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Mègista kai el�qista k�tw apo periorismoÔc

Orismìc

'Estw f : Rd → R mia sun�rthsh kai C ⊂ Rd èna uposÔnolo

To shmeÐo x∗ ∈ S ja onom�zetai el�qisto thc f sto S

f (x∗) ≤ f (x), ∀ x ∈ S

kai ja qrhsimopoioÔme ton sumbolismì

f (x∗) = min
x∈S

f (x),

 

x∗ = argmin
x∈S

f (x).
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Orismìc

To shmeÐo x∗ ∈ S ja onom�zetai mègisto thc f sto S an

f (x∗) ≥ f (x), ∀ x ∈ S ,

kai ja qrhsimopoioÔme ton sumbolismì

f (x∗) = max
x∈S

f (x),

 

x∗ = argmax
x∈S

f (x).
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Par�deigma

P¸c sugkrinontai ta minx∈Rd f (x) kai minx∈S f (x)?

P¸c sugkrinontai ta maxx∈Rd f (x) kai maxx∈S f (x)?

PisteÔete oti tautÐzetai to el�qisto thc f sto S me to el�qisto thc f
sto Rd ?
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H mèjodoc twn pollaplasiaat¸n Lagrange

'Enac sun jismènoc trìpoc gia na orÐsoume to uposÔnolo S ⊂ Rd twn

periorism¸n eÐnai na to orÐsoume mèsw m sunart sewn gi : Rd → R,
i = 1, · · ·m, wc

S = {x ∈ Rd : gi (x) = 0, i = 1, · · · ,m}

To prìblhma beltistopoÐhshc

min
x∈S

f (x),

sthn perÐptwsh aut  gr�fetai

min
x∈Rd

f (x)

upì touc periorismoÔc

gi (x) = 0, i = 1, · · · ,m.
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Gia opoiad pote epilog  λ = (λ1, · · · , λm) ∈ Rm, orÐzoume thn

sun�rthsh Lagrange

L(x) = f (x) +
m∑
i=1

λigi (x) = f (x) + 〈λ, g(x)〉, ∀ x ∈ Rd .

Ta λ = (λ1, · · · , λm) onom�zontai pollaplasiastèc Lagrange.
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ParathroÔme oti an x ∈ S tìte L(x) = f (x), en gènei omwc L(x) 6= f (x)

Sunep¸c an x∗ = argminx∈S f (x) tìte kai x∗ = argminx∈S L(x)

Autì ìmwc pou eÐnai pio shmantikì eÐnai oti an prospaj soume na

broÔme to x0 = argminx∈Rd L(x) ja isquei en gènei oti an�loga me thn

epilog  twn λ ja p�roume kai �llo shmeÐo elaqÐstou x0, x0 = x0(λ)

An gia k�poia epilog  tou λ, p.q. λ∗ ∈ Rm isqÔei ìti x0(λ∗) ∈ S , tìte
apo thn parap�nw parat rhsh to x0(λ∗) eÐnai mia lÔsh tou

probl matoc elaqistopoÐhshc minx∈S f (x)!

Sundèsame loipìn mia olìklhrh oikogèneia lÔsewn problhm�twn

beltistopoÐhshc qwrÐc periorismoÔc, thn x0(λ) me thn lÔsh tou arqikoÔ

mac probl matoc me ton periorismì x∗, mèsw thc sqèshc x∗ = x0(λ∗).
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O parap�nw sullogismìc paramènei orjìc an me endièfere na lÔsw

èna prìblhma megistopoÐhshc.

Ja melet soume loipìn genik� to prìblhma tou na brw akrìtata

(mègista   el�qista) gia sunart seic d metablht¸n k�tw apo m
periorismoÔc me thn morf  isìthtac.
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Gr�foume thn sun�rthsh Lagrange

L(x) = f (x) + 〈λ, g(x)〉 = f (x) +
m∑
i=1

λigi (x).

Gia opoiad pote epilog  twn pollaplasiast¸n Lagrange
λ = (λ1, · · · , λm) brÐskoume ta akrìtata thc sun�rthshc L qwrÐc

periorismoÔc.

