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Sunart seic ston Rd .

Ja jewrhsoume to sunolo Rd ,

Rd = {x = (x1, · · · , xd) : xi ∈ R, i = 1, · · · , d} = R× · · · × R︸ ︷︷ ︸
d forèc

efodiasmèno me thn eukleidia apìstash

d(x , y) = ‖x − y‖ =

√√√√ d∑
i=1

(xi − yi )2,

kai to sunolo Rn,

Rn = {x = (x1, · · · , xn) : xi ∈ R, i = 1, · · · , n} = R× · · · × R︸ ︷︷ ︸
n forèc

efodiasmèno me thn eukleidia apìstash

d(x , y) = ‖x − y‖ =

√√√√ n∑
i=1

(xi − yi )2,

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 2 / 21



Orismìc

Mia sunarthsh f : Rd → Rn einai mia apeikìnish

(x1, · · · , xd) 7→ (y1, · · · , yn).

H f mporeÐ na katanohjeÐ san èna �mauro koutÐ� sto opoÐo èqoume mia

eisodo pou perigr�fetai apo d arijmoÔc (x1, · · · , xd) kai mac
epistrèfei mia èxodo apo n arijmoÔc (y1, · · · , yn).

MporoÔme epÐshc na gr�youme

yi = yi (x1, · · · , xd), i = 1, 2, · · · , n.
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Par�deigma

Ac upojèsoume ìti èqete ena statistikì upìdeigma sto opoÐo an xèrete

thn hlikÐa twn gonèwn enìc paidioÔ, to b�roc touc kai to Ôyoc touc

mporeite na problèyete to Ôyoc kai to b�roc enìc paidioÔ ìtan autì

ft�sei sthn hlikÐa twn 17 et¸n.

To upìdeigma sac einai mia sunarthsh f : R6 → R2.

Par�deigma

Ac upojèsoume ìti èqete ena upìdeigma sto opoÐo an xèrete thn jèsh

enìc opoiodhpote shmeiou sto dwm�tio mporeÐte na upologÐsete thn

jermokrasÐa se autì to shmeio.

To upìdeigma sac einai mia sunarthsh f : R3 → R.
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Par�deigma

Mia sunarthsh f : Rd → R pollèc forèc anafèretai san mia

(uper)-epif�neia ston q¸ro Rd .

Par�deigma

Mia sun�rthsh f : R→ Rd onom�zetai mia kampÔlh ston Rd .
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Shmeia suss¸reushc

Tic perissìterec forèc den orizetai mia sunarthsh se ìlo to Rd all�

se k�poio uposunolo tou, U ⊆ Rd .

Orismìc

'Ena shmeÐo x = (x1, · · · , xd) ∈ Rd onomazetai shmeÐo suss¸reushc tou

U an up�rqei akoloujia {xn} ⊂ U tètoia ¸ste xn → x ston Rd .

'Ena shmeÐo suss¸reushc tou U den an kei aparaithta sto U!
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H ènnoia tou orÐou

'Estw f : U ⊆ Rd → Rn mia sun�rthsh, kai x0 ∈ Rd èna shmeÐo

suss¸reushc tou U.

Orismìc

Ja lème oti to ìrio thc f kaj¸c to x teinei sto x0 eÐnai y0 ∈ Rn kai ja

sumbolÐzoume me limx→x0 f (x) = y0, an

∀ ε > 0 ∃δ > 0 tètoio ¸ste d(f (x), y0) < ε

∀ x ∈ U, tètoia ¸ste d(x , x0) < δ,

  isodÔnama,

∀ ε > 0 ∃δ > 0 tètoio ¸ste ‖f (x)− y0‖Rn < ε

∀ x ∈ U, tètoia ¸ste ‖x , x0‖Rd < δ,

Kaj¸c to x plhsi�zei to x0 to f (x) plhsi�zei to y0!
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Gewmetrik  ènnoia tou orÐou

Gia k�je anoiqt  mp�la tou Rn me kèntro y0 (kai aktÐna ε > 0)
B(y0, ε) up�rqei mia anoiqt  mp�la tou Rd me kèntro x0 kai aktina

δ > 0, B(x0, δ), tètoia ¸ste gia k�je x ∈ B(x0, δ) na isqÔei oti

f (x) ∈ B(y0, ε).
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Je¸rhma

limx→x0 f (x) = y0 an kai mìno an gia k�je akoloujÐa xn → x0 ston Rd

isqÔei ìti f (xn)→ y0 ston Rn.

Me ìpoio trìpo {xn} kai an plhsi�sw to shmeÐo x0 oi eikìnec {f (xn)}
ja plhsi�zoun to idio shmeio y0.
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An mporeÐte na breÐte èstw kai ena zeÔgoc akoloujii¸n {xn} kai {x ′n}
tètoiec wste en¸

xn → x0 ston Rd ,

x ′n → x0 ston Rd ,

na isquei

f (xn)→ y0, ston Rn,

f (x ′n)→ y ′0 ston Rn,

me y0 6= y ′0tìte to ìrio limx→x0 f (x) den up�rqei!
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Je¸rhma (Idiìthtec tou orÐou)

1 To ìrio an up�rqei eÐnai monadikì.

2 An limx→x0 f1(x) = y1 kai limx→x0 f2(x) = y2, tìte

lim
x→x0

(λ1f1 + λ2f2(x)) = λ1y1 + λ2y2

3 An n = 1 kai limx→x0 f1(x) = y1 kai limx→x0 f2(x) = y2, tìte

lim
x→x0

(f1f2)(x) = y1y2.

