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Eloaywyn

Av médpovpe o owvéptnon f : [a, b] — R outii propodue v thv
OTITIKOTLOLiOOVIE GOV [LOL KOAUTTOAT], KOl TO OAOKATPOMO fab f(x)dx pog
Sivel To guPadéd tou BibLdoTaTou oY AUATOC Tou TeplkAsieTal et amo
TNV KUUTIOAN auTh Ko Tov &Eova Twv X.

AY

-~ f(x)
a b x
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Me tnv (8t Aoyikt, epdoov av U C R?, ma ouvdptnon f: U — R

utopel v BewpnBel 4ti opilel pro empdvera 2 dlaotdocwy, Pmopole va

Bewpricoupe 6TL peTald Tou emMESOU X1 — Xo KOL TNG ETUPAVELOLC ALUTHC

opileton eva oteped Tov omoiou Ba Bédape var vtohoyicoupe tov dyko.
¥
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H apxm ovth ovopdleton apxf tou Cavalieri (1598-1647) av ko fitoy
YVwoTh ko og addovug pabnuotikods Ttaaibrepa.
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S
NopoaAAnheminedo otov RY.
Oa Bewpnoovpe To ouvoro RY,
RY={x=(x,--,xq) : i €R, i=1,--- ,d}:Rx-u,x]R
d opéc
KOLL UTCOOUVOAQ TOV, TNG LOPYPHS
A = [a1, b1] X [a2, bo] X - -+ X [aq, bd],
Yo

abi€R, i=1,--,d.

Opropég

Trootvoda tov A C RY tn¢ mapamdvew popeic ovoudovrat
rapaiijrenimeda tov RY.
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‘Eotw A C RY éva mapadAneminedo ko f 1 A — R o ovvéptnon.

MTopoUpe vor oploOuE TEPLOOTOTEPX ATLO EVOL OAOKATIPOIATO YLOL TNV
ouvapTnom outHy.

@ To d-Siaotarto ohokhfpwpa (d-iplo ! ) tne f emdvw oto A,

/f(XL'“ ,Xg)dxy -+, dxg
A

o Ta emavadapPavédpeve ohokAnpopata tne f emdve oto A Ta
omola ewvoll d ETOVOANTITLKE OAOKANPOUATA Wiog HeTABANTHAC Tov
k&Be @opd OAOKATMPDOVOUUE WE TPOG LAl ATLO TG peTaPANTéC
KPOTOVTOC TIC VTLOAOLTEC w¢ oTabepéc TapapéTpouc.
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To d-8LaoTaTO OAOKATIPWLA

Xwpilovpe to drocothipa f1 = [a1, b1] oe n+ 1 kpdtepar KoppaTLoL
Tatpvovtag T onuela

by —ar. .
X]_’_h:a]_-f- n J1, _]1:0’"'7,7'

XowpiCoupe to Staothua h = [ag, bo] oe n+ 1 pikpdrepa KOpPATLO
Tadpvovtag To onueio

by —a>. .
X2J2:32+ n ]2, .12:07"'7,7'
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KOLL YEVLKA
Xwpilovpe to oot I; = [aj, bi] oe n+ 1 pukpdtepar Koppatio
Tatpvovtag T onuela

b,-—a,-

Xi,j;:ai+ Jis ./I':Oa”'7n'

n

yioe k&Be i =1,--- .d.
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Me tov TpbéTO €xOUNE

o xwploel to l oe n Sraothpuote fy j = [X1 4y, X1 kg +1+
kk=0,---,n—1

o xwploel o b og n SlaoTARXTA b 4y, = [X2 ky, X2 ky+1+
ko=0,---,n—1.

° .
o xwpioel to lj og n Soothpata ik = [Xik, Xik+1. ki =0,--- ,n— 1.
@ Suota vl k&Be i =1,--- ,d.
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‘Exovrac xwpioel k&Be /; og n dowotnpata /i, ki =0,--- ,n — 1 éxouue
xwploel o A oe n? wikpbrepa TopaAAnAeT{SeSa

Amzll,kl XIQ,kQ X"’/d,kdv k]_:O,l,"' 7n_17
ko =0,1,-,n—1,
kd:O,l,“',n—l,

émov o detktng m petpdel dhec T mbavecd-adec (ki, -, kyg) Tov
WTCOPOUME VAL QTLAEOVLLE.

To ké&Be mapadinAeninedo A, éxel ‘bdyko '’

1 1
Vm:ﬁ(bl—al)"'(bd_ad):ﬁva

otov V sivall o dykoc tou A.
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|
Y e k&Be éva TéTolo TP AANAeTiTTESO A,y eTUAEYOURE vl oNpEio
Xm = (Xt,m, ", Xd,m) € Am ko voroyilovpe tnv ovvdptnon f oto

onueto avtd, f(xm) = F((X1,ms "+ Xd,m)-

Maipvoupe todpo To &Bpolopa

Q

I, := f(Xm) Vi

m=1

To omolo Yuolkd e€apTdTOL ALTO TO N.

