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Eisagwgh

An p�roume mia sun�rthsh f : [a, b]→ R aut  mporoÔme na thn

optikopoi soume san mia kampÔlh, kai to olokl rwma
∫ b
a f (x)dx mac

dÐnei to embadì tou didi�statou sq matoc pou perikleÐetai metaxÔ apo

thn kampÔlh aut  kai tou �xona twn x .
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Me thn Ðdia logik , efìson an U ⊂ R2, mia sun�rthsh f : U → R
mporeÐ na jewrhjei ìti orÐzei mia epif�neia 2 diast�sewn, mporoÔme na

jewr soume ìti metaxÔ tou epipèdou x1 − x2 kai thc epif�neiac aut c

orÐzetai ena stereì tou opoÐou ja jèlame na upologÐsoume ton ìgko.
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Me pìsouc diaforetikoÔc tropouc mporoÔme na upologÐsoume ton ìgko?
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H arqh aut  onom�zetai arq  tou Cavalieri (1598-1647) an kai  tan

gnwst  kai se allouc majhmatikoÔc palaiìtera.
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ParallhlepÐpeda ston Rd .

Ja jewrhsoume to sunolo Rd ,

Rd = {x = (x1, · · · , xd) : xi ∈ R, i = 1, · · · , d} = R× · · · × R︸ ︷︷ ︸
d forèc

kai uposunola tou, thc morf c

A = [a1, b1]× [a2, b2]× · · · × [ad , bd ],

gia

ai , bi ∈ R, i = 1, · · · , d .

Orismìc

UposÔnola tou A ⊂ Rd thc parap�nw morf c onom�zontai

parall lepÐpeda tou Rd .
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'Estw A ⊂ Rd èna parallhlepÐpedo kai f : A→ R mia sun�rthsh.

MporoÔme na orÐsoume perissìtera apo èna oloklhr¸mata gia thn

sun�rthsh aut .

To d-diastato olokl rwma (d-iplo ! ) thc f ep�nw sto A,∫
A
f (x1, · · · , xd)dx1 · · · , dxd

Ta epanalambanìmena oloklhr¸mata thc f ep�nw sto A ta

opoÐa einai d epanalhptik� oloklhr¸mata miac metablht c pou

k�je for� oloklhr¸noume wc proc mia apo tic metablhtèc

krat¸ntac tic upìloipec wc stajerèc paramètrouc.
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To d -di�stato olokl rwma

QwrÐzoume to diast ma I1 = [a1, b1] se n + 1 mikrìtera kommatia

paÐrnontac ta shmeÐa

x1,j1 = a1 +
b1 − a1

n
j1, j1 = 0, · · · , n.

QwrÐzoume to diast ma I2 = [a2, b2] se n + 1 mikrìtera kommatia

paÐrnontac ta shmeÐa

x2,j2 = a2 +
b2 − a2

n
j2, j2 = 0, · · · , n.
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kai genik�

QwrÐzoume to diast ma Ii = [ai , bi ] se n + 1 mikrìtera kommatia

paÐrnontac ta shmeÐa

xi ,ji = ai +
bi − ai

n
ji , ji = 0, · · · , n.

gia k�je i = 1, · · · , d .

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 12 / 73



Me ton trìpo èqoume

qwrÐsei to I1 se n diast mata I1,k1 = [x1,k1 , x1,k1+1,

k1 = 0, · · · , n − 1.

qwrÐsei to I2 se n diast mata I2,k2 = [x2,k2 , x2,k2+1,

k2 = 0, · · · , n − 1.

· · ·
qwrÐsei to Ii se n diast mata Ii ,ki = [xi ,ki , xi ,ki+1, ki = 0, · · · , n − 1.

ìmoia gia k�je i = 1, · · · , d .
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'Eqontac qwrÐsei k�je Ii se n diasthmata Ii ,ki , ki = 0, · · · , n − 1 èqoume

qwrÐsei to A se nd mikrìtera parallhlepÐdeda

Am = I1,k1 × I2,k2 × · · · Id ,kd , k1 = 0, 1, · · · , n − 1,

k2 = 0, 1, · · · , n − 1,

· · ·
kd = 0, 1, · · · , n − 1,

ìpou o deikthc m metr�ei ìlec tic pijanecd-�dec (k1, · · · , kd) pou

mporoÔme na fti�xoume.

To k�je parallhlepÐpedo Am èqei �ìgko �

Vm =
1

nd
(b1 − a1) · · · (bd − ad) =

1

nd
V ,

opou V eÐnai o ìgkoc tou A.
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Se k�je èna tètoio parallhlepÐpedo Am epilègoume èna shmeÐo

xm = (x1,m, · · · , xd ,m) ∈ Am kai upologÐzoume thn sun�rthsh f sto

shmeÐo autì, f (xm) = f ((x1,m, · · · , xd ,m).

PaÐrnoume t¸ra to �jroisma

In :=
nd∑

m=1

f (xm)Vm

to opoÐo fusik� exart�tai apo to n.

