
Kef�laio 1

Markobianèc diadikasÐec

apof�sewn

1.1 DiadikasÐec Markov me amoibèc

'Estw mia adiaq¸risth diadikasÐa Markov (Xn) me q¸ro katast�sewn S kai pÐnaka
pijanot twn met�bashc Pij. Ja upojèsoume ìti k�je for� pou h diadikasÐa brÐsketai
sthn kat�stash j paÐrnoume mia amoib  g(j) ìpou g : S 7→ R mia dedomènh sun�rthsh.
'Estw epÐshc ìti h paroÔsa axÐa thn qronik  stigm  0 miac monadiaÐac amoib c pou ja
lhfjeÐ thn qronik  stigm  1 eÐnai Ðsh me α ∈ (0, 1], ìpou α o suntelest c apìsbeshc.
An upojèsoume ìti thn qronik  stigm  0 h alusÐda brÐsketai sthn kat�stash i tìte h
paroÔsa axÐa thc sunolik c amoib c thn qronik  stigm  0 twn amoib¸n pou ja p�roume
tic pr¸tec n−1 qronikèc stigmèc eÐnai

∑n−1
k=0 αkg(Xk). An h sun�rthsh g eÐnai fragmènh

(mia sunj kh pou ikanopoieÐtai autìmata an o q¸roc katast�sewn eÐnai peperasmènoc)
tìte èqei sÐgoura nìhma na exet�soume thn paroÔsa axÐa twn sunolik¸n amoib¸n ìtan
o qronikìc orÐzontac eÐnai �peiroc, dhlad  h diadikasÐa M�rkwf den stamat� potè.
S' aut  thn perÐptwsh h paroÔsa axÐa thc sunolik c amoib c eÐnai

∑∞
k=0 αkg(Xk) kai

eÐnai asfal¸c mia tuqaÐa metablht .

Ac sumbolÐsoume t¸ra me V (i) thn mèsh tim  aut c thc tuqaÐac metablht c. Sum-
bolÐzontac me EiY thn desmeumènh mèsh tim  E[Y |X0 = i] ìpou Y eÐnai mia opoiad pote
tuqaÐa metablht  èqoume ìti

V (i) = Ei

∞∑
k=0

αkg(Xk) =
∞∑

k=0

αkE[g(Xk)|X0 = i]

=
∞∑

k=0

αk
∑
j∈S

P k
ijg(j) =

∑
j∈S

g(j)
∞∑

k=0

αkP k
ij

1
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ParathreÐste ìti h sun�rthsh V : S 7→ R mporeÐ na ekfrasteÐ b�sei thc g kaj¸c
kai tou pÐnaka

Rα
ij :=

∞∑
k=0

αkP k
ij. (1.1)

Sugkekrimèna èqoume ìti
V (i) =

∑
j∈S

Rα
ijg(j). (1.2)

H sqèsh (1.1 mporeÐ na ekfrasteÐ kai wc ex c

Rα = I + αP + α2P 2 + · · ·+ αnP n + · · · .

Apì thn parap�nw sqèsh èqoume, pollaplasi�zontac kai ta dÔo mèlh apì ta dexi� me
αP ,

αPRα = αP + α2P 2 + · · ·+ αnP n + · · · .

Afair¸ntac kat� mèlh thn deÔterh apì thn pr¸th sqèsh èqoume

(I − αP )Rα = I. (1.3)

K�tw apì epiplèon sunj kec (gia par�deigma an o q¸roc katast�sewn S eÐnai peperas-
mènoc kai sunep¸c oi pÐnakec P kai Rα eÐnai peperasmènoi tetragwnikoÐ pÐnakec) apì
thn (1.3) prokÔptei ìti

Rα = (I − αP )−1. (1.4)

H exÐswsh (1.2) tìte gr�fetai sth morf 

V = Rαg = (I − αP )−1g. (1.5)

Mia isodÔnamh mèjodoc gia ton prosdiorismì thc V basÐzetai sthn an�lush tou
pr¸tou b matoc kai sthn markobian  idiìthta pou mac epitrèpei na gr�youme thn ex c
sqèsh

V (i) = g(i) + α
∑
j∈S

PijV (j). (1.6)

Den eÐnai dÔskolo na diapist¸soume thn isodunamÐa twn (1.4) kai (1.6). H dikaiolìghsh
thc (1.6) basizetai sto ex c epiqeÐrhma. Thn qronik  stigm  mhdèn eispr�toume g(i)
kai sth sunèqeia metabaÐnoume sthn kat�stash j me pijanìthta Pij. H paroÔsa axÐa
twn sunolik¸n apolab¸n xekin¸ntac apì thn kat�stash j eÐnai ex' orismoÔ V (j), all�
ja prèpei na pollaplasiasteÐ me ton par�gonta apìsbeshc α.