EnoavalapBdvoupe todpo tnv Siadikooia xwpilovtag o Siootnuoto ko
CUVETIOC KOl TO TILPUAANAETITESO G SAO KOl [UKPOTEPOL KOWLALTLOL

AuTd TPAKTLKO CULOLVEL OTL TLOLLPVOVLE TO 0pLo N — 0o ota abpoiopata
I,.
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Opropée
To épto tn¢ akorovbiac I, av vrdpyet opiletatl cav to d-Sidotato
odokAdpwua tne f oto mapaAAnAeninedo A,

nd

/f(xl,--- ,Xg)dxy -+ dxg = lim I, = lim f(Xm)Vim
A n—o0 n—o0 1

Oedpnpo

Av n ovwvdptnon f eivat ouvextic, TéTe TO 0pLo A VTS Udpxet kat sival
aveaprnTo amwo TNV emiAoyy Twv napaidniemnédwv Ay kat amo TV
emAoy) TV oNUEIWY Xm € Am.
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1516TNTEC TOV d-BLAOTATOV OAOKANPROUATOC

Oedpnpo

1 Avf(x) >0 yia kdfe x € A téte [, f(x)dxy---xg > 0.

2 Avfi,fh: A— R odokAnpdoiuec téte kat n A\ify + Xafh : A— R
eivat odokAnpdoiun kat

/()\1f1+)\2f2)(x)dx1 codxg = )\1/ A(x)dxy - - - dxd—l—)\gf fa(x)dxq - 1 -
A A A

3 Av Bi, B, € RY mapaidnplenineda tétota ddte By N By = 0 kat
BiUBy, = A,

/ f(X)Xm...dXd = / f(X)Xm-.-dXd+/ f(X)dxl...dXd
A B B,
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S
ETtovaAnTTik& 0AOKATPWMOLT

Y tafepoToloVue TIG CUVTETAYIEVES X2, - - -

, Xdq Kol Teodpvoupe Ty
ouwvdptnon ¢ : [a1, b1] = R pe

P1(x1) = f(x1, %0, -+, Xd).

MTopoUpe vor VTLOAOYICOUE TO OAOKATipWLOL

by by

o1(x1)dxq =/ f(xi, %2, ,xq)dxi,

ai ai

To omolo Tpopavic e€aptdTal amo TV emAoyf Twv ytdroiTwy d — 1
CUVTETUYIEVOV X2, * + , Xq.

Me atutd Tov TpdTO OplowLe LAl CUVAPTNON
h : [a2, bo] X -+ X [a4, bg] = R opiopévn wg

b1 bl
hixo, -, xq) 1= o1(x1)dxq —/ f(x1, X0, -, xg)dx1

ai ai
A. N. Navvoakémoviog (O.M.A)
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Ytnv ouvdiptnomn /1 otabepomololue TIg CUVTETOYEVEG X3, - -+ , X4 KOl
Taipvoupe TG ouvdptnon s : [az, bo] — R opiopévn wg
Pa(x2) = h(x2, X3, , Xq).

MTopoUpe voL VTLOAOYICOUE TO OAOKATipWLOL
by by
/ Pa(x2)dx :/ h(x2, x5, -+, xg)dx
an an

(
by by
:/ |: f( y X2, X3, "~ 7Xd)d dXZ
a a

2 1

To omolo TpoPavec eEaptdTanl oo TNV emAoYf Twv vdroimwy d — 2
CUVTETUYIEVOV X3, -+ , Xq.

Me atutd Tov TpdTO oploajle LAl CUVAPTNON
bk :[a3, b3] X -+ X [aq, bg] — R oplopévn we

by b
IZ(X37“‘ JXd) ::/ |:/ f( y X2, X3, """ JXd)d dX2

2 1
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Y vveyilovupe pe tov ido tpdmo, dnAadf otnv b otabepomolodue Tig

OUVTETAYIEVES Xg, -+ , Xg KO TIiPVOURE e ouvdptnon 1 petafAntic
13 [a3, b3] = R, tnv omoio ko odokAnpdvoupe oto [as, bs] kou epbdoov
10 ohokAfpwpal e§opTdTal oo Tig d — 3 TUPAUETPOVS Xg, -+ * , Xd,

éxoupe PTLEEEL ECW TOU OAOKANPDOUATOC (Lol CLVAPTNON
I3 : [a4, ba] X a4, bg] — R oplopevn wg

b3
I3(X47"' aXd) ::/ I2(X3a"' )Xd)dX?)