An h L eÐnai C 1 ta pijan� akrìtata ja eÐnai ta krÐsima shmeÐa

thc dhlad  lÔseic thc

DxL(x) = Dx f (x) +
m∑
i=1

λiDxgi (x) = 0.
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Mac endiafèroun oi lÔseic tou sust matoc autoÔ (pou exart¸ntai

apo thn epilog  tou λ) gia tic opoÐec isqÔei kai x ∈ S .

Autì den ja isqÔei gia opoiod pote λ, sunep¸c prèpei na
epilèxoume to λ ∈ Rm me kat�llhlo trìpo

Apo ton tropo pou orÐsthke to S blèpoume oti autì proupojètei

ta (x , λ) na eÐnai lÔseic tou sust matoc

DxL(x) = Dx f (x) +
m∑
i=1

λiDxgi (x) = 0,

gi (x) = 0, i = 1, · · · ,m.

Autì eÐnai èna sÔsthma d +m exis¸sewn me d +m agn¸stouc, en

gènei mh grammikì, h lÔsh tou opoÐou me dinei upoy fia akrìtata

gia to prìblhma thc eÔreshc twn akrot�twn upì touc

periorismoÔc.
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Je¸rhma

'Estw ìti S = {x ∈ Rd : gi (x) = 0, i = 1, · · · ,m} ìpou gi : Rd → R
kai f : Rd → R C 1 sunart seic.

'Ena akrìtato thc f se eswterika shmeÐa tou S mporeÐ na brejeÐ apo

thn lÔsh tou sust matoc exis¸sewn

DxL(x) = Dx f (x) +
m∑
i=1

λiDxgi (x) = 0,

gi (x) = 0, i = 1, · · · ,m.
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Par�deigma

Ac upojèsoume ìti X1, · · · ,Xn anex�rthtec tuqaÐec metablhtèc me

E[Xi ] = µi kai Var(Xi ) = σ2i .

BreÐte touc suntelestèc ai pou elaqistopoioÔn to Var(
∑n

i=1 aiXi ) upo
ton periorismì E[

∑n
i=1 aiXi ] = µ.
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PeriorismoÐ me thn morf  anisot twn

Mia pio genik  morf  tou probl matoc perilamb�nei periorismoÔc me

thn morf  anisot twn

min
x∈Rd

f (x),

upo touc periorismoÔc

gi (x) = 0, i = 1, · · · ,m,
hj(x) ≥ 0 j = 1, · · · , k.

An sthn lÔsh tou probl matoc x∗ isqÔei ìti hj(x∗) = 0 gia k�poia

j ∈ {1, · · · , k} ja lème ìti oi antÐstoiqoi periorismoÐ einai energoÐ,

alli¸c ja lème ìti einai anenergoÐ.
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H lÔsh autoÔ tou probl matoc qrhsimopoieÐ tic sunj kec Karush -
Kuhn -Tucker

L(x) = f (x) +
m∑
i=2

λigi (x) +
k∑

j=1

µjhj(x).

To pijanì el�qisto pou y�qnoume ja prèpei na ikanopoieÐ tic

sunj kec,

Dx f (x) +
m∑
i=2

λiDxgi (x) +
k∑

j=1

µjDxhj(x) = 0,

gi (x) = 0, i = 1, · · · ,m,
hj(x) ≥ 0, j = 1, · · · , k ,

µjhj(x) = 0, j = 1, · · · , k ,
µj ≥ 0, j = 1, · · · , k .
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Par�deigma

ElaqistopoieÐste thn sun�rthsh

f (x1, x2) = 2x21 + 2x1x2 + x22 − 10x1 − 10x2

upo touc periorismoÔc,

5− x21 − x22 − 5 ≥ 0,

6− 3x1 − x2 ≥ 0.
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Oi sunjhkec KKT mac dÐnoun

...

kai èqoume 4 pijanèc peript¸seic

1 Kanènac periorismoc energìc,

2 1 energìc kai 2 anenergìc,

3 1 anenergìc kai 2 energìc,

4 1 kai 2 energoÐ.
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1 µ1 = µ2 = 0 kai tìte x1 = 0, x2 = 5 pou den ikanopoioÔn ton

periorismì.