4 An n = 1 kai limx→x0 f1(x) = y1 kai y1 6= 0, tìte

lim
x→x0

(
1

f1

)
(x) =

1

y1
.
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Sunèqeia

Orismìc

Ja lème oti h mia sunarthsh f : U ⊆ Rd → Rn eÐnai suneq c sto

shmeÐo x0 ∈ U an to ìrio limx→x0 f (x) up�rqei kai

lim
x→x0

f (x) = f (x0),

Orismìc

Ja lème oti h mia sunarthsh f : U ⊆ Rd → Rn eÐnai suneq c sto U an

eÐnai suneq c se k�je x0 ∈ U.
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IsodÔnamoi orismoÐ gia thn sunèqeia

Orismìc

Ja lème oti h mia sunarthsh f : U ⊆ Rd → Rn eÐnai suneq c sto

shmeÐo x0 ∈ U an

∀ ε > 0 ∃ δ > 0, tètoio ¸ste ‖f (x)− f (x0)‖ < ε

∀ x tètoia ¸ste ‖x − x0‖ < δ.

Orismìc

Ja lème oti h mia sunarthsh f : U ⊆ Rd → Rn eÐnai suneq c sto

shmeÐo x0 ∈ U an gia k�je akoloujia xn → x0 sto Rd , isquei ìti

f (xn)→ f (x0) sto Rn.
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Mia sunarthsh f : U ⊆ Rd → Rn eÐnai suneq c sto shmeio x0 ∈ U an

mikrèc metabolèc tou x gÔrw apo to x0 odhgoÔn se mikrèc metabolèc

sthn tim  thc sun�rthshc.

H sunèqeia einai mia epijumht  idiìthta gia poll� majhmatik�

montèla.
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Je¸rhma

1 An f1, f2 : U ⊆ Rd → Rn suneqeÐc sunart seic sto x0 tìte kai h

sun�rthsh λ1f1 + λ2f2 eÐnai suneq c sto x0 gia k�je λ1, λ2 ∈ R.
2 An n = 1 kai f1, f2 : Rd → R suneqeÐc sto x0 tìte f1f2 suneqhc sto

x0.

3 An n = 1 kai f1 : Rd → R suneqhc sto x0 me f (x0) 6= 0 tìte kai h 1
f1

eÐnai suneq c sto x0.

4 An f1 : Rd → Rn kai f2 : Rn → Rm me f1 suneq c sto x0 ∈ Rd kai f2
suneq c sto f1(x0) ∈ Rn, tìte kai h sÔnjesh f1 ◦ f2 eÐnai suneqhc

sto x0.
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Par�deigma

BreÐte to orio thc sunarthshc f : Rd → R me genikì tÔpo

f (x1, · · · , xd) =
sin(x21 + · · ·+ x2d )

x21 + · · ·+ x2d
,

kajwc x = (x1, · · · , xd)→ 0 = (0, · · · , 0).

Upìdeixh JumhjeÐte ìti an φ : R→ R, tètoia ¸ste φ(s) = sin(s)
s , tìte

lims→0 φ(s) = 1.
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Efìson x = (x1, · · · , xd)→ 0 = (0, · · · , 0) tìte s = x21 + · · ·+ x2d → 0
sto R.

Sunep¸c, apo thn upìdeixh ja èqoume ìti limx→0
sin(x21+···+x2d )

x21+···+x2d
= 1.

ProspajeÐste aut  thn diaisjhtikh apìdeixh na thn metafèrete se mia

austhr  apìdeixh qrhsimopoi¸ntac ton orismo.

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 17 / 21



Par�deigma

DeÐxte oti

lim
x→0

x21√
x21 + · · ·+ x2d

= 0.
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ParathreÐste ìti

0 ≤ x21√
x21 + · · ·+ x2d

≤
x21 + · · ·+ x2d√
x21 + · · ·+ x2d

=
√

x21 + · · ·+ x2d

Sunep¸c an
√

x21 + · · ·+ x2d < ε tìte kai
x21√

x21+···+x2d
≤ ε.

Ara mporoÔme na apodeÐxoume to zhtoÔmeno apo ton orismì gia δ = ε.
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Par�deigma

Up�rqei to ìrio

lim
x→0

x21
x21 + · · ·+ x2d

DikaiologeÐste thn ap�nthsh sac.
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Oi akoloujÐec xn = (1/n, 0, · · · , 0) kai x ′n = (0, 1n , 0, · · · , 0) ikanopoioÔn
thn idiìthta

xn → 0 = (0, · · · , 0),
x ′n → 0 = (0, · · · , 0).

Ac paroume thn sun�rthsh f : Rd → R me tÔpo

f (x) = f (x1, · · · , xd) =
x21

x21+···+x2d
kai ac exet�soume tic akoloujiec

f (xn) =
1
n2

1
n2

+ 0
= 1→ 1,

f (x ′n) =
0

1
n2

+ 0
= 0→ 0,

Ara to ìrio den up�rqei.
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