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Merik  par�gwgoc

Ac jewr soume thn sun�rthsh f : U ⊂ Rd → R,

x = (x1, x2, · · · , xd) 7→ f (x1, x2, · · · , xd).

Estw

x0 = (x0,1, · · · , x0,d) ∈ U,

èna shmeÐo tou Rd kai

ei = (δij)j=1,··· ,d = (0, · · · , 1 · · · 0),

to di�nusma pou èqei 0 se ìlec tic jèseic ektìc apo thn i jèsh.
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Orismìc

H posìthta

∂f

∂xi
(x0) = lim

ε→0

f (x0 + ε ei )− f (x0)

ε
,

onom�zetai h merik  par�gwgoc thc f wc proc thn metablhth xi sto
shmeÐo x0 = (x0,1, x0,2, · · · , x0,d).
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An orÐsoume thn sun�rthsh φi : R→ R me tupo

φi (xi ) = f (x0,1, · · · , x0,i−1, xi , x0,i+1, · · · , x0,d),

tìte

∂f

∂xi
(x0) =

dφi
dxi

(x0,i ).

Gia na upologÐsoume thn merikh par�gwgo ∂f
∂xi

se k�poio shmeÐo arkeÐ

na jèsoume ìlec tic upoloipèc metablhtèc ektoc apo thn metablht  xi
stajerèc kai isec me xj = x0,j , j 6= i , kai met� na paragwgÐsoume wc

proc thn metablht  xi kai tèloc na jèsoume sto telikì apotèlesma

xi = x0,i .
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Par�deigma

An f : Rd → R me tÔpo

f (x1, · · · , xd) = exp(−
d∑

i=1

d∑
j=1

aijxixj),

upologÐste thn merik  par�gwgo ∂f
∂xk
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Orismìc

'Estw f : Rd → R mia sun�rthsh. Ja lème ìti eÐnai diaforÐsimh sto

shmeÐo x0 = (x0,1, · · · x0,d)T an oi merikèc par�gwgoi ∂f
∂xi

, i = 1, 2, · · · , n
up�rqoun sto x0 kai

lim
x→x0

|f (x)− f (x0)−
∑n

i=1
∂f
∂xi

(x0)(xi − x0,i )|
‖x − x0‖

= 0.
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An h sunarthsh f : Rd → R eÐnai diaforÐsimh sto shmeÐo

x0 = (x0,1, · · · x0,d)T ∈ Rd isquei ìti gia x arket� kont� sto x0,

f (x) ' f (x0) +
n∑

i=1

∂f

∂xi
(x0)(xi − x0,i )

dhladh h grammik  sun�rthsh ψ : Rd → R me

ψ(x) = f (x0) +
n∑

i=1

∂f

∂xi
(x0)(xi − x0,i )

eÐnai mia kal  prosèggish thc f sto shmeÐo x .
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Orismìc

'Estw f : Rd → Rn mia sun�rthsh. Ja lème ìti eÐnai diaforÐsimh sto

shmeÐo x0 = (x0,1, · · · x0,d)T an oi merikèc par�gwgoi ∂f
∂xi

, i = 1, 2, · · · , n
up�rqoun sto x0 kai

lim
x→x0

‖f (x)− f (x0)− Df (x0)(x − x0)‖
‖x − x0‖

= 0,

ìpou

Df (x0) =


∂f1
∂x1

(x0) · · · ∂f1
∂xd

(x0)
...

...
∂fn
∂x1

(x0) · · · ∂fn
∂xd

(x0)
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An h sunarthsh f : Rd → Rn eÐnai diaforÐsimh sto shmeÐo

x0 = (x0,1, · · · x0,d)T ∈ Rd isquei ìti gia x arket� kont� sto x0,

f (x) ' f (x0) + Df (x0)(x − x0),

dhladh h grammik  sun�rthsh ψ : Rd → Rn me

ψ(x) = f (x0) + Df (x0)(x − x0)

eÐnai mia kal  prosèggish thc f sto shmeÐo x .
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Orismìc

Sthn eidik  periptwsh f : Rd → R, o pÐnakac

Df (x0) =

(
∂f

∂x1
(x0), · · · , ∂f

∂xd
(x0)

)
,

onom�zetai h bajmÐda (gradient) thc f sto shmeÐo x0 ∈ Rd kai pollèc

forèc qrhsimopoieÐtai o sumbolismìc ∇f ..