3

bs by [ b
/ {/ [/ f(xi,x0, X3, ,Xg)d ]dxz}dxs
as ar ar
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Mmopobue vou ouveyiooupe pe Tov idlo tpdmo péxpig 6Tov Tehetdoouv
bAec oL petoPAnTéc.

Téte O éyoupe Tdpel TO eTOVAAXUPOLVOLEVO OAOKAHPWLOL

by by_1 b3 by by
@ ::/ / / {/ [/ f(x, %0, X3,y Xq)d }d)@}dendxd_l dxy
aq ad—1 as an a
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Oa umopolvoape va eiyoie kdvel auth Tnv Stadikocolal e Stoupopetiki
oelpd, T.X.
1 Noa otaBepomoifioovpe bAec Tic peTaBANTéC X1, - -+, Xg—1 KOL VO
Bewpriooupe TNV cuvaptnon f we PLe ouvdptnon i petaBAnTdc
NG Xd, Yd : [ad, ba] — R ko thv omoior ohokAfpdvoupe endvw oto
[ag, bg], Taipvovtag éva aotédeopa TTov eEXPTATAL ALTLO TLG

X1y 5 Xd—1»

by
/ f(x1, %2, ,Xd—1,Xq)dxq.
a

d
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2 Ytnv ouvdptnon auth Tou TpokiTTel otabepomolodpe dAeg Tig
METOUPANTEC X1, -+ , Xg—2, TNV Dewpole OOV LA GUVAPTNOT [LOC
petaPANTic, TN Xg_1 Kot THV ONOKAfpdOVOLpE 0T0 [ag_1, by—_1] Kou
Talpvoupe To

by—1 by
/ f(x1, X0, Xd—1, Xd)dXd | dXd—1,
a a

d—1 d

7o oTolo ULk eEAPTETHL ATO TIC X1, -+ , Xg_2, OTLOTE KOl [LTLOPEL
va OewpnBel cov proe cuvdptnon d — 2 petafAntodv.
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3 tabepomorodpe otnv cuvdptnon auth Tic petofAnTéc X1, -, Xg_3
v Dewpolue cav proe cuvdptnon pee LeTaBANTAC, TNS Xg—_o KAl
TNV ohokAfipdvoupe oTo [a4_2, by_o] ko Taipvoupe to

by_» by_1 by
/ / [/ f(x1,x2, -+, Xd—1,Xq)dxq | dXg—1| dxg_2,
ad—2 ad—1 aqd
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4 Yvveyiloupe pe autd Tov TPdTO KoL petd oo d emovariderg
Talpvoupe To emavahapBavépevo ook Mipwper /(2)

by by bg—2 by —1 by
/ / = / / / f(x1, %2, s Xd—1, Xd )dXd | dXd—1 | dXg—2 - - - dx2 | dx1
ay az ad—2 ad—1

ad

Aev éxoupe kovéva a priori Aéyo va motetouue étu [ = (D))

Axdbua xewpdtepa, vmdpxovv meplocoTepol Twv 2 TPOMWY va oplooule
emavadauPavéueva odokAnpouata!

Aocknon: Méoa Siapopetika emavaiauBaviueva odokAnoduata
LTTOPOULLE VA KA TAOKEVA COVLLE;
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Opropée

‘Eotw A = [a1, bi] X - - - [ag, bg] éva maparrndeminedo Tov RY kat
f:A— R ua ovvdptno.

Eotw IV, ... 1) 6)a ta emavalauPavéueva odokAnpduata ta omoia
LTTopoULLE Va 0plooVLLE Yia TNV cuvdpTnon avTi.

Av 1) = ... = |(0) 41 Mue ott 1 ocuvdptnon f elvar odokAnpdotun

emdvw oto A kai 1 kot Toug TiuT opiletat w¢ To ToAAa A
oAdokAfpwua tne f emdvw oto A

/f(xh... ,Xg)dxy - -+ dxg = J 163 —] (]
A
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Me &AAa Adyior To ToAAATAS orokAfipwia TNe f eTdvw 6To
TapodAnAeminedo A elvor n ko T SAwv Twv emavalauBavépevev

oAokANpwu&TwV!
/ f(xt, + ,xd)dxy - dxqg :=
A

by

by bg—1 b3 by
/ / / {/ [ f( ,X2,X3,"‘,Xd)d :|dX2}dX3..-dXd_1 dxd
a4 ad—1 as a2 a1

by by bg—» bg—1 by
/ / . / / |: f(Xl7 X2,y Xd—1, Xd)dXd:| dXd_1 dXd_2 R dX2 dX1
ay ap ag_2 ad—1 ad
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Mpoyavire yperolbduoote pio ouvbike oxeTikd e To TdTe HAa TaL
emovahopBovépeva ohokAnpdpaTa g ovvaptnone f: A C R — R
etvon (oot

Oedpnpa (Fubini)

Av 1 ouvdptnon f : A C RY = R elvat ovveyiic téte 6)a ta
emavadaufavéueva odokAnpduata sivat toa

kat ovvdptnon f eivail odokAnpdoiun oto A,

/f(Xl,-~- ,Xd)dX1~--dXd:I.
A
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|
ATéddelén

O ké&vouue Tqv amddelln yio d = 2.