Epanalamb�noume t¸ra thn diadikasÐa qwrÐzontac ta diasthmata kai

sunep¸c kai to parallhlepÐpedo se ìlo kai mikrìtera komm�tia

Autì praktika shmainei oti pairnoume to orio n→∞ sta ajroÐsmata

In.
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Orismìc

To ìrio thc akoloujÐac In an up�rqei orÐzetai san to d-di�stato
olokl rwma thc f sto parallhlepÐpedo A,

∫
A
f (x1, · · · , xd)dx1 · · · dxd = lim

n→∞
In = lim

n→∞

nd∑
m=1

f (xm)Vm

Je¸rhma

An h sun�rthsh f eÐnai suneq c, tìte to orio autì up�rqei kai eÐnai

anexarthto apo thn epilog  twn parallhlepipèdwn Am kai apo thn

epilog  twn shmeÐwn xm ∈ Am.
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Idiìthtec tou d -di�statou oloklhr¸matoc

Je¸rhma

1 An f (x) ≥ 0 gia k�je x ∈ A tìte
∫
A f (x)dx1 · · · xd ≥ 0.

2 An f1, f2 : A→ R oloklhr¸simec tìte kai h λ1f1 + λ2f2 : A→ R
eÐnai oloklhr¸simh kai∫
A

(λ1f1+λ2f2)(x)dx1 · · · dxd = λ1

∫
A
f1(x)dx1 · · · dxd+λ2

∫
A
f2(x)dx1 · · · dxd .

3 An B1,B2 ⊂ Rd parallhlepÐpeda tètoia ¸te B1 ∩ B2 = ∅ kai
B1 ∪ B2 = A,∫

A
f (x)dx1 · · · dxd =

∫
B1

f (x)dx1 · · · dxd +

∫
B2

f (x)dx1 · · · dxd

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 17 / 73



Epanalhptik� oloklhr¸mata

StajeropoioÔme tic suntetagmènec x2, · · · , xd kai paÐrnoume thn

sun�rthsh φ1 : [a1, b1]→ R me

φ1(x1) = f (x1, x2, · · · , xd).

MporoÔme na upologÐsoume to olokl rwma∫ b1

a1

φ1(x1)dx1 =

∫ b1

a1

f (x1, x2, · · · , xd)dx1,

to opoÐo profan¸c exart�tai apo thn epilog  twn upìloipwn d − 1
suntetagmenwn x2, · · · , xd .

Me autì ton trìpo orÐsame mia sun�rthsh

I1 : [a2, b2]× · · · × [ad , bd ]→ R orismènh wc

I1(x2, · · · , xd) :=

∫ b1

a1

φ1(x1)dx1 =

∫ b1

a1

f (x1, x2, · · · , xd)dx1
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Sthn sun�rthsh I1 stajeropoioÔme tic suntetagmenec x3, · · · , xd kai

paÐrnoume thc sun�rthsh ψ2 : [a2, b2]→ R orismènh wc

ψ2(x2) = I1(x2, x3, · · · , xd).

MporoÔme na upologÐsoume to olokl rwma∫ b2

a2

ψ2(x2)dx2 =

∫ b2

a2

I1(x2, x3, · · · , xd)dx2

=

∫ b2

a2

[∫ b1

a1

f (x1, x2, x3, · · · , xd)dx1

]
dx2

to opoÐo profan¸c exart�tai apo thn epilog  twn upìloipwn d − 2
suntetagmenwn x3, · · · , xd .

Me autì ton trìpo orÐsame mia sun�rthsh

I2 : [a3, b3]× · · · × [ad , bd ]→ R orismènh wc

I2(x3, · · · , xd) :=

∫ b2

a2

[∫ b1

a1

f (x1, x2, x3, · · · , xd)dx1

]
dx2
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SuneqÐzoume me ton Ðdio trìpo, dhlad  sthn I2 stajeropoioÔme tic

suntetagmènec x4, · · · , xd kai paÐrnoume mia sun�rthsh 1 metablht c

ψ3 : [a3, b3]→ R, thn opoÐa kai oloklhr¸noume sto [a3, b3] kai efìson
to olokl rwma exart�tai apo tic d − 3 paramètrouc x4, · · · , xd ,
èqoume fti�xei mèsw tou olokl r¸matoc mia sunarthsh

I3 : [a4, b4]× [ad , bd ]→ R orismenh wc

I3(x4, · · · , xd) :=

∫ b3

a3

I2(x3, · · · , xd)dx3∫ b3

a3

{∫ b2

a2

[∫ b1

a1

f (x1, x2, x3, · · · , xd)dx1

]
dx2

}
dx3
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MporoÔme na suneqÐsoume me ton Ðdio trìpo mèqric ìtou telei¸soun

ìlec oi metablhtèc.