Sthn perÐptwsh aut  o ìroc
∑n

i=1
∂f
∂xi

(x0)(xi − x0,i ) mporeÐ na
ermhneujeÐ kai wc

n∑
i=1

∂f

∂xi
(x0)(xi − x0,i ) = 〈Df (x0), x − x0)〉,

an jewr soume to di�nusma x − x0 = (x1 − x0,1, · · · , xd − x0,d).
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Je¸rhma

'Estw U ⊂ Rd anoiqtì uposÔnolo tou Rd , kai f : Rd → Rn diaforÐsimh

sto x0 ∈ U.

Tìte h f eÐnai suneq c sto x0.

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 11 / 46



DiaforÐsimh se anoiqtì sÔnolo pou perièqei to x0 =⇒ sunèqeia sto

x0.

Prosoq ! Den ft�nei ìmwc mono na eqoume tic merikèc parag¸gouc se

èna shmeÐo gia na exasfalisteÐ h sunèqeia

Par�deigma

H sun�rthsh f : R2 → R me tÔpo

f (x1, x2) =

{
1 an x1 = 0   x2 = 0
0 alli¸c

èqei merikec parag¸gouc sto x0 = (0, 0) efìson

∂f

∂x1
(0, 0) =

∂f

∂x2
(0, 0) = 0,

all� den eÐnai suneq c sto (0, 0).
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Je¸rhma

'Estw f : U ⊂ Rd → Rn kai oi merikec par�gwgoi ∂fi
∂xj

up�rqoun kai

eÐnai suneqeÐc se mia geitoni� enìc shmeÐou x0 ∈ U.

Tìte h f eÐnai diaforÐsimh sto x0.
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Orismìc

MÐa sun�rthsh f : Rd → Rn me suneqeÐc merikec parag¸gouc ja

onom�zetai C 1 sun�rthsh.

Mia C 1 sun�rthsh eÐnai kai suneq c.
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Idiìthtec thc parag¸gou

Je¸rhma

'Estw f , g : U ⊂ Rd → Rn diaforÐsimec sto x0 ∈ U.

1 An h = λ f ìpou λ ∈ R, tote

Dh(x0) = λDf (x0).

2 An h = f + g tìte

Dh(x0) = Df (x0) + Dg(x0).

3 An n = 1 kai h = fg tìte

Dh(x0) = g(x0)Df (x0) + f (x0)Dg(x0).

4 An n = 1 kai h = f
g tìte

Dh(x0) =
g(x0)Df (x0)− f (x0)Dg(x0)

(g(x0))2
.
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O kanìnac thc alusÐdac

Je¸rhma

'Estw oi sunart seic g : U ⊂ Rn → Rm kai f : V ⊂ Rm → Rp , ìpou

U,V anoiqt� sÔnola.

An h g eÐnai diaforÐsimh sto x0 kai h f sto z0 = g(x0) tìte h f ◦ g eÐnai

diaforÐsimh sto x0 kai

D(f ◦ g)(x0) = Df (z0)Dg(x0),

ìpou to ginìmeno ermhneÔetai wc ginìmeno pin�kwn.
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Par�deigma (SÔnjesh kampÔlhc me sun�rthsh)

Estw c = (c1, · · · , cd) : R→ Rd mia d-di�stath kampÔlh kai

f : Rd → R mia sunarthsh.

An h = f ◦ c , tìte

dh

dt
(t) =

d∑
i=1

∂f

∂xi
(c(t))

dci
dt

(t) = 〈∇f (c(t)),
dc

dt
(t)〉,

ìpou

dc

dt
=

(
dc1

dt
(t), · · · , dcd

dt
(t)

)
.
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Par�deigma

Poi� h metabol  thc sun�rthshc f (x1, x2) = exp(−(x2
1 + x2

2 )) kata

m koc thc kampÔlhc x(t) = (cos(t), sin(t))?
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Par�deigma

'Estw f : Rd → R kai g : Rd → Rd .

