x , y〉+ ‖y‖2.

To dexiì meloc dÐnei

(‖x‖+ ‖y‖)2 = ‖x‖2 + 2‖x‖ ‖y‖+ ‖y‖2.

SugkrÐnontac kai lamb�nontac upìyin thn anisìthta Cauchy-Schwarz
katal goume sto epijumhtì apotèlesma.
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O nìmoc tou parallhlogr�mmou

Gia k�je x , y ∈ Rn isquei

‖x + y‖2 + ‖x − y‖2 = 2‖x‖2 + 2‖y‖2.
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Orjog¸nia di�spash

'Estw x , y ∈ Rn me x 6= 0.
OrÐzoume

c =
〈x , y〉
‖y‖2

,

z = x − 〈x , y〉
‖y‖2

y = x − c y .

IsqÔei ìti

〈z , y〉 = 0,

x = c y + z .
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Efarmogèc thc anisothtac Cauchy-Schwarz sthn
beltistopoÐhsh kai thn statistikh

Par�deigma

JewreÐste touc arijmoÔc ai , i = 1, · · · , n gnwstoÔc.

Poia einai h el�qisth tim  thc par�stashc I =
∑n

i=1 aixi gia ìlec tic

pijanec epilogèc twn arijm¸n xi , i = 1, · · · , n an jèloume na

ikanopoieÐtai o periorismìc
∑n

i=1 x
2
i = 1 kai gia poi� xi epitugq�netai?

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 12 / 29



H anisìthta Cauchy -Schwarz dinei

|
n∑

i=1

aixi | ≤ (
n∑

i=1

a2i )1/2 (
n∑

i=1

x2i )1/2 = (
n∑

i=1

a2i )1/2

dhladh,

−(
n∑

i=1

a2i )1/2 ≤
n∑

i=1

aixi ≤ (
n∑

i=1

a2i )1/2.

H mikroterh tim  pou mporei na p�rei h par�stash I eÐnai Ðsh me

−(
∑n

i=1 a
2
i )1/2.
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EpÐshc apo thn anisìthta Cauchy-Schwarz èqoume ìti gia na

epiteuqjeÐ h isìthta ja prèpei na up�rqei λ ∈ R tètoio wste

xi = λ ai , i = 1, · · · , n.

Autì mac dÐnei ìti

n∑
i=1

x2i = λ2
n∑

i=1

a2i ,

sunep¸c lìgw tou periorismoÔ
∑n

i=1 x
2
i = 1 katal goume ìti

λ = ± 1∑n
i=1 a

2
i

.

'Ara, h el�qisth tim  thc par�stashc I epitugq�netai sto

xi =
ai∑n
i=1 a

2
i

, i = 1, · · · , n.
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Par�deigma

'Estw Ω = {ω1, · · · , ωn} ènac diakritìc deigmatikìc q¸roc kai
p = (p1, · · · , pn) mia diakrit  katanom  ston Ω.

'Estw X ,Y : Ω→ R dÔo diakritèc tuqaiec metablhtèc tic opoÐec

mporoÔme na katano soume san dianÔsmata

X = (x1, · · · , xn),

Y = (y1, · · · , yn).

Deixte ìti h anisìthta Cauchy-Schwarz shmainei ìti

|E[(X − E[X ]) [(Y − E[Y ]) ]| ≤ (E[(X − E[X ])2])1/2(E[(Y − E[Y ])2])1/2

  isodÔnama

|Cov(X ,Y )| ≤ V
√
Var(X )

√
Var(Y ).
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Bèltistoi grammikoÐ ektimhtèc (BLUE)

SÔmfwna me thn jewrÐa mac, h posìthta Z ja prèpei na eÐnai Ðsh proc

mia stajer� c pou jèloume na ektim soume.

Dustuq¸c sthn di�jesh mac èqoume mìno J parathr seic thc Z , Zi oi

opoÐec ìmwc upìkeintai se tuqaÐa sf�lmata εi ta opoÐa jewroÔme ìti

ikanopoioÔn tic idiìthtec

E[εi ] = 0, i = 1, · · · , J,
E[εiεj ] = σ2i δi ,j , σ

2
i > 0, i , j = 1, · · · , J,

Pwc ja mporoÔsate na qrhsimopoi sete tic metr seic Zi , i = 1, · · · , J
gia na ektim sete thn stajer� c ?
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Oi metr seic mac ja erqontai apo èna upìdeigma thc morf c

Zi = c + εi , i = 1, · · · , J,

ìpou to c eÐnai �gnwsto.

Ja ektim soume to c apo mia ektim tria thc morf c

ĉ =
N∑
i=1

biZi ,

gia kat�llhlh epilog  twn stajer¸n bi .
H ektim tria aut  eÐnai tuqaia giatÐ exart�tai apo tic parathr seic.

'Opwc kai an èqoun tÔqei ta sf�lmata ja prèpei na ikanopoieÐ

E[ĉ] = c amerolhyÐa

kaj¸c kai na elaqistopoÐeÐ thn posìthta

E[(c − ĉ)2]
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H sunj kh thc amerolhyÐac dÐnei

J∑
i=1

bi = 1.

MporoÔme epÐshc na deixoume ìti

E[(c − ĉ)2] = E[
J∑

i=1

J∑
j=1

bibjεiεj ] =
J∑

i=1

b2i σ
2
i .
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To prìblhma thc eÔreshc thc BLUE an�getai sto prìblhma

beltistopoÐhshc

min
b1,··· ,bJ

J∑
i=1

σ2i b
2
i ,

upo ton periorismì
J∑

i=1

bi = 1.

