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To R3.

R3 = {x = (x1, x2, x3) : xi ∈ R, i = 1, 2, 3} = R× R× R

To sÔnolo twn antikeimènwn pou qrei�zontai 3 pragmatikoÔc arijmoÔc

gia na perigrafoÔn pl rwc.

Par�deigma

'Ena shmeÐo thc aÐjousac pou gia na perigrafeÐ qrei�zetai m koc,

pl�toc kai Ôyoc eÐnai èna stoiqeÐo tou R3.
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H exÐswsh thc eujeiac

Ac jewrhsoume èna shmeÐo me di�nusma jèshc b = (b1, b2, b3) kai èna
di�nusma kateÔjunshc a = (a1, a2, a3).

H eujeÐa pou pern�ei apo to b kai einai par�llhlh sthn kateujunsh a
dÐnetai apo thn sqèsh

x = b + t a, t ∈ R,

  kat� sunist¸sec

x1(t) = b1 + t a1,

x2(t) = b2 + t a2,

x3(t) = b3 + t a3.
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Ac jewrhsoume duo shmeÐa me dianÔsmata jèshc a = (a1, a2, a3) kai
b = (b1, b2, b3).
H eujeÐa pou pern�ei apo ta a kai b dÐnetai apo thn sqèsh

x = a+ t (b − a), t ∈ R,

  kat� sunist¸sec

x1(t) = a1 + t (b1 − a1),

x2(t) = a2 + t (b2 − a2),

x3(t) = a3 + t (b3 − a3).
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To exwterikì ginìmeno ston R3

An èqoume dÔo dianÔsmata x = x1e1 + x2e2 + x3e3 kai

y = y1e1 + y2e2 + y3e3 ston R3, mporoÔme na orÐsoume èna trito

di�nusma wc

x × y =

∣∣∣∣∣∣
e1 e2 e3
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣
= (x2y3 − x3y2)e1 + (x3y1 − x1y3)e2 + (x1y2 − x2y3)e3.

Isquei ìti

x × y = −y × x ,

x × x = 0

To di�nusma x × y eÐnai kajeto sto epÐpedo pou par�goun ta

dianÔsmata x kai y kai m koc ‖x‖ ‖y‖ sin(θ).
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H exÐswsh tou epipèdou

'Estw E èna epÐpedo ston R3 , a èna di�nusma se autì, kai n èna

di�usma k�jeto se autì.

To x eÐnai opoiod pote di�nusma sto P , an kai mìno an

x − a par�llhlo sto P

  isodÔnama, an kai mìno an

〈x − a, h〉 = 0.

Auto mac deÐqnei ìti an x = (x1, x2, x3) tìte

C1x1 + C2x2 + C3x3 + D = 0,

gia kat�llhlec stajerèc C1,C2,C3,D.
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Apo 3 shmeÐa a, b, c pern�ei èna kai mìno èna epÐpedo P .

Gia na k�jorÐsoume to epÐpedo autì arkeÐ na skeftoÔme ìti

opoiodhpote di�nusma pou einai k�jeto sto P ja prèpei na eÐnai

k�jeto sta dianÔsmata a− b kai c − b.

Sunep¸c to di�nusma

n = (a− b)× (c − b)

eÐnai k�jeto sto epÐpedo.

H exÐswsh tou epipèdou loipìn einai

〈x − a, n〉 = 0.
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Sust mata suntetagmènwn

Stic peript¸seic n = 2, 3 èna di�nusma x mporeÐ na ermhneujeÐ san to

di�nusma jèshc enìc shmeÐou sto epÐpedo   sto q¸ro antÐstoiqa.

'Otan mil�me gia to x = (x1, x2, x3) sto mualì mac eqoume to shmeÐo A
me kartesianèc suntetagmenec (x1, x2, x3).

Ac tautÐsoume t¸ra to di�nusma me thn jèsh autoÔ tou shmeÐou kai ac

prospaj soume na doÔme enallaktikoÔc trìpouc perigraf c thc jèshc

tou shmeiou A.
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Polikèc suntetagmènec

x1 = r cos(θ), x2 = r sin(θ), 0 ≤ θ ≤ 2π,

r =
√
x21 + x22 , θ = arctan

(
x2
x1

)
.
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Sfairikèc suntetagmenec

x1 = r cos(ψ) sin(θ), x2 = r sin(ψ) sin(θ), x3 = r cos(θ)
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Kulindrikèc suntetagmenec

x1 = r cos(θ), x2 = r sin(θ), x3 = x3.
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