MporoÔme na ekfr�soume thn g = (g1, · · · , gd) me

gi (x) = gi (x1, · · · , xd), i = 1, · · · , d .

An h = f ◦ g me

h(x1, · · · , xd) = f (g1(x1, · · · , xd), · · · , gd(x1, · · · , xd)),

tìte

(
∂h

∂x1
, · · · , ∂h

∂xd

)
=

(
∂f

∂x1
, · · · , ∂f

∂xd

) 
∂g1
∂x1

· · · ∂g1
∂xd

...
...

∂gd
∂x1

· · · ∂gd
∂xd
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Par�deigma

Ac p�roume mia sunarthsh f : R2 → R kai ac thn doÔme san

sun�rthsh twn kainoÔrgiwn metablht¸n (r , θ) opou x1 = r cos θ kai

x2 = r sin θ.

UpologÐste tic merikec parag¸gouc ∂f
∂r kai ∂f

∂θ.

K�nte mia efarmog  sthn sun�rthsh f (x1, x2) = exp(−5(x2
1 + x2

2 )).
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H kateujunìmenh par�gwgoc

Orismìc

'Estw f : Rd → R kai h ∈ Rd èna monadiaÐo di�nusma (dhladh

‖h‖ = 1).

H kateujunìmenh par�gwgoc thc f sto x sth dieujunsh h orÐzetai wc

(Dnf )(x) =
d

dt
f (x + t n)

∣∣∣∣
t=0

= lim
t→0

f (x + t n)− f (x)

t
,

an to ìrio up�rqei.
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Je¸rhma

Isquei ìti

(Dnf )(x) = 〈Df (x), n〉 = 〈∇f (x), n〉 =
d∑

i=1

∂f

∂xi
(x) ni .
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H dieujunsh Df (x) = ∇f (x) eÐnai h dieÔjunsh megalÔterhc aÔxhshc thc

tim c thc sun�rthshc f .

Gia na to deÐte autì prospaj sete na lÔsete to prìblhma

beltistopoÐhshc

max
n∈Rd , ‖n‖=1

(Dnf )(x).
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LÐgh gewmetrÐa den bl�ptei ...

EÐdame ìti mia sunarthsh c : I ⊂ R→ Rd mporoÔme na thn

katano soume wc mia kampÔlh C ston q¸ro Rd , upo thn ènnoia ìti

C = {(x1, · · · , xd) ∈ Rd : ∃ t ∈ I t. w xi = ci (t), i = 1, · · · , d}.

H sun�rthsh c dÐnei thn parametrik  morf  thc kampÔlhc C .

Par�deigma

H sun�rthsh c : [0, 2π] ⊂ R→ R2 me tupo

c(t) = (c1(t), c2(t)) = (cos(t), sin(t)) eÐnai h parametrik  morf  enìc

kÔklou me kèntro to shmeÐo (0, 0) kai aktÐna 1.
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'Omoia mia sun�rthsh f : Rd → R, mporoÔme na thn katano soume

gewmetrik�, wc ìti orÐzei mia epif�neia S ston q¸ro Rd , mèsw thc

exÐswshc f (x1, · · · , xd) = 0, upì thn ènnoia ìti

S = {(x1, · · · , xd) ∈ Rd : f (x1, · · · , xd) = 0}.

Par�deigma

H sunarthsh f : R3 → R me tÔpo f (x1, x2, x3) = x2
1 + x2

2 + x2
3 − 4 orÐzei

thn epif�neia miac sfaÐrac ston R3 me kèntro (0, 0, 0) kai aktÐna 2.

