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To Rd .

Ja jewrhsoume to sunolo Rd ,

Rd = {x = (x1, · · · , xd) : xi ∈ R, i = 1, · · · , d} = R× · · · × R︸ ︷︷ ︸
d forèc

efodiasmèno me thn eukleidia apìstash

d(x , y) = ‖x − y‖ =

√√√√ d∑
i=1

(xi − yi )2
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AkoloujÐec tou Rd

'Estw xn = (x1,n, · · · , xd ,n) , n ∈ N mia akoloujia sto Rd

Gewmetrika, mia akoloujÐa {xn}n∈N ⊂ Rd eÐnai mia �peirh sullog 

apo shmeÐa tou Rd .

Thn akoloujÐa aut  mporeÐ na thn katano soume kai wc mia sullog 

apo d akoloujÐec {xi ,m} sto R, gia i = 1, · · · , d , n ∈ N.
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SÔgklish akolouji¸n tou Rd

Mac endiafèrei h er¸thsh kat� pìson kaj¸c to n→∞ up�rqei

k�poio shmeÐo x ∈ Rd to opoÐo na plhsi�zoun ta shmeia xn apo

k�poio N kai met�.

H ènnoia thc eggÔthtac (plhsi�zw) posotikopoieÐtai mesw thc

eukleidiac apìstashc d(x , y).

To er¸thma mac mporeÐ na metagrafeÐ wc:

Up�rqei k�poio x ∈ Rd tètoio wste gia k�je ε > 0 na isqÔei

oti d(xn, x) < ε gia k�je n megalÔtero apo k�poio kat�llhla

epilegmeno N?
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Orismìc

Ja lème oti h akoloujÐa {xn} sugklÐnei sto x ∈ Rd , kai ja

sumbolÐzoume me limn→∞ xn = x   apl� xn → x , an

∀ ε > 0 ∃N ∈ N tètoio ¸ste d(xn, x) < ε ∀ n ≥ N.
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Gewmetrik  ènnoia tou orÐou

Orismìc (Anoiqt  mp�la tou Rd)

To sÔnolo

B(x , ε) = {y ∈ Rd : d(x , y) < ε}

= {y = (y1, · · · , yd) ∈ Rd : {
d∑

i=1

(xi − yi )
2}1/2 < ε},

onomazetai anoiqt  mp�la tou Rd me kèntro to shmeÐo x ∈ Rd kai

aktÐna ε > 0.
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Orismìc (Kleist  mp�la tou Rd)

To sÔnolo

B(x , ε) = {y ∈ Rd : d(x , y) ≤ ε}

= {y = (y1, · · · , yd) ∈ Rd : {
d∑

i=1

(xi − yi )
2}1/2 ≤ ε},

onomazetai kleist  mp�la tou Rd me kèntro to shmeÐo x ∈ Rd kai

aktÐna ε > 0.
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O orismoc gia to ìrio

Orismìc

Ja lème oti h akoloujÐa {xn} sugklÐnei sto x ∈ Rd , kai ja

sumbolÐzoume me limn→∞ xn = x   apl� xn → x , an

∀ ε > 0 ∃N ∈ N tètoio ¸ste d(xn, x) < ε ∀ n ≥ N.

mporeÐ na metafrasteÐ isodÔnama wc

Orismìc

Ja lème oti h akoloujÐa {xn} sugklÐnei sto x ∈ Rd , kai ja

sumbolÐzoume me limn→∞ xn = x   apl� xn → x , an gia k�je ε > 0
uparqei mia anoiqt  mp�la me kèntro to x kai aktÐna ε > 0, B(x , ε),
tètoia ¸ste na mazeÔei ìlouc touc ìrouc thc akoloujÐac ektìc apo

pepèrasmeno pl joc.

A. N. Giannakìpouloc (O.P.A) Logismoc II Earinì Ex�mhno 2018 9 / 25



Idiìthtec tou orÐou

1 To orio an up�rqei eÐnai monadikì
2 An {xn}, {yn} duo akoloujÐec me

lim
n→∞

xn = x , lim
n→∞

yn = y ,

tìte

lim
n→∞

(xn + yn) = x + y .

3 An limn→∞ xn = x tìte limn→∞ λxn = λx
4 An {xn}, {yn} duo akoloujÐec me

lim
n→∞

xn = x , lim
n→∞

yn = y ,

tìte

lim
n→∞
〈xn, yn〉 = 〈x , y〉
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'Opwc eÐpame prohgoumènwc mia akoloujÐa {xn ⊂ Rd mporeÐ na

katanohjeÐ san mia sullog  apo d akoloujÐec {xi ,n}n∈N ⊂ R.

Ac upojèsoume oti gia k�je mÐa apo autèc tic pragmatikec akoloujÐec

up�rqei k�poio xi ∈ R tètoio ¸ste

lim
n→∞

xi ,n = xi , i = 1, · · · , d .

Ac fti�xoume t¸ra to di�nusma x = (x1, · · · , xd) ∈ Rd .

Ac upojèsoume epÐshc oti up�rqei k�poio x ′ tètoio ¸ste

limn→∞ xn = x ′ ston Rd .