To prìblhma autì mporeÐ na lujeÐ me thn qrhsh thc anisìthtac

Cauchy-Schwarz kai na deÐxoume ìti

ĉ = λ

J∑
i=1

Zi

σ2i
,

λ =
1∑J

i=1
1
σ2
i

.
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MporoÔme na gr�youme

1 =
J∑

i=1

bi =
J∑

i=1

(biσi )
1

σi
,

kai efarmìzontac thn anisìthta Cauchy-Schwarz ,

1 =
I∑

i=1

(biσi )
1

σi
≤

(
J∑

i=1

b2i σ
2
i

)1/2 ( J∑
i=1

1

σ2i

)1/2

,

'Ara h mikrìterh tim  pou mporeÐ na p�rei h posìthta I =
∑J

i=1 b
2
i σ

2
i

einai Ðsh proc 1∑J
i=1

1

σ2
i

kai h isìthta epitugq�netai an up�rqei λ ∈ R

tètoio ¸ste

biσi = λ
1

σi
, i = 1, · · · , J.
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Kajetothta dianusmatwn ston Rn

Orismìc

DÔo dianÔsmata x , y ∈ Rn ja lègontai k�jeta (x ⊥ y) an

〈x , y〉 = 0.

Je¸rhma

An x ⊥ y tìte

‖x + y‖2 = ‖x‖2 + ‖y‖2.
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KalÔterh prosèggish kai kajetìthta

Je¸rhma

Ac upojèsoume ìti eqoume m grammik� anexarthta dianÔsmata

z1, · · · , zm ∈ Rn, m ≤ n kai èna di�nusma x ∈ Rn kai zhtoÔme na

broÔme thn kalÔterh prosèggish gia to x thc morf c

x∗ =
m∑
i=1

bizi , bi ∈ R.

To stoqeÐo x∗ kajorÐzetai apo tic sqèseic orjogwniìthtac

〈x − x∗, zi 〉 = 0, i = 1, · · · ,m.
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Y�qnoume x∗ =
∑m

i=1 bizi tètoio ¸ste

‖x − x∗‖ ≤ ‖x − y‖, ∀ y ∈ V := span(z1, · · · , zm).

'Eqoume ìti

‖x − y‖2 = ‖x − x∗ + x∗ − y‖2

= ‖x − x∗‖2 + 2〈x − x∗, x∗ − y〉+ ‖x∗ − y‖2.

Efoson, x∗, y ∈ V isqÔei kai x∗ − y ∈ V ara x∗ − y =
∑m

i=1 cizi gia
k�poia ci ∈ R sunep¸c,

〈x − x∗, x∗ − y〉 = 〈x − x∗,
m∑
i=1

cizi 〉

=
m∑
i=1

ci 〈x − x∗, zi 〉 = 0,

'Ara,

‖x − y‖2 = ‖x − x∗‖2 + ‖x∗ − y‖2 ≥ ‖x − x∗‖2.
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H anisìthta Hölder

Je¸rhma

An orÐsoume thn posothta ‖x‖p = (
∑n

i=1 |xi |p)1/p, gia p ≥ 1 tìte

|
n∑

i=1

xiyi | ≤ ‖x‖p ‖y‖q,
1

p
+

1

q
= 1,

me thn isìthta na isqÔei an kai mìno an(
xi
‖x‖p

)p

=

(
yi
‖y‖q

)q

, i = 1, · · · , n.
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H anisìthta Minkowski

H anisìthta tou Hölder mac epitrèpei mia genÐkeush thc trigwnik c

anisìthtac.

Je¸rhma

‖x + y‖p ≤ ‖x‖p + ‖y‖p, ∀ x , y ∈ Rn, p ≥ 1.
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Apìdeixh.

Gia k�je i = 1, · · · , n,

|xi + yi |p ≤ |xi | |xi + yi |p−1 + |yi | |xi + yi |p−1.

AjroÐzoume se ola ta i ,

n∑
i=1

|xi + yi |p ≤
n∑

i=1

|xi | |xi + yi |p−1 +
n∑

i=1

|yi | |xi + yi |p−1,

kai efarmìzoume 2 forèc thn Hölder.
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GenikeÔseic thc ennoiac thc apìstashc ston Rn.

Sto Rn mporoÔme na genikeÔsoume thn ènnoia thc apìstashc

d(x , y) =

(
n∑

i=1

wi |xi − yi |p
)1/p

,

gia k�poia epilog  bar¸n w1, · · · ,wn.

H epilog  p = 2 eÐnai polÔ shmantik  giati tìte h apìstash

sqetÐzetai me ena eswterikì ginìmeno kai ikanopoieÐ idiìthtec opwc

p.q. o nìmoc tou parallhlogr�mmou kai to Pujagìreio je¸rhma.
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H perÐptwsh tou R3

Sthn perÐptwsh aut  mpoooÔme na gr�youme

〈x , y〉 = ‖x‖ ‖y‖ cos(θ),

ìpou θ h gwnÐa metaxÔ twn dianusm�twn x kai y .
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To exwterikì ginìmeno sto R3

An èqoume dÔo dianÔsmata x = x1e1 + x2e2 + x3e3 kai

y = y1e1 + y2e2 + y3e3 ston R3, mporoÔme na orÐsoume èna trito

di�nusma wc

x × y =

∣∣∣∣∣∣
e1 e2 e3
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣
= (x2y3 − x3y2)e1 + (x3y1 − x1y3)e2 + (x1y2 − x2y3)e3.

Isquei ìti

x × y = −y × x ,

x × x = 0
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