Par�deigma

H sunarthsh f : R3 → R me tÔpo f (x1, x2, x3) = 1
2x

2
1 + 1

6x
2
2 + 1

10x
2
3 − 4

orÐzei thn epif�neia miac èlleiyhc ston R3 me kèntro (0, 0, 0).
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Efaptomènh mia kampÔlhc se k�poio shmeÐo

Orismìc

'Estw c : I ⊂ R→ Rd mia diaforÐsimh kampÔlh kai

x0 = (c1(t0), · · · , cd(t0)) èna shmeÐo thc.

To di�nusma

v :=
d

dt
c(t)

∣∣∣∣
t=t0

=

(
d

dt
c1(t)

∣∣∣∣
t=t0

, · · · , d

dt
cd(t)

∣∣∣∣
t=t0

)
,

onom�zetai efaptomènh thc kampÔlhc sto shmeÐo x0.
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Prìtash

'Estw f : Rd → R mÐa C 1 sun�rthsh kai x0 ∈ Rd èna shmeÐo ep�nw

sthn epif�neia S pou orÐzetai apo thn f (x) = 0.

To di�nusma Df (x0) = ∇f (x0) eÐnai k�jeto sthn epif�neia sto shmeÐo

x0 ∈ S upo thn akìloujh ènnoia:

An c : R→ Rd eÐnai mia opoiad pote kampÔlh C epanw sthn S h

opoÐa pern�ei apo to shmeÐo x0 kai v einai to efaptomeno di�nusma

thc c sto shmeÐo x0 tìte

〈Df (x0), v〉 = 0.
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Apìdeixh

'Estw opoiad pote kampÔlh c : R→ Rd ep�nw sthn S pou pern�ei

apo to x0.

'Ara f (c1(t), · · · , cd(t)) = 0 gia k�je t ∈ I ⊂ R, kai up�rqei t0 ∈ I
tètoio ¸ste x0 = (c1(t0), · · · , cd(t0)).

H efaptomènh thc c sto shmeÐo x0 dÐnetai apo to di�nusma

v =

(
d

dt
c1(t)

∣∣∣∣
t=t0

, · · · , d

dt
cd(t)

∣∣∣∣
t=t0

)
.
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H sunarthsh ϕ : I ⊂ R→ R pou orÐzetai wc ϕ = f ◦ c eÐnai h stajer 

sun�rthsh sunep¸c

dϕ

dt
(t) = 0, ∀ t ∈ I .

Apo ton kanìna thc alusÐdac,

dϕ

dt
(t) = 〈Df (x(t)),

dc

dt
(t)〉,

apo ìpou prokÔptei to zhtoÔmeno.

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 29 / 46



Orismìc

'Estw f : Rd → R mia diaforÐsimh sun�rthsh h opoÐa gewmetrik�

mporeÐ na katanohjeÐ wc mia epif�neia S ston q¸ro twn d-
diast�sewn, h opoÐa orÐzetai apo thn exÐswsh f (x1, x2, · · · , xd) = 0 kai

x0 = (x0,1, · · · , x0,d) èna shmeÐo thc epif�neiac aut c (dhlad 

f (x0) = 0.

H exÐswsh

〈Df (x0), x − x0〉 = 0,

orÐzei thn exÐswsh enìc epipèdou pou eÐnai to efaptìmeno epÐpedo sthn

epif�neia S sto shmeÐo x0.

Gia na to deÐte autì arkeÐ na parathr sete ìti an x einai opoiod pote

shmeÐo sto efaptìmeno epÐpedo T thc epif�neiac S sto shmeÐo thc

x0 ∈ S tìte to di�nusma x − x0 ∈ T (einai èna shmeÐo tou epipèdou) kai

sunep¸c ja prèpei na eÐnai k�jeto sto k�jeto di�nusma sthn

epif�neia S sto shmeÐo x0, to opoÐo eÐnai to Df (x0).
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Par�deigma

'Enac skièr eÐnai se èna bounì pou h epif�neia tou perigr�fetai apo

thn sun�rthsh f (x1, x2, x3) = 4/10x2
1 + 3/10x2

2 + x3 − 100 mesw thc

exÐswshc f (x1, x2, x3) = 0.