Tìte ja èqoume p�rei to epanalambanìmeno olokl rwma

I (1) :=

∫ bd

ad

[∫ bd−1

ad−1

· · ·
∫ b3

a3

{∫ b2

a2

[∫ b1

a1

f (x1, x2, x3, · · · , xd)dx1
]
dx2

}
dx3 · · · dxd−1

]
dxd
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Ja mporoÔsame na eÐqame k�nei aut  thn diadikasÐa me diaforetik 

seir�, p.q.

1 Na stajeropoi soume ìlec tic metablhtèc x1, · · · , xd−1 kai na

jewr soume thn sunarthsh f wc mia sun�rthsh mi�c metablht c

thc xd , ψd : [ad , bd ]→ R kai thn opoÐa olokl r¸noume ep�nw sto

[ad , bd ], paÐrnontac èna apotèlesma pou exart�tai apo tic

x1, · · · , xd−1, ∫ bd

ad

f (x1, x2, · · · , xd−1, xd)dxd .

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 22 / 73



2 Sthn sun�rthsh aut  pou prokÔptei stajeropoioÔme ìlec tic

metablhtèc x1, · · · , xd−2, thn jewroÔme san mia sun�rthsh miac

metablht c, thc xd−1 kai thn olokl r¸noume sto [ad−1, bd−1] kai
paÐrnoume to∫ bd−1

ad−1

[∫ bd

ad

f (x1, x2, · · · , xd−1, xd)dxd

]
dxd−1,

to opoÐo fusik� exart�tai apo tic x1, · · · , xd−2, opìte kai mporei
na jewrhjeÐ san mia sun�rthsh d − 2 metablht¸n.
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3 StajeropoioÔme sthn sun�rthsh aut  tic metablhtèc x1, · · · , xd−3
thn jewroÔme san mia sun�rthsh miac metablht c, thc xd−2 kai

thn olokl r¸noume sto [ad−2, bd−2] kai paÐrnoume to∫ bd−2

ad−2

[∫ bd−1

ad−1

[∫ bd

ad

f (x1, x2, · · · , xd−1, xd)dxd

]
dxd−1

]
dxd−2,
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4 SuneqÐzoume me autì ton trìpo kai met� apo d epanal yeic
paÐrnoume to epanalambanìmeno olokl rwma I (2)∫ b1

a1

[∫ b2

a2

· · ·
∫ bd−2

ad−2

[∫ bd−1

ad−1

[∫ bd

ad

f (x1, x2, · · · , xd−1, xd)dxd

]
dxd−1

]
dxd−2 · · · dx2

]
dx1,

Den èqoume kanèna a priori lìgo na pisteÔoume ìti I (1) = I (2)!

Akìma qeirìtera, up�rqoun perissìteroi twn 2 trìpwn na orÐsoume

epanalambanìmena oloklhr¸mata!

'Askhsh: Pìsa diaforetika epanalambanìmena oloklhr¸mata

mporoÔme na kataskeu�soume?
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Orismìc

'Estw A = [a1, b1]× · · · [ad , bd ] èna parallhlepÐpedo tou Rd kai

f : A→ R mia sun�rthsh.

'Estw I (1), · · · , I (r) ìla ta epanalambanìmena oloklhr¸mata ta opoÐa

mporoÔme na orÐsoume gia thn sun�rthsh aut .

An I (1) = · · · = I (r) tìte lème oti h sun�rthsh f eÐnai oloklhr¸simh

ep�nw sto A kai h koin  touc tim  orÐzetai wc to pollaplì

olokl rwma thc f ep�nw sto A∫
A
f (x1, · · · , xd)dx1 · · · dxd := I (1) = · · · = I (r)
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Me �lla lìgia to pollaplì olokl rwma thc f ep�nw sto
parallhlepÐpedo A eÐnai h koin  tim  ìlwn twn epanalambanìmenwn
oloklhrwm�twn! ∫

A

f (x1, · · · , xd)dx1 · · · dxd :=∫ bd

ad

[∫ bd−1

ad−1

· · ·
∫ b3

a3

{∫ b2

a2

[∫ b1

a1

f (x1, x2, x3, · · · , xd)dx1
]
dx2

}
dx3 · · · dxd−1

]
dxd

= · · · =∫ b1

a1

[∫ b2

a2

· · ·
∫ bd−2

ad−2

[∫ bd−1

ad−1

[∫ bd

ad

f (x1, x2, · · · , xd−1, xd)dxd

]
dxd−1

]
dxd−2 · · · dx2

]
dx1
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Profan¸c qreiazìmaste mia sunj ke sqetik� me to pìte ìla ta

epanalambonìmena oloklhr¸mata miac sunarthshc f : A ⊂ Rd → R
eÐnai Ðsa.

Je¸rhma (Fubini)

An h sun�rthsh f : A ⊂ Rd → R eÐnai suneq c tìte ìla ta

epanalambanìmena oloklhr¸mata eÐnai isa

I (1) = · · · = I (r) = I

kai sun�rthsh f eÐnai oloklhr¸simh sto A,∫
A
f (x1, · · · , xd)dx1 · · · dxd = I .
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Apìdeixh

Ja k�noume thn apìdeixh gia d = 2.