P¸c nomÐzete ìti ja sundèontai ta x kai x ′?
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Je¸rhma

DÐnetai h akoloujia {xn}n∈N = {(x1,n, x2,n, · · · , xd ,n)}n∈N ⊂ Rd kai to

di�nusma x = (x1, · · · , xd) ⊂ Rd .

limn→∞xn = x an kai mìno an limn→∞ xi ,n = xi gia k�je i = 1, 2, · · · , d .
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Par�deigma

BreÐte to ìrio thc akoloujiac

{xn}n∈N = {(2 + 2

n2
, 1− 5

n2
,− 1

n2
,−3 + 7

n2
)}n∈N ⊂ R4.
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Anoiqt� sÔnola

Orismìc

'Ena uposÔnolo U ⊂ Rd onomazetai anoiqtì an gia k�je x ∈ U up�rqei

mia anoiqt  mp�la pou na perièqetai ex olokl rou sto U

∀ x ∈ U ∃ ε > 0 tètoio ¸ste B(x , ε) ⊂ U.
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Par�deigma

To sunolo B(x0, r) ⊂ Rd , r > 0 eÐnai anoiqtì sÔnolo.
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'Estw opoiod pote x ∈ B(x0, r), arkeÐ na deÐxoume ìti up�rqei ε > 0
tètoio ¸ste B(x , ε) ⊂ B(x0, r).

IsqurÐzomai oti mpor¸ na epilèxw ε = r − ‖x − x0‖.

Pr�gmati, efìson x ∈ B(x0, r), isqÔei ‖x − x0‖ < r (sunep¸c ε > 0).

'Estw t¸ra opoiodhpote y ∈ B(x , ε), dhlad  ‖y − x‖ < ε.

Tìte

‖y − x0‖ = ‖y − x + x − x0‖ ≤ ‖y − x‖+ ‖x − x0‖
< ε+ ‖x − x0‖ = r

sunep¸c, y ∈ B(x0, r).
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Par�deigma

To sÔnolo A = {(x1, x2, · · · , xd) ∈ Rd : x1 > 0} eÐnai èna anoiqtì

sÔnolo.
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Ac p�roume opoiod pote x ∈ A: ArkeÐ na deÐxoume thn Ôparxh miac

anoiqt c mp�lac B(x , ε) ⊂ A.

Efìson x ∈ A isqÔei ìti x1 > 0. IsqurÐzomai oti h anoiqt  mp�la

B(x , x1) ⊂ A.

Pr�gmati, estw opoiod pote y = (y1, y2, · · · , yd) ∈ B(x , x1).

Autì shmaÐnei ìti

|x1 − y1| ≤ ‖x − y‖ < x1,

to opoÐo isodÔnama dinei ìti

−x1 < x1 − y1 < x1,

�ra y1 > 0 sunep¸c y ∈ A.
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Geitonièc kai sunoriak� shmeÐa

Orismìc

Opoiodhpote anoiqtì sunolo to opoÐo perièqei èna shmeÐo x ∈ Rd

onom�zetai geitoni� tou x .
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Orismìc

'Estw A ⊂ Rd . 'Ena shmeÐo x ∈ Rd onomazetai sunoriakì shmeÐo tou A
an k�je geitoni� tou x perièqei toul�qiston èna shmeÐo sto A kai èna

shmeÐo ektìc tou A.

'Ena sunoriakì shmeÐo x tou A mporeÐ na perièqetai sto A mporeÐ ìmwc

kai na mhn perièqetai sto A.

An x ∈ A tìte to x eÐnai sunoriakì shmeÐo an k�je geitoni� tou x
perièqei toul�qiston èna shmeÐo ìqi sto A
An to x 6∈ A einai sunoriakì shmeÐo an k�je geitoni� tou x perièqei

toul�qiston èna shmeÐo tou A.
An to A einai anoiqtì, kanèna shmeio tou den mporeÐ na einai

sunoriakì shmeÐo.

'Ena shmeÐo x einai sunoriakì shmeio enìc anoiqtou sunìlou A an kai

mìno an x 6∈ A kai k�je geitoni� tou x èqei koin� shmeÐa tom c me to A.
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Orismìc
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Orismìc
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Orismìc
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Orismìc
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Par�deigma

'Estw A = B(x , r) ⊂ Rd . To sÔnoro tou A eÐnai to sÔnolo

{y = (y1, · · · , yd) : ‖x − y‖ = r}

Par�deigma

'Estw A = {x = (x1, · · · , xd) : x1 > 0}. To sÔnoro tou A eÐnai to

sÔnolo

{x = (0, x2, xd) : xi ∈ R, i = 1, · · · , d}.
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ShmeÐa suss¸reushc

Orismìc

Estw èna sÔnolo A ⊂ Rd . 'Ena shmeÐo x ∈ Rd onomazetai shmeÐo

suss¸reushc tou A an up�rqei mia akoloujÐa shmeÐwn {xn} ⊂ A
tètoia wste xn → x .
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Kleist� sÔnola

Orismìc

Ena sÔnolo A ⊂ Rd onom�zetai kleistì an perièqei ìla ta shmeÐa

suss¸reushc tou.

Je¸rhma

To A eÐnai kleistì an kai mìno an Ac anoiqtì.

To A eÐnai anoiqtì an kai mìno an Ac kleistì.
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AkoloujÐec Cauchy ston Rd

Orismìc

Mia akoloujia {xn} onomazetai Cauchy ston Rd an gia k�je ε > 0,
up�rqei N ∈ N tètoio ¸ste ‖xn − xm‖ < ε gia n,m > N.

Je¸rhma (Plhrìthta tou Rd)

Mia akoloujÐa {xn} ∈ Rd sugklÐnei an kai mìno an eÐnai Cauchy .
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