YNV mepimtwon avth éxoups 2 Stapopetika eovadaufovépeva

OANOKANPOOLTOL,
by by
/(1) = / |:/ f(Xl,Xg)dX2:| Xm,
a1 a»

by by
1@ = / [/ f(X]_,XQ)dX2:| dxo
an al
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Ac époupe ThVv Slapepion tov b

by —a>. .
X2J2:32+ n ]2, .12:07"'7,7'

kol yiow otafepd x; pwopolpe vor ypdidoupe

by n X2, k41
Fl(Xl) = / f(Xl,X2)dX2 = Z/ f(Xl,XQ)dXQ,
a k=0

2 X2,k

4Tov xpnoiuonorfcope tTNv abpoloTikn 18LETNTA TOV OAOKANPOMATOCG
Riemann .
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Mo kobé éva amo T (LovodidoTata) oAokAnpodpaTa f;z’:“ f(x1, x2)dxo
MTOPOUME VL XPNOLLOTOLHooUE TO Bedpnuo Tng péong Tiwic odupwva
e To omolo Yl k&Be k vmdpxel Xo k € [X2.k, X2, k+1] TETOLO DOTE

X2, k41 _
/ f(x1, x2)dxo = f(x1, X0 k) (X0, k41 — X20,k)-
X2,k

‘Etol maipvoupue ott

n

Fi(xa) =Y F0xa, Xek) (k1 — X2.k)s
k=0
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Mpooeyyilouue Topa To ohokAfpwiLa

b1 bl b2
/ Fi(x1)dxy = / [/ f(Xl,Xz)dX2:| dx; = /(1),
ai ai an

ato to abpoiopata Riemann .

Egboov yvwpilovpe étL N mpooéyyion avth kabéavtn Sev mailel pdho
Ba médpoupe o Srokprromoinom tov [ag, bi| xpnoiLomoldvTag Tow onpeio

by —a
Xl,k:al+Tk7 k:0,~-,n,

kot B eAéEovpe éva omolodfimote onuelo X k € [X1 4, X1 k+1]-
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32 /73



Y UVETWOC

n

by
1M = /31 h(x1)dx = nlij;OZZ; Fi(x1,0)(x1,041 — x1,0)

= lim Z Z f(X1.0, X0,k ) (X1,041 — X1,0) (X2, k41 — X2,k)

n— 00
£=0 k=0

= / f(x1, x2)dx1dxa,
A

gpdoov Ta onpela Xy, = (X1,0, X2.4), m = (£, k) eivou onueior Xp, € A kot
META XPNOLULOTOLACUUE TOV OpLOKS TOV BITACD OAOKATPDUATOC.
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Me ToupdpLoLO TPOTO UTOPOUUE VOL TTAPOOVME TMPA TNV SLapéplon tou

by —ar. .
X1J1:31+ n J1, .11:07"'7,7'

kol yiow otafepd xo pwopolpe vor ypdidoupe

by n X1,k+1
F2(X2) = / f(Xl,X2)dX1 = Z/ f(Xl,XQ)dxl,
a

1 k=0 " X1,k

4Tov xpnoiuonorfcope tTNv abpoloTikn 18LETNTA TOV OAOKANPOMATOCG
Riemann .
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Mo kobé éva amo T (LovodidoTata) oAokAnpodpaTa f;ll,’:“ f(x1,x2)dx1
MTOPOUME VL XPNOLLOTOLHooUE TO Bedpnuo Tng péong Tiwic odupwva
e To omolo yix k&Be k vmdpxel Xi k € [X1,k, X1, k+1] TETOLO DOTE

X1,k+1 _
/ f(x1, x2)dxy = f(X1 1, x2) (X1, k41 — X1,k)-
X1,k

‘EtoL maipvoupue ott

n
Fa(xa) = Y F(Rko x2) (X0k1 — X1.k)5
k=0
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Mpooeyyilouue Topa To ohokAfpwiLa

bz b2 bl
/ Fa(x2)dxa = / [/ f(Xl,Xz)dX]_:| dxy = /(2),
an as ai

ato to abpoiopata Riemann .