Par�deigma 1. Estw mia diadikasÐa Markov me q¸ro katast�sewn S = {0, 1, 2, 3}
kai pÐnaka pijanot twn met�bashc

P =


0 1 0 0

1/2 0 1/2 0
0 1/2 0 1/2
0 0 1 0

 .
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An g(i) gia i = 0, 1, 2, 3 eÐnai dedomènoi arijmoÐ, kai o suntelest c apìsbeshc eÐnai
α < 1, na eurejeÐ h paroÔsa axÐa V (i) twn sunolik¸n amoib¸n gia k�je arqikì shmeÐo
ekkÐnhshc i. S' aut  thn perÐptwsh to sÔsthma (1.6) gÐnetai

V (0) = g(0) + αV (1)

V (1) = g(1) +
α

2
(V (0) + V (2))

V (2) = g(2) +
α

2
(V (1) + V (3))

V (3) = g(3) + αV (2).

1.2 Mèsoc rujmìc amoib c

Se antÐjesh me thn prohgoÔmenh par�grafo ìpou jewr same thn paroÔsa axÐa ìl-
wn twn mellontik¸n amoib¸n, se poll� probl mata èqoume diadikasÐec Markov gia
tic opoÐec èqoume k�poio kìstoc   kèrdoc g(i) ìtan briskìmaste sthn kat�stash i

kai mac endiafèrei to mèso kìstoc (  kèrdoc) an� mon�da qrìnou gia k�poio meg�-
lo qronikì orÐzonta. Ja jewr soume ìti h alusÐda Markov (Xn) eÐnai adiaq¸risth,
jetik� epanalhptik . To mèso kìstoc autì ekfr�zetai wc

lim
n→∞

1

n
Ei

n−1∑
k=0

g(Xk). (1.7)

H parap�nw sqèsh, enall�sontac to �jroisma me thn desmeumènh mèsh tim  gr�fetai
kai wc

lim
n→∞

1

n

n−1∑
k=0

E[g(Xk)|X0 = i] = lim
n→∞

1

n

n−1∑
k=0

∑
j∈S

P k
ijg(j)

=
∑
j∈S

g(j) lim
n→∞

1

n

n−1∑
k=0

P k
ij

=
∑
j∈S

g(j)πj. (1.8)

H enallag  tou orÐou kai tou ajroÐsmatoc ston q¸ro katast�sewn S sthn deÔter-
h exÐswsh pio p�nw qrei�zetai mia pio prosektik  dikaiolìghsh, epitrèpetai p�nta
ìmwc ìtan o S eÐnai peperasmènoc. Sthn trÐth exÐswsh qrhsimopoi same to basikì
oriakì je¸rhma gia adiaq¸ristec jetik� epalallhptikèc alusÐdec Markov pou mac
exasfalÐzei ìti

lim
n→∞

1

n

n−1∑
k=0

P k
ij = πj (1.9)
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gia k�je i ∈ S, ìpou π eÐnai h st�simh katanom  pou prokÔptei wc h (monadik  met�
thn kanonikopoÐhsh) lÔsh tou sust matoc

πj =
∑
i∈S

πiPij. (1.10)

1.3 Amoibèc pou exart¸ntai apì metab�seic

Ed¸ ja exet�soume thn perÐptwsh pou oi amoibèc exart¸ntai apì tic metab�seic kai ìqi
mono apì thn ek�stote kat�stash sthn opoÐa brÐsketai h alusÐda Markov. Ja jew-
r soume dhlad  ìti up�rqei mia sun�rthsh γ : S× S 7→ R pou prosdiorÐzei thn amoib 
γ(i, j) gia k�je met�bash apì thn kat�stash i sthn kat�stash j. Sthn perÐptwsh
aut  h paroÔsa axÐa thc sunolik c mèshc amoib c xekin¸ntac apì thn kat�stash i kai
me suntelest  apìsbeshc α eÐnai

V (i) =
∑
j∈S

Pijγ(i, j) + α
∑
j∈S

PijV (j). (1.11)

ParathreÐste ìti, an jèsoume

g(i) :=
∑
j∈S

Pijγ(i, j), (1.12)

h (1.11) eÐnai Ðdia me thn (1.2).

ParomoÐwc, to mèso kìstoc makroprìjesma dÐdetai apì thn antÐstoiqh èkfrash
thc (1.7) dhlad 

lim
n→∞

1

n
Ei

n−1∑
k=0

γ(Xk, Xk+1). (1.13)

Lamb�nontac up' ìyin ìti

Ei[γ(Xk, Xk+1)] =
∑

(j,l)∈S×S

P (Xk+1 = l, Xk = j|X0 = i)γ(j, l)

=
∑

(j,l)∈S×S

P k
ijPjlγ(j, l)

=
∑
j∈S

P k
ij

∑
l∈S

Pjlγ(j, l)

=
∑
j∈S

P k
ijg(j)
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ìpou sthn teleutaÐa sqèsh qrhsimopoi same ton orismì (1.12). Sunep¸c h (1.13)
gr�fetai wc

lim
n→∞

1

n

n−1∑
k=0

∑
j∈S

P k
ijg(j) =

∑
j∈S

g(j) lim
n→∞

1

n

n−1∑
k=0

P k
ij =

∑
j∈S

g(j)πj

=
∑

(j,l)∈S×S

πjPjlγ(j, l).