Sthn perÐptwsh aut  èqoume 2 diaforetika epanalambanìmena

oloklhr¸mata,

I (1) =

∫ b1

a1

[∫ b2

a2

f (x1, x2)dx2

]
dx1,

I (2) =

∫ b2

a2

[∫ b1

a1

f (x1, x2)dx2

]
dx2
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Ac p�roume thn diamerish tou I2

x2,j2 = a2 +
b2 − a2

n
j2, j2 = 0, · · · , n.

kai gia stajerì x1 mporoÔme na gr�youme

F1(x1) :=

∫ b2

a2

f (x1, x2)dx2 =
n∑

k=0

∫ x2,k+1

x2,k

f (x1, x2)dx2,

ìpou qrhsimopoi same thn ajroistikh idiìthta tou oloklhr¸matoc

Riemann .
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Gia kajè èna apo ta (monodi�stata) oloklhr¸mata
∫ x2,k+1

x2,k
f (x1, x2)dx2

mporoÔme na qrhsimopoi soume to je¸rhma thc mèshc tim c sÔmfwna

me to opoÐo gia k�je k up�rqei x̄2,k ∈ [x2,k , x2,k+1] tètoio ¸ste∫ x2,k+1

x2,k

f (x1, x2)dx2 = f (x1, x̄2,k)(x2,k+1 − x2,k).

'Etsi paÐrnoume oti

F1(x1) =
n∑

k=0

f (x1, x̄2,k)(x2,k+1 − x2,k),
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ProseggÐzoume t¸ra to olokl rwma∫ b1

a1

F1(x1)dx1 =

∫ b1

a1

[∫ b2

a2

f (x1, x2)dx2

]
dx1 = I (1),

apo ta ajroÐsmata Riemann .

Efìson gnwrÐzoume ìti h prosèggish aut  kajèauth den paÐzei rìlo

ja p�roume mia diakritopoÐhsh tou [a1, b1] qrhsimopoi¸ntac ta shmeÐa

x1,k = a1 +
b1 − a1

n
k , k = 0, · · · , n,

kai ja epilèxoume èna opoiod pote shmeÐo x̄1,k ∈ [x1,k , x1,k+1].
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Sunep¸c

I (1) =

∫ b1

a1

I1(x1)dx1 = lim
n→∞

n∑
`=0

F1(x̄1,`)(x1,`+1 − x1,`)

= lim
n→∞

n∑
`=0

n∑
k=0

f (x̄1.`, x̄2,k)(x1,`+1 − x1,`)(x2,k+1 − x2,k)

=

∫
A
f (x1, x2)dx1dx2,

efìson ta shmeÐa x̄m = (x̄1,`, x̄2,k), m = (`, k) eÐnai shmeÐa x̄m ∈ Am kai

met� qrhsimopoi same ton orismì tou diploÔ oloklhr¸matoc.
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Me parìmoio tropo mporoÔme na p�rooume t¸ra thn diamèrish tou I1

x1,j1 = a1 +
b1 − a1

n
j1, j1 = 0, · · · , n.

kai gia stajerì x2 mporoÔme na gr�youme

F2(x2) :=

∫ b1

a1

f (x1, x2)dx1 =
n∑

k=0

∫ x1,k+1

x1,k

f (x1, x2)dx1,

ìpou qrhsimopoi same thn ajroistikh idiìthta tou oloklhr¸matoc

Riemann .
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Gia kajè èna apo ta (monodi�stata) oloklhr¸mata
∫ x1,k+1

x1,k
f (x1, x2)dx1

mporoÔme na qrhsimopoi soume to je¸rhma thc mèshc tim c sÔmfwna

me to opoÐo gia k�je k up�rqei x̄1,k ∈ [x1,k , x1,k+1] tètoio ¸ste∫ x1,k+1

x1,k

f (x1, x2)dx1 = f (x̄1,k , x2)(x1,k+1 − x1,k).

'Etsi paÐrnoume oti

F2(x2) =
n∑

k=0

f (x̄1,k , x2)(x1,k+1 − x1,k),
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ProseggÐzoume t¸ra to olokl rwma∫ b2

a2

F2(x2)dx2 =

∫ b2

a2

[∫ b1

a1

f (x1, x2)dx1

]
dx2 = I (2),

apo ta ajroÐsmata Riemann .

Efìson gnwrÐzoume ìti h prosèggish aut  kajèauth den paÐzei rìlo

ja p�roume mia diakritopoÐhsh tou [a2, b2] qrhsimopoi¸ntac ta shmeÐa

x2,k = a2 +
b2 − a2

n
k , k = 0, · · · , n,

kai ja epilèxoume èna opoiod pote shmeÐo x̄2,k ∈ [x2,k , x2,k+1].
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Sunep¸c

I (2) =

∫ b2

a2

I2(x2)dx2 = lim
n→∞

n∑
`=0

F2(x̄2,`)(x2,`+1 − x2,`)

= lim
n→∞

n∑
`=0

n∑
k=0

f (x̄1.`, x̄2,k)(x1,`+1 − x1,`)(x2,k+1 − x2,k)

=

∫
A
f (x1, x2)dx1dx2,

efìson ta shmeÐa x̄m = (x̄1,`, x̄2,k), m = (`, k) eÐnai shmeÐa x̄m ∈ Am kai

met� qrhsimopoi same ton orismì tou diploÔ oloklhr¸matoc.
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'Ara,

I (1) =

∫
A
f (x1, x2)dx1dx2 = I (2)

kai h apìdeixh oloklhr¸jhke.