Egboov yvwpilovpe étL N mpooéyyion avth kabéavtn Sev mailel pdho
Ba mdpoupe o Srokprromoinom tov [az, by| xpnotLomolbvVTaG Tow oNpeio

by — a>

X27k:a2+Tk7 k:0,~-,n,

kot B eAéEovpe éva omolodfimote onuelo Xo k € [x2 4, X2 k+1]-
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Y UVETWOC

n

b
/@) — /32 h(x2)dxo = nlij;OZZ; Fo(X2,0)(X2,041 — X2,0)

= lim Z Z f(X1.0, X0,k ) (X1,041 — X1,0) (X2, k41 — X2,k)

n— 00
£=0 k=0

= / f(x1, x2)dx1dxa,
A

gpdoov Ta onpela Xy, = (X1,0, X2.4), m = (£, k) eivou onueior Xp, € A kot
META XPNOLULOTOLACUUE TOV OpLOKS TOV BITACD OAOKATPDUATOC.
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Apat,
1@ = / f(x1, x2)dxidxa = 1
A

koL 1 adBeldn odokAnpnbnke.

H amodelfn yevikebetou e0kola oe omoadfmore Sidotaon d.
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To amotéheopo auTd elvol LLOUTEPO ONUAVTIKS YLOTL UL ETUTPETIEL TOV
vrtoloylopo d-SidoTatwy oAokANpwudtwy ooy emavodauBovopeva
OAOKATPOWLOTO TOV TOPOULLE VO UTIOAOYIGOUIE XPNOULOTTOLOVTLG TOUG
kavdveg Tou Aoylopo!

Guido Fubini
A. N. Nnavvakémoviog (O.M.A) Notiopog I Eapvé EZapnvo 2018 39 /73



MopdSerypo

Trodoyiote to odokAtipwua tne ovvaptnone f :[0,1] x [1,2] x [0,3] = R
UE TUTTO

2
f(x1,Xx2,x3) = X{ + X2 + X1 X2 X3
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Mopdderypa
Trodoyiote To odokAfpwua ¢ ouvaptnone f 1 [0,1]¢ — R ue timo

d
Fxa, - %) = Y cixi
i=1
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MopdSerypo

Troloyiote To odokAtfpwua ¢ ouvaptnone f 1 [0,1]¢ — R ue timo

d d
f(x1, -, xd) = ZZa;jx,-Xj.

i=1 j=1
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Mopdderypa
Avf:ACRY 5 R pe f(xi, %, ,xg) = Alx)R(x) - - fa(xg) pe
fi:lai, bi] = R, i=1,--- ,d ovvexeic ovvaprtijoeic, Téte

/ f X1, Xm dXd

_ </1b1 fl(xl)dx1> </2b2 fz(Xz)dX2> (/add fd(Xd)dxd)
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[6te givatl odokAnpwotun pia cuvaptnon;

ATO TNV euTELplol LG OXETIKOL UE TIG CUVAPTNOELS [log peTafANTHc,
yvwpiloupe 6TL pumopel vou elvall ohokAnpdoiueg katd Riemann akduo
kol av gfvorl alovveyeic oe oplopéval onueior, opkelor otutd va eivail
Temepaopéva To TABoc;

Oa pmopoboape Aotmdv v Yahaphooupue Arydkt tTnv vtdBeon tng
ouvéyetag yio o ouvaptnon f 1 A C R — R kaw var ouvexiooupe va
£YOVIE OAOKANPWOLUES CUVAPTHOELG;

H amdvinon eivar vor adA& TipéTiel Tp@TOA VoL OKEPTOOUE ALY AKL TL
akplPoc onuaivel alouvéyela YIoL cuvapPTHOELS TEPLOTOTEPWY UETAPANTOV
g plog.

Mo evBiaupépel Aotttdv 1 popen Tou ouvdiov
D:={xeAcCR? : limf(z) # f(x)}
Z—X
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O yopaktnplopds Tou cuvdrov Twv aovvexeldv D sivon yeviko opketd
S0okoAn SovAeld.

Y1ic 2 Baotdosc d = 2 to cOvohro autd Bo pmopovos va gfvo eite o
ovAloyf amo pepovwpéva onueiol site v Pplokovtol og uLa
HOVOBLAOTATN KOWTOAY, eite vau eival polepévo oe yertoviée tov R?
(Tov Sev Ppiokovton oe povodidotateg KoUTONES).

