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Efarmogèc stic pijanothtec

An èqoume mia tuqaÐa metablht  X : Ω→ R, kai P(X ≤ x) eÐnai h

pijanìthta h tuqaÐa metablht  X na paÐrnei timèc mikroterec   Ðsec

tou x ∈ R,

P(X ≤ x) = P({ω ∈ Ω : X (ω) ≤ x},

tìte mporoÔme na orÐsoume mia sun�rthsh F : R→ [0, 1] ⊂ R wc

F (x) := P(X ≤ x).

H sun�rthsh aut  onomazetai sun�rthsh katanom c thc tuqaÐac

metablht c X kai thn qarakthrÐzei pl rwc.
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An up�rqei sun�rthsh f : R→ R tètoia ¸ste

F (x) =

∫ x

−∞
f (y)dy , ∀ x ∈ R,

tìte h f onomazetai sun�rthsh puknìthtac pijanothtac thc X .
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Ac upojèsoume t¸ra oti eqoume mia tuqaia metablht  X me sun�rthsh

katanom c FX kai gia mia sunarthsh φ : R→ R orÐzoume thn

kainoÔrgia tuqaÐa metablht  Y = φ(X ).

Poi� ja eÐnai h katanom  FY thc Y ?

Apo ton orismì, gia k�je y ∈ R,

FY (y) = P(Y ≤ y) = P(φ(X ) ≤ y) = P(X ≤ φ−1(y)) = FX (φ−1(y)).

'Ara, an h φ einai antistrèyimh

FY (y) = FX (φ−1(y)), ∀ y ∈ R.

MÐa polÔ jemeli¸dhc mèjodoc prosomoÐwshc, h mèjodoc thc

antistrof c basÐzetai sthn polÔ apl  aut  parat rhsh.
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Ti ja mporoÔsame na poÔme gia tic puknothtec pijanìthtac?

fY (y) =
d

dy
FX (φ−1(y)) = F ′X (φ−1(y))

d

dy
φ−1(y)

'Omwc,

F ′X (φ−1(y) = fX (φ−1(y)),

kai

d

dy
φ−1(y) =

1

φ′(y)
.

'Ara an φ ∈ C 1 èqoume epiplèon ìti

fY (y) =
1

φ′(y)
fX (φ−1(y)).
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Ac upojèsoume ìti èqoume mia tuqaÐa metablht  X : Ω→ Rd .

Thn tuqaÐa auth metablht  mporoÔme na thn katano soume kai san

èna tuqaÐo di�nusma

X = (X1, · · · ,Xd), Xi : Ω→ R, i = 1, · · · , d .

Tìte mac endiafèrei h pijanìthta

P(X ∈ U), ∀U ⊂ Rd .

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 6 / 16



Orismìc

An up�rqei mia sun�rthsh fX : Rd → R+ tètoia ¸ste

P(X ∈ U) =

∫
U
fX (x1, · · · , xd)dx1 · · · dxd , ∀U ⊂ Rd ,

tìte h sun�rthsh fX onomazetai apo koinoÔ sun�rthsh katanom c thc

X .
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Orismìc

Oi sunart seic fi : R→ R+ pou orÐzontai wc

fi (xi ) =

∫ ∞
−∞

[

∫ ∞
−∞

[

∫ ∞
−∞

[

∫ ∞
−∞

· · · [
∫ ∞
−∞

f (x1, · · · , xi−1, xi , xi+1, · · · , xd)dx1] · · · ]dxi−1]dxi+1 · · · ]dxd

dhlad  wc ta epanalambanìmena oloklhr¸mata wc proc olec tic

metablhtèc ektìc thc i onomazontai perij¸riec katanomèc (marginal
distributions).
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'Ena isodÔnamoc tropoc na orÐsoume tic perij¸riec katanomec eÐnai wc

ex c.