H apodeixh genikeÔetai eÔkola se opoiad pote di�stash d .
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To apotèlesma autì eÐnai idiaitera shmantikì giatÐ mac epitrèpei ton

upologismo d-di�statwn oloklhrwm�twn san epanalambanìmena

oloklhr¸mata pou mporoÔme na upologÐsoume qrhsimopoi¸ntac touc

kanìnec tou logismoÔ!

Guido Fubini
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Par�deigma

UpologÐste to olokl rwma thc sunarthshc f : [0, 1]× [1, 2]× [0, 3]→ R
me tupo

f (x1, x2, x3) = x21 + x2 + x1 x2 x3

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 40 / 73



Par�deigma

UpologÐste to olokl rwma thc sunarthshc f : [0, 1]d → R me tÔpo

f (x1, · · · , xd) =
d∑

i=1

cixi .
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Par�deigma

UpologÐste to olokl rwma thc sunarthshc f : [0, 1]d → R me tÔpo

f (x1, · · · , xd) =
d∑

i=1

d∑
j=1

aijxixj .
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Par�deigma

An f : A ⊂ Rd → R me f (x1, x2, · · · , xd) = f1(x1)f2(x2) · · · fd(xd) me

fi : [ai , bi ]→ R, i = 1, · · · , d suneqeÐc sunart seic, tìte∫
A
f (x1, · · · , xd)dx1 · · · dxd

=

(∫ b1

a1

f1(x1)dx1

)(∫ b2

a2

f2(x2)dx2

)
· · ·
(∫ bd

ad

fd(xd)dxd

)
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Pìte eÐnai oloklhr¸simh mÐa sunarthsh?

Apo thn empeirÐa mac sqetika me tic sunart seic miac metablht c,

gnwrÐzoume ìti mporeÐ na einai oloklhr¸simec kat� Riemann akìma

kai an eÐnai asuneqeÐc se orismèna shmeÐa, arkeÐa aut� na eÐnai

peperasmèna to pl joc?

Ja mporoÔsame loipìn na qalar¸soume lig�ki thn upìjesh thc

sunèqeiac gia mia sunarthsh f : A ⊂ Rd → R kai na suneqÐsoume na

èqoume oloklhr¸simec sunart seic?

H ap�nthsh eÐnai nai all� prèpei pr¸ta na skeftoÔme lig�ki ti

akrib¸c shmaÐnei asunèqeia gia sunart seic perissoterwn metablht¸n

thc mÐac.

Mac endiafèrei loipìn h morf  tou sunìlou

D := {x ∈ A ⊂ Rd : lim
z→x

f (z) 6= f (x)}
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O qarakthrismìc tou sunìlou twn asuneqei¸n D eÐnai genika arket�

dÔskolh doulei�.

Stic 2 diast�seic d = 2 to sÔnolo autì ja mporoÔse na eÐnai eÐte mia

sullog  apo memonwmèna shmeÐa eite na briskontai se mia

monodi�stath kampÔlh, eÐte na eÐnai mazemèna se geitonièc tou R2

(pou den brÐskontai se monodi�statec kampÔlec).

H teleutaia perÐptwsh eÐnai h qeirìterh dunat  ìson afor� sthn

oloklhrwsimìthta thc f .
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Je¸rhma

'Estw f : A ⊂ R2 → R mia fragmènh sun�rthsh kai èstw ìti to sÔnolo

twn asuneqei¸n thc D mporeÐ na grafeÐ san mÐa peperasmènh ènwsh

grafhm�twn sunart sewn miac metablht c. Tìte h f einai

oloklhr¸simh sto A.
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Je¸rhma

'Estw f : A ⊂ R2 → R mia fragmènh sun�rthsh kai èstw ìti to sÔnolo

twn asuneqei¸n thc D mporeÐ na grafeÐ san mÐa peperasmènh ènwsh

grafhm�twn sunart sewn miac metablht c.