2 µ2 = 0, kai x1 = 1, x2 = 2, µ1 = 1 (apodektì).

3 µ1 = 0, kai x1 =
2
5 , x2 =

24
5 pou erqetai se antÐjesh me to ìti o 1

eÐnai anenergìc.

4 To susthma eÐnai adÔnato.

Sunep¸c up�rqei mìno èna shmeÐo KKT to (1, 2).
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To je¸rhma peplegmenhc sun�rthshc (implicit function
theorem)

Je¸rhma

Ac upojèsoume ìti F : Rd+1 → R eÐnai mia C 1 sun�rthsh.

Ac upojèsoume oti (x0,1, · · · , x0,d , x0,d+1) eÐnai èna shmeÐo to opoÐo

ikanopoieÐ tic sunj kec

F (x0,1, · · · , x0,d , x0,d+1) = 0,

∂F

∂xd+1
(x0,1, · · · , x0,d , x0,d+1) 6= 0.
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Je¸rhma {Sunèqeia ...}

Tìte up�rqei mia geitoni� U tou shmeÐou (x0,1, · · · , x0,d , x0,d) ∈ Rd kai

mia geitonia tou shmeÐou x0,d+1 ∈ V kai monadik  sun�rthsh

f : U ⊂ Rd → V ⊂ R tètoia ¸ste

F (x1, · · · , xd , f (x1, · · · , xd) = 0, ∀ (x1, · · · , xd) ∈ U.

H sun�rthsh f einai C 1 kai

D(x1,··· ,xd )f (x(d)) = −
1

∂F
∂xd+1

(x(d+1))

D(x1,··· ,xd ,xd+1)F (x(d+1)),

ìpou èqoume jèsei

x(d) = (x1, · · · , xd),
x(d+1) = (x1, · · · , xd , f (x1, · · · , xd)).
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GenÐkeush tou jewr matoc peplegmènhc sun�rthshc

Je¸rhma

'Estw F : Rm+p → Rm mia C 1 kai èna shmeÐo z0 ∈ Rp+m gia to opoÐo

isqÔei ìti F (z0) = 0.

Ja gr�youme z = (x , y) ìpou x ∈ Rm kai y ∈ Rp.

An o pÐnakac J =
(
∂Fi
∂xj

(z0)
)
i ,j=1,··· ,m

, eÐnai t�xhc m (rank m) tìte

up�rqei mia geitoni� tou V tou y0 ∈ Rp kai U tou x0 ∈ Rm kai mia

sun�rthsh C 1 sun�rthsh f : Rp → Rm tètoia ¸ste

F (φ1(y), · · · , φm(y), y1, · · · , yp) = 0.
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'Enac tropoc ermhneÐac tou jewr matoc autoÔ eÐnai o akìloujoc:

'Estw pwc èqoume èna sÔsthma m exis¸sewn me m agnwstouc

x = (x1, · · · , xm) kai p paramètrouc y = (y1, · · · , yp), thc morfhc

F1(x1, · · · , xm, y1, · · · , yp) = 0,

· · ·
Fm(x1, · · · , xm, y1, · · · , yp) = 0.

An èqoume brei mia lÔsh gia thn tim  thc paramètrou y0, èstw (x0, y0)
kai ikanopoieitai h sunj kh gia ton pÐnaka J, tìte up�rqei mia
olìklhrh oikogèneia lÔsewn gia mia geitoni� V tou y0 kai aut  mporei

na ekfrasteÐ mèsw miac diaforÐsimhc sun�rthshc twn paramètrwn wc

x1 = f1(y1, · · · , yp),
· · ·

xm = fm(y1, · · · , yp)

gia k�je y ∈ V .
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Sust mata thc morf c aut c emfanÐzontai ìtan qrhsimopoi soume

thn teqnik  twn pollaplasiast¸n Lagrange gia thn eÔresh akrot�twn

k�tw apo periorismoÔc, opìte to je¸rhma peplegmènhc sun�rthshc

eÐnai polÔ basikì ergaleÐo gia na apodeÐxoume to je¸rhma twn

pollaplasiast¸n tou Lagrange.
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