StajeropoioÔme to xi kai orizoume tic sunart seic φi : Rd−1 → R+ wc

φi (x1, . . . , xi−1, xi+1, · · · , xd ; xi ) := f (x1, . . . , xi−1, xi , xi+1, · · · , xd)

Tìte,

fi (xi ) =

∫
Rd−1

φi (x1, . . . , xi−1, xi+1, · · · , xd ; xi )dx1 · · · dxi−1dxi+1 · · · dxd

=

∫
Rd−1

f (x1, . . . , xi−1, xi , xi+1, · · · , xd)dx1 · · · dxi−1dxi+1 · · · dxd .
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Par�deigma

1 UpologÐste thn stajer� A ètsi ¸ste h sunarthsh

f (x1, · · · , xd) = A exp(−
x21 + · · ·+ x2d

2
)

na eÐnai sun�rthsh katanom c pijanothtac ston Rd .

2 UpologÐste tic perij¸riec katanomec gia thn f .

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 10 / 16



MetasqhmatismoÐ tuqaÐwn metablht¸n

Ac upojèsoume ìti X ∗ = (X ∗1 , · · · ,X ∗d ) einai mia tuqaia metablht  me

apo koinoÔ sunarthsh katanom c fX∗ kai T : Rd → Rd ènac C 1

metasqhmatismìc.

Fti�qnoume thn tuqaÐa metablht  X = T (X ∗).

Poi� ja eÐnai h apo koinoÔ sun�rthsh katanom c fX thc X ?
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Ac p�roume èna opoiodhpote U∗ ⊂ Rd kai èstw U = T (U∗).

Apo ton tÔpo allag c metablht¸n se pollapl� oloklhr¸mata

gnwrÐzoume ìti∫
U
fX (x)dx =

∫
U∗

(fX ◦ T )(x∗)|Det(DT (x∗)|dx∗

'Omwc∫
U
fX (x)dx = P(X ∈ U) = P(T (X ∗) ∈ U) = P(X ∗ ∈ T−1(U))

=

∫
U∗

fX∗(x∗)dx∗.

Sunep¸c

fX∗(x∗) = (fX ◦ T )(x∗)|Det(DT (x∗)|
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Gia na sundèsete thn fX me thn fX∗ arkeÐ na jumhjeÐte thn sqèsh

metaxÔ thc |Det(DT (x∗)| kai thc |Det(DT−1)(x)|, gia x = T (x∗).

fX (x) =
1

|Det(DT (x∗)|
fX∗(x∗)

= |Det(DT−1(x))|fX∗(T−1(x))
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Par�deigma (H mèjodoc Box-Muller gia thn paragwg  kanonik�

katanemhmènwn tuqaÐwn metablht¸n)

Oi tuqaÐec metablhtèc X ∗1 kai X ∗2 eÐnai anex�rthtec kai omoiìmorfa

katanemhmènec sto [0, 1].

Me b�sh autèc, orÐzoume tic tuqaÐec metablhtèc X1,X2 wc

X1 =
√
−2 ln(X ∗1 ) cos(2πX ∗2 ),

X2 =
√
−2 ln(X ∗1 ) sin(2πX ∗2 ).

DeÐxte ìti h X = (X1,X2) akoloujeÐ thn tupik  kanonik  katanom .
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An X ∗ = (X ∗1 ,X
∗
2 ) kai X = (X1,X2) tìte X = T (X ∗) me

T : [0, 1]× [0, 1] ⊂ R2 → R2,

T (x∗1 , x
∗
2 ) = (T1(x∗1 , x

∗
2 ),T2(x∗1 , x

∗
2 )),

T1(x∗1 , x
∗
2 ) =

√
−2 ln(x∗1 ) cos(2πx∗2 ),

T2(x∗1 , x
∗
2 ) =

√
−2 ln(x∗1 ) sin(2πx∗2 )

EpÐshc,

fX∗(x∗1 , x
∗
2 ) = 1, ∀ (x∗1 , x

∗
2 ) ∈ [0, 1]× [0, 1].
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Ja prèpei na eÐste se jèsh na apodeÐxete oti

Det(DT (x∗1 , x
∗
2 )) = −2π

x∗1
.

Sunep¸c

fX (x1, x2) =
1

2π
x∗1 .

Apomènei na ekfr�soume to x∗1 san sun�rthsh twn x1, x2 (dhladh na

broÔme ton T−1!).

MporoÔme eukola na doÔme oti

x∗1 = exp

(
−x21 + x22

2

)
,

sunep¸c

fX (x1, x2) =
1

2π
exp

(
−x21 + x22

2

)
.
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