1 An to olokl rwma
∫ b2
a2

f (x1, x2)dx2 eÐnai kal� orismeno gia k�je

x1 ∈ [a1, b1] tìte h sun�rthsh f eÐnai oloklhr¸simh sto A kai∫
A
f (x1, x2)dx1dx2 =

∫ b1

a1

[∫ b2

a2

f (x1, x2)dx2

]
dx1

2 An to olokl rwma
∫ b1
a1

f (x1, x2)dx1 eÐnai kal� orismeno gia k�je

x2 ∈ [a2, b2] tìte h sun�rthsh f eÐnai oloklhr¸simh sto A kai∫
A
f (x1, x2)dx1dx2 =

∫ b2

a2

[∫ b1

a1

f (x1, x2)dx1

]
dx2

3 An isquoun tautìqrona ta 1 kai 2 tìte∫
A
f (x1, x2)dx1dx2 =

∫ b1

a1

[∫ b2

a2

f (x1, x2)dx2

]
dx1 =

∫ b2

a2

[∫ b1

a1

f (x1, x2)dx1

]
dx2

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 47 / 73



Oloklhr¸mata ep�nw se genikìterec perioqèc

Ac upojèsoume t¸ra oti h sunarthsh f den eÐnai orismènh se èna

parallhlepÐpedo A all� se mÐa genikìterh perioq  U ⊂ Rd .

Sthn perÐptwsh aut  mporoÔme na orÐsoume to d-di�stato
olokl rwma

∫
U f (x1, · · · , xd)dx1 · · · dxd wc ex c,

1 PaÐrnoume ena parallhlepÐpedo A tètoio ¸ste U ⊂ A.

2 EpekteÐnoume thn f sto A, orÐzontac thn f̄ : A→ R wc

f̄ (x) =

{
f (x) an x ∈ U,

0 an x ∈ A \ U.

Ti èqete na peÐte gia thn sunèqeia thc f̄ ?
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Orismìc

To olokl rwma thc f ep�nw sto U orÐzetai wc∫
U
f (x1, · · · , xd)dx1 · · · dxd :=

∫
A
f̄ (x1, · · · , xd)dx1 · · · dxd
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Olokl rwsh se genikìterec perioqèc gia d = 2

Orismìc (Perioqèc tÔpou I )

Mia perioq  U ⊂ R2 onom�zetai perioq  tÔpou I an up�rqoun dÔo

suneqeÐc sunart seic φ1 : [a1, b1]→ R kai φ2 : [a1, b1]→ R tètoiec ¸ste

U = {(x1, x2) ∈ R2 : x1 ∈ [a1, b1], φ1(x1) ≤ x2 ≤ φ2(x1)}

An U eÐnai tupou I tìte∫
U
f (x1, x2)dx1dx2 =

∫ b1

a1

[∫ φ2(x1)

φ1(x1)
f (x1, x2)dx2

]
dx1
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Orismìc (Perioqèc tÔpou II )

Mia perioq  U ⊂ R2 onom�zetai perioq  tÔpou II an up�rqoun dÔo

suneqeÐc sunart seic ψ1 : [a2, b2]→ R kai ψ2 : [a2, b2]→ R tètoiec ¸ste

U = {(x1, x2) ∈ R2 : x2 ∈ [a2, b2], ψ1(x2) ≤ x1 ≤ ψ2(x2)}

An U eÐnai tupou II tìte∫
U
f (x1, x2)dx1dx2 =

∫ b2

a2

[∫ ψ2(x2)

ψ1(x2)
f (x1, x2)dx1

]
dx2
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Orismìc (Perioqèc tÔpou III )

Mia perioq  U ⊂ R2 onom�zetai perioq  tÔpou III an eÐnai tautìqrona

kai tÔpou I kai tÔpou II .

An U eÐnai tupou I tìte∫
U
f (x1, x2)dx1dx2 =

∫ b1

a1

[∫ φ2(x1)

φ1(x1)
f (x1, x2)dx2

]
dx1

=

∫ b2

a2

[∫ ψ2(x2)

ψ1(x2)
f (x1, x2)dx1

]
dx2
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Allag  metablhtwn

Ac p�roume dÔo perioqèc U∗ kai U ston Rd kai mia sunarthsh

T : U∗ → U.

An jewr soume oti h sunarthsh T eÐnai 1-1 kai epÐ tìte mporoÔme na

jewr soume ìti h T apeikonÐzei thn perioq  U∗ sthn perioq  U.

H T einai 1-1 sto U∗ an T (x) = T (x ′) exasfalÐzei ìti x = x ′.

H T eÐnai epÐ sto U an gia k�je x ∈ U up�rqei x∗ ∈ U∗ tètoio
¸steT (x∗) = x , kai tìte mporoÔme na gr�youme

U = T (U∗) h U∗ = T−1(U)
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Par�deigma

An U∗ = [0, 1]× [0, 2π] kai

T (x∗1 , x
∗
2 ) = (x1, x2) = (x∗1 cos(x∗2 ), x∗1 sin(x∗2 ))

tìte h T apeikonÐzei èna orjog¸nio se èna dÐsko.
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Mia idèa sqetik� me to ti sumbaÐnei gia d = 2

Ac upojèsoume ìti o metasqhmatismoc T eÐnai ènac grammikìc

metasqhmatismoc,

T (x∗) = Ax∗, ∀ x∗ ∈ U∗ ⊂ R2.
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Ac p�roume t¸ra to parallhlepÐpedo D∗ to opoÐo orÐzetai apo ta

dianÔsmata e∗1 = (1, 0) kai e∗2 = (1, 0) sto U∗.