An xekin�ei sto shmeÐo me suntetagmènec x1 = x2 = 1, se poi�
kateÔjunsh ja prèpei na arqÐsei na kineÐtai ètsi ¸ste na èqei thn pio

gr gorh dieÔjunsh kat�bashc?

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 31 / 46



Par�deigma

UpologÐste ta efaptìmena epÐpeda se opoiodhpote shmeÐo miac

sfaÐrac aktÐnac 1 me kèntro thn arq  twn axìnwn.

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 32 / 46



Par�gwgoi anwterhc t�xhc

An f : Rd → R mia par�gwgÐsimh sun�rthsh, mporoÔme na orÐsoume

tic sunart seic

φi : Rd → R, φi (x) =
∂f

∂xi
(x), ∀ x ∈ Rd , i = 1, · · · , d .

oi opoÐec eÐnai kai suneqeÐc sunart seic.

An oi sunart seic φi èqoun merikèc parag¸gouc tìte mporoÔme na

orÐsoume tic posìthtec

∂2f

∂xj∂xi
(x) =

∂φi
∂xj

(x) =
∂

∂xj

(
∂f

∂xi

)
(x)

An oi posìthtec autèc eÐnai epÐshc suneqeÐc sunart seic ja lème ìti h

f eÐnai C 2 sun�rthsh.
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O posìthtec ∂2f
∂xj∂xi

eÐnai sunolik� d2 to pl joc kai mporeÐ na

qrhsimopoihjoÔn gia na orÐsoune se k�je shmeÐo x ∈ Rd èna pÐnaka

d × d to pÐnaka

D2f (x) =

(
∂2f

∂xj∂xi
(x)

)
i ,j=1,··· ,d

,

o opoÐoc onom�zetai pÐnakac tou Hess.
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Je¸rhma (Euler 1734)

An f ∈ C 2 tìte

∂2f

∂xj∂xi
=

∂2f

∂xi∂xj
, i , j = 1, · · · , d .

O pÐnakac tou Hess gia mÐa C 2 sun�rthsh eÐnai summetrikìc.
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Apìdeixh

Ja deÐxoume oti isquei gia 2 metablhtèc gia na aplousteÔsoume thn

apìdeixh.

'Estw

I := f (x0,1 + ∆x1, x0,2 + ∆x2)− f (x0,1 + ∆x1, x0,2)

−f (x0,1, x0,2 + ∆x2) + f (x0,1, x0,2)
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Krat¸ntac ta x0,2, ∆x2 stajer�, orÐzoume thn sun�rthsh

ψ1(x1) = f (x1, x0,2 + ∆x2)− f (x1, x0,2),

gia thn opoÐa isqÔei

I = ψ1(x0,1 + ∆x1)− ψ1(x0,1).

Krat¸ntac ta x0,1, ∆x1 stajer�, orÐzoume thn sun�rthsh

ψ2(x2) = f (x0,1 + ∆x1, x2)− f (x0,1, x2),

gia thn opoÐa isqÔei

I = ψ2(x0,2 + ∆x2)− ψ2(x0,2).
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H sunarthsh ψ1 eÐnai mia diaforÐsimh (paragwgÐsimh) sunarthsh miac

metablht c opìte qrhsimopoi¸ntac to je¸rhma mèshc tim c gia

sunart seic miac metablht c, up�rqei x̄1 ∈ [x0,1, x0,1 + ∆x1] tètoio ¸ste

I = ψ1(x0,1 + ∆x1)− ψ1(x0,1) =
dψ1

dx
(x̄1)∆x1

=

(
∂f

∂x1
(x̄1, x0,2 + ∆x2)− ∂f

∂x1
(x̄1, x0,2)

)
∆x1.