H tedevtono mepintwon stvow 1 xewpdtepn Suvath doov opopd ot
oAokAnpwoiudTnTa TNg f.
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Ocmpnpa

Eotw f: AC R?2 = R ua gpayuévn ouvdprnon kat éotw 61t T0 0Uvolo
Twv acuvexelwv the D umopel va ypapel cav ula memepaoévny évwon
Ypapnud TV cvvaptioewv uiac petaPAntic. Téte n f eval
oAokAnpdoiun oto A.
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S
Oedpmua

Eotw f: AC R?2 = R ua ppayuévy ouvdptnon kat é0Tw 6T 10 obvodo
Twv aovvexelwv ¢ D umopel va ypagel cav uia memepaocpévn évwon
Ypapnudtwv ovvapticcwy piag petafAntic.

1 Av to odokAipwua fal:z f(x1,x2)dx2 eivatr kaAd opiopevo yia kdBe
x1 € [a1, b1] téte 1 ouvdptnon f eivar odokAnpdoiun oto A kat

by by
/ f(Xl,Xz)dxldXQ = / |:/ f(X],X2)dX2:| Xm
A a1 a2

2 Av 10 odokApwa faﬁl f(x1,x2)dx1 elvat kaAd opiopevo yia kdBe
xa € [a2, bp] Téte n ouvdptnon f eivatr odokAnpdoun oto A kat

by by
/ f(Xl,Xg)dxldXQ :/ {/ f(Xl,Xg)dxl} dX2
A a2 ai

3 Av woxvovv tavtdyxpova ta 1 kat 2 téte

b1 b2 bz bl
/ f(x1, x2)dxy dxa :/ [/ f(X17X2)dX2:| dx; = / [/ f(xl,xz)dxl} dxo
A a az a ai
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OANOKANPOPOTA ETAV®W OF YEVIKOTEPEC TLEPLOXEC

Ac vrtofécoupe Topa oTL | cuvaptnoT f dev sival oplopévn os éva
apalnieninedo A al& oe pio yevikdtepn meptoxh U C RY.

3TNV MEPITTWON AUTH PTopoUpe vo opicoupe To d-Sidotarto
ohokMpapa [, F(x1, -+, Xg)dx1 - - - dxg ¢ &g,
1 MNatpvoupe eva Ttaparinieninedo A tétolo wote U C A.

2 Emekteivoupe tnv f oto A, opilovtac v f : A — R ¢

2 [ f(x) av xeU,
f(X)_{ 0 av xeA\U.

Ty éxete va melte yia Tnv ovvéxela g f;
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Opropé¢

To odokAfipwua tne f endvw oto U opiletat we

/f(xl,-~ , Xg)dxy -+ - dxg ::/?(Xl,--- , Xg)dxy -+ - dxg
U A
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OMokAMpwon os yevikdTepec Teployéc Yo d = 2

Opwopéde (Meproyéc tomov /)

Mia meproxri U C R? ovoud{etat mepioxri tomouv | av vrdpyovv 8o
ovvexeic ovvaptioes ¢1 : [a1, b1] — R kat ¢ : [a1, bi] — R téroiec dote

U= {(X1,X2) c Rz DX € [al, bl], ¢1(X1) <x < ¢2(X1)}

Av U eival tumov [ téte

by $2(x1)
/f(xl,xz)dxldX2:/ / f(x1, x2)dx2 | dxy
U ¢

a 1(x1)
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Opwopéde (Meproxée Tomov /1)

Mia meproxri U C R? ovoud{etat mepioxr timov Il av vrdpyovv 8o
ovvexeic ovvaptijoeic 1 : [a2, bo] — R kat s @ [az, ba] — R téroiec dote

U={(x1,%) €R? : x € [a2, ko], ¥1(x2) < x1 < o(x2)}

Av U eivau tumov /] téte

bz
/f(Xl,Xg)dxldXQZ/
U a

2 (x2)
/ f(X]_, X2)dX1 dX2
Y1(x2)
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Optopdc (Meproxéc tomov /1)

Mia meproxri U C R? ovoud{etat mepioxr tomov Il av sivar tavtdypova
kat tomov | kat tumov /1.

Av U eival tumov [ téte

by $2(x1)
/ f(x1,x2)dx1dxa = / / f(x1,x2)dxa | dxi
U a1 #1(x1)

by P2(x2)
:/ / f(Xl,Xg)dxl dX2
a2

1(x2)
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S
ANy h petoPAnTwv

Ac mépoupe 8vo meploxéc U* ko U otov RY kau e cuvaptnon
T:U"—=U.

Av Bswpfooupe otl 1) ouvaptnon T elvor 1-1 ko emi téte umwopolue va
Bswpricovpe étL n T amekoviler Tnv Tepoxh U* otnv mepoxs U.

@ H T ewoun 1-1 oto U* av T(x) = T(x') e€aopadiler ét x = x'.