To di�nusma e∗1 apeikonÐzetai sto a1 = Ae∗1 ∈ U kai to di�nusma e∗2
apeikonÐzetai sto a2 = Ae∗2 ∈ U.

Kat� sunepeia, to parallhlepÐpedo D∗ apeikonÐzetai sto D pou einai

to parallhlìgrammo pou orÐzetai apo ta dianÔsmata a1 kai a2.

To embadì tou D gnwrÐzoume ìti einai Ðso me V (D) = ‖a1 × a2‖
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H Iakwbian  orÐzousa

Orismìc

An T : U∗ → U mia C 1 sun�rthsh, h Iakwbian  orÐzousa tou

metaqhmatismoÔ se opoiod pote shmeÐo x∗ ∈ U∗ eÐnai h

J(x∗) = | det(DT (x∗)) |

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 57 / 73



Ac upojèsoume ìti h T : U∗ → U eÐnai C 1 kai ac qrhsimopoi soume ton

sumbolismì x = T (x∗)   se suntetagmenec

x1 = T1(x∗1 , x
∗
2 , · · · , x∗d ),

x2 = T2(x∗1 , x
∗
2 , · · · , x∗d ),

· · ·
xd = Td(x∗1 , x

∗
2 , · · · , x∗d ).

  isodÔnama x∗ = T−1(x) =: H(x) kai se suntetagmenec

x∗1 = H1(x1, x2, · · · , xd),

x∗2 = H2(x1, x2, · · · , xd),

· · ·
x∗d = Hd(x1, x2, · · · , xd).
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'Estw J h Iakwbian  orÐzousa tou metasqhmatismoÔ autoÔ,

J(x∗) = det(DT (x∗))

Je¸rhma

An U = T (U∗) kai f : U → R oloklhr¸simh sun�rthsh, tìte∫
U
f (x1, x2, · · · , xd)dx1dx2 · · · dxd

=

∫
U∗

f (x∗1 , x
∗
2 , · · · , x∗d )J(x∗1 , · · · , x∗d )dx∗1dx

∗
2 , · · · dx∗d ,

ìpou f (x∗) = f (T (x∗))   se suntetagmenec

f (x∗1 , · · · , x∗d ) = f (x1(x∗1 , · · · , x∗d ), · · · , xd(x∗1 , · · · , x∗d )).

Pollèc forèc to èna apo ta dÔo oloklhr¸mata eÐnai polÔ eukolo ston

upologismo.
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'Enac eÔkoloc trìpoc na jumìmaste ton tupo thc allag c metablht¸n

eÐnai na ton gr�youme wc ex c

An x∗ ∈ U∗ 7→ x = T (x∗) ∈ U kai T : U∗ → U eÐnai C 1, tìte∫
U
f (x)dx =

∫
T−1(U)

(f ◦ T )(x∗) |det(DT (x∗))| dx∗

Mhn xeq�sete potè auto ton tÔpo!

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 60 / 73



To monodi�stato an�logo

Jumhjeite ton tupo allag c metablht¸n gia to monodi�stato

olokl rwma

∫ b

a
f (x)dx =

∫ g−1(b)

g−1(a)
f (g(x∗))g ′(x∗)dx∗.

Autì prokÔptei apo thn allag  metablht¸n x = g(x∗)

H allag  metablht¸n aut  mporeÐ na jewrhjeÐ san o

metasqhmatismoc tou U∗ = [g−1(a), g−1(b)] sto U = [a, b], ìpou
T (x∗) = g(x∗).
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Sthn monodi�stath perÐptwsh DT (x∗) = g ′(x∗) kai den qrei�zetai na

p�roume thn apìluth tim  lìgw thc sumbashc∫ d

c
φ(x∗)dx∗ = −

∫ c

d
φ(x∗)dx∗.
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Par�deigma

DÐnetai dÔo perioqèc U∗,U ⊂ Rd kai o C 1 metasqhmatismìc

T : U∗ → U tètoioc ¸ste

T (U∗) = U

kai

T−1(U) = U∗)

An

JT (x∗) = |Det(DT (x∗))|

eÐnai h Jacobian orÐzousa tou metasqhmatismoÔ T poi� ja eÐnai h

Jacobian orÐzousa tou antÐstrofou metasqhmatismoÔ T−1,

JT−1(x) = |Det(DT−1(x))|?
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'Estw Id∗ : U∗ → U∗ o tautotikìc metasqhmatismìc sto U∗ dhlad  o

metasqhmatismoc x∗ = Id∗(x∗) gia k�je x∗ ∈ U∗.

Prèpei na sac eÐnai profanèc ìti JId∗ = 1.

