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Akrìtata sunart sewn poll¸n metablht¸n

Orismìc

'Estw f : U ⊂ Rd → R mia sun�rthsh.

To shmeÐo x∗ ∈ U ja onom�zetai topikì el�qisto thc f an

f (x∗) ≤ f (x), ∀ x ∈ V ,

ìpou V ⊂ U eÐnai mia geitoni� pou perièqei to shmeÐo x∗.

To shmeÐo x∗ ∈ U ja onom�zetai topikì mègisto thc f an

f (x∗) ≥ f (x), ∀ x ∈ V ,

ìpou V ⊂ U eÐnai mia geitoni� pou perièqei to shmeÐo x∗.
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Poi� eÐnai ta krit ria gia èna topkì mègisto   el�qisto?

Ac upojèsoume oti x∗ eÐnai èna topikì el�qisto thc f kai ìti h f eÐnai

C 1 se mia geitoni� tou shmeÐou x∗.

Ac jewr soume thn sun�rthsh φ : R→ R pou orÐzetai wc

φ(t) = f (x∗ + th), gia opoiod pote h ∈ Rd .

An x∗ topikì el�qisto thc f tìte to t = 0 eÐnai topikì el�qisto thc φ.

'Omwc tìte isqÔei

0 =
dφ

dt
(t)

∣∣∣∣
t=0

= 〈Df (x∗), h〉

kai

Df (x∗) = 0.
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Me akrib¸c ton Ðdio trìpo mporoÔme na doÔme oti an x∗ eÐnai èna

topikì mègisto thc f kai h f eÐnai C 1 se mÐa geitoni� tou shmeÐou x∗

tìte

Df (x∗) = 0.
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Orismìc

"Estw f : Rd → R mia C 1 sun�rthsh.

Ta shmeÐa x ∈ Rd gia ta opoÐa isqÔei Df (x) = 0 onom�zontai krÐsima

shmeÐa thc sun�rthshc f .

Prìtash

Ta topik� mègista   el�qista miac C 1 sun�rthshc f : Rd → R eÐnai

krÐsima shmeÐa thc.

Ta krÐsima shmeÐa ìmwc den eÐnai aparaÐthta mègista   el�qista
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Par�deigma

H f (x1,2 ) = x21 + x22 èqei krisimo shmeÐo to (0, 0) to opoÐo einai el�qisto.
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Par�deigma

H f (x1,2 ) = −x21 − x22 èqei krisimo shmeÐo to (0, 0) to opoÐo einai

mègisto.
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Par�deigma

H f (x1,2 ) = x21 − x22 èqei krisimo shmeÐo to (0, 0) to opoÐo den einai oÔte

mègisto oÔte el�qisto.

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 10 / 19



Orismìc

'Ena krÐsimo shmeÐo to opoÐo den eÐnai oÔte topikì mègisto oÔte topikì

el�qisto onom�zetai sagmatikì shmeÐo (saddle point).

Se èna sagmatikì shmeÐo up�rqoun dieujÔnseic kat� tic opoÐec h

sunarthsh ja aux�netai kai dieujÔnseic kat� tic opoÐec h sunarthsh

ja mei¸netai.

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 11 / 19



P¸c ja xèroume an èna krÐsimo shmeÐo eÐnai topikì

mègisto, el�qisto   sagmatikì?

Ac upojèsoume ìti x0 ∈ Rd eÐnai èna krÐsimo shmeÐo miac C 2

sun�rthshc.

QrhsimopoioÔme to an�ptugma Taylor gia thn f gÔrw apo to shmeÐo x0,

f (x0 + tz) = f (x0) + t〈Df (x0), z〉+
1

2
t2〈z , (D2f )(x0)z〉+ O(‖z‖3)

pou epeid  x0 eÐnai krÐsimo shmeÐo gÐnetai

f (x0 + tz) = f (x0) +
1

2
t2〈z , (D2f )(x0)z〉+ O(‖z‖3)

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 12 / 19



1 An o pÐnakac tou Hess D2f (x0) èqei thn idiìthta

〈z , (D2f )(x0)z〉 ≥ 0, ∀ z ∈ Rd ,

tìte

f (x0 + tz) ≥ f (x0), ∀ z ∈ Rd ,

kai to x0 eÐnai topikì el�qisto.

2 An o pÐnakac tou Hess D2f (x0) èqei thn idiìthta

〈z , (D2f )(x0)z〉 ≤ 0, ∀ z ∈ Rd ,

tìte

f (x0 + tz) ≤ f (x0), ∀ z ∈ Rd ,

kai to x0 eÐnai topikì mègisto.

3 An den isqÔei oÔte to ena oÔte to �llo to x0 eÐnai sagmatikì.
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Orismìc

'Enac pÐnakac A ∈ Rd×d onom�zetai jetik� hmiorismènoc an

〈z ,Az〉 ≥ 0, ∀ z ∈ Rd .

An h anisìthta eÐnai austhr  tìte onom�zetai jetika orismènoc.

'Enac pÐnakac A ∈ Rd×d onom�zetai arnhtik� hmiorismènoc an o −A
eÐnai jetika hmiorismènoc.
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Apo to je¸rhma tou Euler gnwrÐzoume epÐshc oti o pÐnaka D2f (x0)
eÐnai summetrikìc.

Prìtash

'Enac summetrikìc pÐnakac A eÐnai jetika hmiorismènoc an kai mìno an

oi idiotimèc tou eÐnai mh arnhtikèc.

EÐnai epÐshc qrhsimo na gnwrÐzoume oti an o A eÐnai summetrikìc kai

jetika hmiorismènoc tìte up�rqei pÐnakac B tètoioc ¸ste

A = BTB

An o A eÐnai summetrikìc kai jetik� orismènoc tìte o B eÐnai kai

antistrèyimoc.
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MporoÔme loipìn na sunoyÐsoume thn parap�nw an�lush mac sthn

ex c protash.

Prìtash

'Ena krÐsimo shmeÐo eÐnai topikì el�qisto an o pÐnakac D2f (x0) eÐnai
jetik� hmiorismènoc.

'Ena krÐsimo shmeÐo eÐnai topikì mègisto an o pÐnakac D2f (x0) eÐnai
arnhtik� hmiorismènoc.

'Ena krÐsimo shmeÐo eÐnai sagmatikì an o pÐnakac D2f (x0) den eÐnai

oÔte jetik� oÔte arnhtik� hmiorismènoc.
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Par�deigma

BreÐte èna krit rio gia na qarakthrÐsete an èna krÐsimo shmeÐo miac

sun�rthshc f : R2 → R eÐnai

1 Topikì mègisto

2 Topikì el�qisto

3 Sagmatiko.
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Par�deigma

BreÐte ta krÐsima shmeÐa thc f (x1, x2) = 12x21 + x32 − 12x1x2 kai

qarakthrÐste ta.
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Par�deigma

'Eqete èna statistikì deÐgma X1, · · · ,Xn to opoÐo pisteÔete ìti erqetai

apo mia tuqaÐa metablht  X ∼ N(µ, σ2) all� den gnwrÐzete tic

akribeÐc timèc twn parametrwn µ kai σ.

UpologÐste tic qrhsimopoi¸ntac thn mèjodo mègisthc pijanof�neiac.
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