@ H Teivou el oto U av yia k&Be x € U vrdpyer x* € U* tétolo
dote T(x*) = x, ko téte pmopovpe v ypddoupe

U=T(U* 4 U =T}V
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Mopdderypa
Av U* =[0,1] x [0, 27] kat

T4, %) = (x1,x2) = (X1 cos(x3), X1 sin(xz))

téte n T amekovifel éva opBoydvio oe éva Sioko.
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Mo 188t oxeTikd e to Tl ovuPaiver yio d = 2

A¢ vtoBéooupe 6TL 0 LeTaoXNUOTIONOG T glvol évorg YpouLplkde
METOLOX MU TLOWNOC,

T(x*) = Ax*, Vx* € U* C R?
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A¢ Tdpoupe ToOpa To TapadAnAettitedo D* to omoio oplleTal oo Ta
Slavoopata ef = (1,0) kot €5 = (1,0) oto U*.

To didvuopa ef amelkoviletal oto a; = Aef € U ko To didvuopo es
1 1 2
ametkoviCetan oto ap = Aej € U.

Katd ovverela, to Ttapaddnieninedo D* ameikoviletal oto D Tov evour
10 TOLPaAANASYpoupo Tov opileTol oo T SLocviopoTal a1 Kol ap.

To epBad6 tov D yvwpilovpe bt ewvon ico pe V(D) = [|a1 x az]
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H loakwBlov opilovoa

Oplopég

Av T : U* = U ua C! ovwvdprnon, n lakwBiavi opilovoa tou
ueTAXNUATIOUOU O omotodnimote onueio x* € U* eivat 1

J(x*) = | det(DT(x")) |
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Ac vmoBéoovpe dtin T : U* — U siva Cl ko oig XpnoyuomoLfiooupe tov
oupPoliopd x = T(x*) 1| oe ouvteTaypEVES

X1 = Tl(Xf)Xg)"' 7X:;)7
X2 = TZ(Xf)X§7"' 7X;)7
Xg = Tag(X{y x5,y x7).

1 1ooSovapa x* = T71(x) =: H(x) kou o cuvteTayueveg

Xf — Hl(XI)X27' c 7Xd)7
x5 = Ha(x1, %2, , Xd),
Xy = Hg(x1,x2, -+, Xq).
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‘Eotw J 1 lakwProvh opifovoa Tou HeToXMATIONOV auToV,

J(x*) = det(DT(x¥))

Ocmpnpa
Av U = T(U*) kat f : U — R odokAnpddowun ovvdptnon, téte

/f(Xl,XQ,'~- ,Xd)dxldXQ-"dXd
U
= [ o IO )

émov f(x*) = f(T(x*)) 1 oe ovvreTayueves

f(Xikv"' 7X:1<) = f(Xl(Xf"" >X§)7"' 7Xd(Xf7"' ’X:;))'

v

MoAXéc wopéc To éval oo T §U0 OAOKATPMOUATA givall TTOAD €VKOAO OTOV
UTLOAOYLOLO.
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‘Evac edkohog tpdToc va Bupdpoote Tov TUTo TG aAAayfc netaAnTov
glva vau Tov ypdpoupe we e€1c

Avx* € U* s x=T(x*) € Uxow T : U* = U elvou C1, té1e

/ f(x)dx = / (f o T)(x™)|det(DT(x*))| dx*
U T-1(U)

Mnv Eexdoete Toté awto Tov TUTO!
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To povodldotato avdAoyo

Ouunbeite tov TuTo AANALYHG LETABANTOV Yia TO povodidoTato
oMok Afpwuo

b g7 (b)
| o= | L, (B0

Avuté mpokiTTeL oo TV oAay ) petofAntiv x = g(x*)

H adoyf petaintov outh propei vow Bewpnbei ocov o
weTaoxnuatiopog tov U* = [g71(a), g7 1(b)] oto U = [a, b], 6Tov
T(x*) = g(x*).
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Ytnv povodidotatn mepittwon DT (x*) = g'(x*) kou 8ev xpetdleton va
Tdpovpe TNV adAVTn T Adyw TS oupbaotc

/Cd O(x")dx* = — /dc o(x™)dx*.
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Mopdderypa

Alvetat §vo mepioxéc U*, U C RY kat o C! petaoynuatioudc
T : U* — U térotoc dote
TU"H=U

Kalt T_l(U) _ U*)

Av
Jr(x*) = |Det(DT(x7))|

eivat n Jacobian opifovoa tov uetaoxnuatiopuod T moid Oa eival n
Jacobian opilovoa Tov avtiotpopou petaoynuatiopod T 1,

Jr-1(x) = |Det(DT1(x))|?
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‘Eotw Id* : U* — U* o tavtotikde petaoxnuatiopdc oto U* dnhadi o
peTaoynuatiopos x* = Id*(x*) yio k&Be x* € U*.