Prèpei epÐshc na sac eÐnai profanec ìti Id∗ = T−1 ◦ T
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Efìson

Id∗(x∗) = (T−1 ◦ T )(x∗), ∀ x∗ ∈ U∗,

èqoume ìti

D Id∗(x∗) = D(T−1 ◦ T )(x∗), ∀ x∗ ∈ U∗,

kai apo ton kanìna thc alusÐdac,

D(T−1 ◦ T )(x∗) = DT−1(T (x∗))DT (x∗).

sunep¸c

D Id∗(x∗) = DT−1(T (x∗))DT (x∗)
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Jumhjeite apo thn grammik  �lgebra oti an gia A,B,C ∈ Rd×d isqÔei

A = B C tìte det(A) = det(B)det(C ).

Efarmìste thn sqèsh aut  gia thn epilog 

A = D Id∗(x∗), B = DT−1(T (x∗)), C = DT (x∗),

gia na katal xete sto sumpèrasma

1 = JT (x∗)JT−1(x), x = T (x∗).
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Par�deigma

UpologÐste to embadì tou monadiaÐou dÐskou, gr�fontac to san ena

diplo olokl rwma kai qrhsimopoi¸ntac thn kat�llhlh allag 

metablht¸n.
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Par�deigma

UpologÐste ton ìgko thc sfaÐrac aktÐnac R stic 3 diast�seic

gr�fontac thn san èna triplì olokl rwma kai qrhsimopoi¸ntac thn

allag  metablht¸n se sfairikec suntetagmenec

x1 = x∗1 sin(x∗3 ) cos(x∗2 ),

x2 = x∗1 sin(x∗3 ) sin(x∗2 ),

x3 = x∗1 cos(x∗3 )

ìpou x∗1 ∈ [0,R], x∗2 ∈ [0, 2π] kai x∗3 ∈ [0, π].
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Par�deigma

To uposÔnolo Bd(0,R) ⊂ Rd ,

Bd(0,R) := {x = (x1, · · · , xd) : x21 + · · ·+ x2d ≤ R2}

onomazetai mp�la (  sfaira) me aktÐna R ston Rd .

UpologÐste ton ìgko thc Bd(0,R) kai deÐxte ìti

V (Bd(0,R)) =

∫
Bd (0,R)

1 dx1 · · · dxd = C Rd ,

ìpou C = V (Bd(0, 1)) o ìgkoc thc monadiaÐac mp�lac.
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Ac orÐsoume U = Bd(0,R) kai U∗ = Bd(0, 1).

O metasqhmatismìc T : U∗ → U,

T (x∗) = Rx∗,

metasqhmatÐzei thn monadiaÐa mp�la sthn mp�la aktÐnac R .

ProspajeÐste na peÐsete ton eautì sac oti

JT (x∗) = |det(DT (x∗))| = Rd , ∀ x∗ ∈ U∗ = Bd(0, 1)

O tÔpoc allag c metablht¸n mac dÐnei

V (U) =

∫
U

1 dx =

∫
T−1(U)

1 |det(DT (x∗))|dx∗ =

∫
U∗

1Rd dx∗

= Rd

∫
U∗

1 dx∗ = RdV (U∗).
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Par�deigma (Sfairikèc suntetagmènec stic d-diast�seic DÔskolo)

JewreÐste thn akìloujh allag  metablht¸n,

x∗ = (x∗1 , · · · , x∗d ) 7→ x = (x1, · · · , xd),

ìpou

x∗ ∈ U∗ := [0,R]× [0, π]× · · · × [0, π]× [0, 2π]

me

x1 = x∗1 cos(x∗2 ),

x2 = x∗1 sin(x∗2 ) cos(x∗3 ),

· · ·
xd−1 = x∗1 sin(x∗2 ) sin(x∗3 ) · · · sin(x∗d−1) cos(x∗d ),

xd = x∗1 sin(x∗2 ) sin(x∗3 ) · · · sin(x∗d−1) sin(x∗d )
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Par�deigma (sunèqeia ...)

1 DeÐxte oti o metasqhmatismìc x∗ 7→ T (x) pou orÐsame apeikonÐzei

to U∗ sto U = Bd(0,R).

2 DeÐxte oti o pÐnakac A := DT (x∗) èqei thn idiìthta aij = 0, gia
j > i + 1, gia k�je x∗, i = 1, · · · , d kai deÐxte oti h orÐzousa tou

eÐnai Ðsh me

|Det(DT (x∗))| = (x∗1 )d−1(sin x∗2 )d−2(sin x∗3 )d−3 · · · (sin x∗d−1)1

3 UpologÐste me thn bo jeia autoÔ tou metasqhmatismoÔ ton ìgko

tou Bd(0, 1) kai deÐxte oti

V (B(0, 1)) =
2π

d

[∫ π

0
sind−2(x∗2 )dx∗2

] [∫ π

0
sind−3(x∗3 )dx∗3

]
· · ·
[∫ π

0
sin(x∗d−1)dx∗d−1

]
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An den mporeÐte na deÐxete thn (2) gia thn opoÐa prèpei na

qrhsimopoieÐsete epagwg , p�rte thn san dedomènh kai prospajeÐste

na deixete thn (3)!
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