OrÐzontac t¸ra thn sun�rthsh mÐac metablht c

φ(x2) =
∂f

∂x1
(x̄1, x2),

h parap�nw gr�fetai

I = (φ(x0,2 + ∆x2)− φ(x0,2)) ∆x1,
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Efarmozontac xan� to je¸rhma thc mèshc tim c gia thn φ èqoume

I =
dφ

dx2
(x̄2)∆x2∆x1

=
∂2

∂x2∂x1
(x̄1, x̄2)∆x2∆x1,

opìte

∂2

∂x2∂x1
(x̄1, x̄2) =

1

∆x1∆x2
I ,

kai apo thn sunèqeia twn deuterwn merik¸n parag¸gwn,

∂2

∂x2∂x1
(x0,1, x0,2) = lim

(∆x1,∆x2)→(0,0)

1

∆x1∆x2
I .
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Me ìmoio trìpo h ψ2 eÐnai suneq c sun�rthsh kai efarmozontac to

je¸rhma meshc tim c 2 forèc opwc kai parap�nw katal goume ìti

∂2

∂x1∂x2
(x0,1, x0,2) = lim

(∆x1,∆x2)→(0,0)

1

∆x1∆x2
I .

Apo thn monadikìthta tou orÐou prokÔptei to zhtoÔmeno.
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Seirèc Taylor

Ac upojèsoume ìti eqoume mia sun�rthsh f : Rd → R h opoÐa eÐnai

arketèc forèc suneq¸c paragwgÐsimh sto shmeÐo x0 ∈ Rd .

H sun�rthsh φ : R→ R h opoÐa orÐzetai wc

φ(t) = f (x0 + t z)

eÐnai paragwgÐsimh sto shmeÐo t = 0 gia opoiad pote epilog  tou

dianÔsmatoc z ∈ Rd .
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Efarmozoume t¸ra to an�ptugma Taylor gia thn sunarthsh

φ : R→ R, sumfwna me to opoÐo

φ(t) = φ(0) +
dφ

dt

∣∣∣∣
t=0

t +
1

2

d2φ

dt2

∣∣∣∣
t=0

t2

+ · · ·+ 1

n!

dnφ

dtn

∣∣∣∣
t=0

tn + O(tn)
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Apo thn sunèqeia thc f ,

φ(0) = f (x0).

Apo ton kanìna thc alusÐdac kai thn sunèqeia

dφ

dt
(t) =

d∑
i=1

∂f

∂xi
(x0 + t z)zi = 〈Df (x0 + t z), z〉,

opìte

dφ

dt
(0) =

d∑
i=1

∂f

∂xi
(x0)zi = 〈Df (x0), z〉.
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Efarmìzontac xan� ton kanìna thc alusÐdac

d2φ

dt2
(t) =

d

dt

(
d∑

i=1

∂f

∂xi
(x0 + t z)zi

)

=
d∑

i=1

d

dt

(
∂f

∂xi
(x0 + t z)

)
zi

=
d∑

i=1

d∑
j=1

∂

∂xj

(
∂f

∂xi
(x0 + t z)

)
zjzi

=
d∑

i=1

d∑
j=1

∂2f

∂xj∂xi
(x0 + t z)zjzi ,

kai qrhsimopoi¸ntac thn idiìthta thc sunèqeiac

d2φ

dt2
(0) =

d∑
i=1

d∑
j=1

∂2f

∂xj∂xi
(x0)zjzi
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MporoÔme na suneqÐsoume ìmoia gia thn trÐth par�gwgo

d3φ

dt3
(0) =

d∑
i=1

d∑
j=1

d∑
k=1

∂3f

∂xk∂xj∂xi
(x0)zkzjzi ,

kai en gènei

dnφ

dtn
(0) =

d∑
i1=1

· · ·
d∑

in=1

∂nf

∂xin · · · ∂xi1
(x0)zi1 · · · zin ,
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Mazeuontac ola ta parap�nw katal goume ston tÔpo tou Taylor gia
sunart seic d metablht¸n

f (x0 + tz) = f (x0) +
d∑

i1=1

∂f

∂xi1
(x0)zi1 +

1

2

d∑
i1=1

d∑
i2=1

∂2f

∂xi2∂xi1
f (x0)zi1zi2 +

· · ·+ 1

n!

d∑
i1=1

· · ·
d∑

in=1

∂nf

∂xin · · · ∂xi1
f (x0)zi1 · · · zin + O(‖z‖n).
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