Mpémel va cog elval mpopaveg otL Jyg« = 1.

Mpémel emionc va oag eivon Tpopavee 6tL Id* = T 1o T
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Egboov
ld*(x*) = (Tt o T)(x*), Vx* € U*,
Exoupe 6Tl
D ld*(x*) = D(T Yo T)(x*), Vx* € U,
KOLL OLTEO TOV Kovoval TN¢ ahvoida,
D(T o T)(x*) = DT YT (x*)) DT(x*).
OVUVETIOC

D Id*(x*) = DT }(T(x*)) DT(x*)
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OuunBeite amo TNV Ypaupkh dAyeBpa ott av yia A, B, C € RI*9 1oy el
A = B C téte det(A) = det(B)det(C).

Egpappdote tnv oxéon auth yio Thv emidoy
A= DId*(x*), B=DT }T(x"), C=DT(x"),

Yl voL kaltaAf€eTe oTO CUUTépaoLAL

1 =Jr(x")dr-1(x), x= T(x*).
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Mopdderypa

Troloyiote to eufadé tov povadiaiov Siokov, ypdpovtac to oav eva
Simdo odokAfpwpa kat ypnoipomoldvras TNV katdAAnAn aidayi
uetafAnTov.
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Mopdderypa

TroAoyiote Tov éyko tn¢ opaipac aktivac R otic 3 btaotdoeic
ypdpovta¢ TV oav éva TPITAS oAokAtipwpa kal XPNoLULOToIOVTAS TV
aAlrayn petaBANTOV 0 CPALPIKEC CUVTETA YILEVEC

x1 = xi sin(x3) cos(x3 ),
xp = X1 sin(x3) sin(x3),

x3 = xi cos(x3)

émov xi € [0, R], x3 € [0,27] kat x5 € [0, ].
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Mopdderypo
To umootvodo By(0, R) C RY,

B4(0,R) :={x=(x1, - ,xq) : x12+-~+x§ < R2}
ovopaletar undda (1 opaipa) pe aktiva R otov RY.

Trodoyiote tov éyko tnc By(0, R) kat Seilte 611

V(B4(0,R)) = / ldxy---dxg = CRY,
B4(0,R)

émov C = V/(By4(0,1)) o dykoc tn¢ povabiaiac urndiac.
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-
Ac opioovpe U = B4(0, R) kou U* = B4(0,1).

O petaoynuotiopos T : U* — U,
T(x*) = Rx",

petooxnuatiCel Tnv povaldioio pddo oty pmdda aktivog R.

MpoomaBeiote va meloete Tov eatutd cog otL

Jr(x*) = |det(DT (x*))| = R, ¥x* € U* = By4(0,1)

O tomoc adhayfic eTaANTOV poe Sivel

V(U):/ ldx:/ 1ydet(DT(x*))|dx*:/ 1 RY dx*
U T-1(U) *

= Rd/ 1dx* = RIV(U*).
U*
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Mopaderypor (Lpaipikéc ovvtetaypéveg otig d-Siaotdoelg Adokolo)
Bcwpeiote TNV akbéAovdn aldayh uetaBAntdv,
X = (X0, xg) = x = (x1, 00, Xd),

démov

x* € U= [0,R] x [0,7] x - x [0, 7] [0, 27]

x] = xj cos(x3),

xp = xi sin(x3) cos(x3),

Xd—1 = X1 sin(x3) sin(x3) - - - sin(x}j_;) cos(x),

Xg = xi sin(x3) sin(x3) - - - sin(x3_1) sin(x})
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Mopadetypor (ouvéyela ...)

1 Acire ott 0 petaoynuatioudés x* — T(x) mov opicaue ameikovifet
t0 U* oto U = B4(0, R).

2 Aciéte ot o mivakag A= DT (x*) éxet tnv ibiétnra aj; =0, yia
j>i+1, yia kdOe x*, i =1, - ,d kxai Ssiéte ot n opilovoa Tou
elvat lon ue

|Det(DT(x*))| = (xf)dil(sin xﬁ‘)d*z(sin ng)‘F3 -+« (sin x:j_l)l

3 Troloyiote pe tnv Poribeta avtol Tou pueTaoynuatiouol tov éyko
tov By(0,1) kat Seite ot

V(B(0,1)) = 27” [/Owsind_z(xg)dxg} [/Oﬂ sind_3(x§‘)dx§‘]

) [/0” Si”(Xf;—l)dX;—l}
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Av 8ev umopeite va deilete Tnv (2) v TV oToia TpéTeL Vo
xpnolhomoleioete eTaywy, Tdpte TV ooy dedopévn kol mwpoomabeiote
va Sei&ete v (3)!
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