1.4 Markobianèc DiadikasÐec Apof�sewn

JewroÔme dÔo sÔnola, to sÔnolo katast�sewn, S pou eÐnai peperasmèno   arijm simo
kai to opoÐo sun jwc ja tautÐzoume me k�poio uposÔnolo twn fusik¸n {0, 1, 2, . . . , }
kai to sÔnolo apof�sewn A = {a, b, c, . . .} to opoÐo jewroÔme peperasmèno. JewroÔme
epÐshc mia oikogèneia apì pÐnakec pijanot twn met�bashc, {Pij(a), a ∈ A} kaj¸c kai
mia sun�rthsh kìstouc C : S × A 7→ R. Sugkekrimèna, C(i, a) eÐnai to kìstoc pou
plhr¸noume ìtan briskìmaste sthn kat�stash i kai epilèxoume thn apìfash a. Tèloc
èstw α o suntelest c apìsbeshc b�sei tou opoÐou upologÐzoume thn paroÔsa axÐa
k�poiou mellontikoÔ kìstouc. An Xk = i eÐnai h kat�stash thn qronik  stigm  k kai
Yn = a h apìfash pou paÐrnoume thn Ðdia qronik  stigm , tìte h epìmenh kat�stash
eÐnai Xk+1 = j me pijanìthta P (Xk+1 = j|Xk = i, Yk = a) = Pij(a). H paroÔsa axÐa
tou sunolikoÔ kìstouc aut c thc diadikasÐac ja eÐnai tìte

∞∑
k=0

αkC(Xk, Yk).

Skopìc mac sto prokeÐmeno prìblhma eÐnai na broÔme mia akoloujÐa apof�sewn Yk,
k = 0, 1, 2, . . . tètoia ¸ste na elaqistopoieÐ to mèso sunolikì kìstoc (  na megistopoieÐ
thn mèsh sunolik  amoib , sthn perÐptwsh pou ta C(i, a) antiproswpeÔoun amoibèc).

Ja onom�zoume politik  k�je sun�rthsh f : S 7→ A apì ton q¸ro katast�sewn
ston q¸ro apof�sewn. Mia politik  me �lla lìgia eÐnai ènac kanìnac pou upagoreÔei
mia apìfash, èstw a, k�je for� pou h alusÐda Markov brÐsketai sthn kat�stash i.
'Etsi èqoume f(i) = a. H uiojèthsh miac politik c periorÐzei thn eleujerÐa pou èqoume
na dialègoume tic apof�seic mac. Mac anagk�zei k�je for� pou briskìmaste se mia
sugkekrimènh kat�stash na dialègoume thn Ðdia p�nta apìfash. ApodeiknÔetai ìmwc
ìti, lìgw thc markobian c fÔshc thc diadikasÐac, up�rqei beltisth politik  h opoÐa
exasfalÐzei sunolikì mèso kìstoc exÐsou qamhlì   qamhlìtero apì opoiad pote �llh
akoloujÐa apof�sewn pou den prokÔptei apì k�poia politik . Sunep¸c eÐnai arketì

0Parapèmpoume touc endiaferìmenouc gia aut n, kai gia ìlec tic prot�seic qwrÐc apìdeixh pou ja
akolouj soun, ston Sheldon Ross, (1970). Applied Probability Models with Optimization Applica-
tions, Ekdìseic Dover.
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na anazht soume thn bèltisth politik  qwrÐc na qrei�zetai na asqolhjoÔme ìlec tic
dunatèc akoloujÐec apof�sewn. ParathroÔme pr¸ta ap' ìla ìti, an qrhsimopoi soume
mia opoiad pote politik , f , h diadikasÐa pou prokÔptei einai markobian  me pÐnaka
pijanot twn met�bashc Pij(f(i)).

'Estw Vf (i) h paroÔsa axÐa tou sunolikoÔ kìstouc ìtan xekin�me apì thn kat�s-
tash i kai efarmìzoume thn politik  f . Tìte, apì thn (1.6) èqoume ìti

Vf (i) = C(i, f(i)) + α
∑
j∈S

Pij(f(i))Vf (j). (1.14)

H sun�rthsh Vf onom�zetai kai sun�rthsh axÐac (value function).

1.4.1 Par�deigma: 'Ena aplì prìblhma sunt rhshc exoplis-

moÔ

Prin proqwr soume sthn an�lus  mac ac doÔme èna aplì par�deigma. JewroÔme mÐa
mhqan  to opoÐo mporeÐ na brÐsketai se dÔo katast�seic, thn kat�stash omal c lei-
tourgÐac, èstw 1 kai thn kat�stash kak c leitourgÐac, èstw 0. Ed¸ loipìn o q¸roc
katast�sewn eÐnai S = {0, 1}. 'Estw ìti o q¸roc twn apof�sewn èqei epÐshc dÔo
shmeÐa, episkeu  r,   m  episkeu , n. Sunep¸c A = {n, r}. Ac upojèsoume akìmh ìti

P (n) =

[
1 0
1/3 2/3

]
, P (r) =

[
0 1
0 1

]
. (1.15)

H ènnoia twn parap�nw pin�kwn pijanot twn met�bashc eÐnai ìti, qwrÐc episkeu  mia
mhqan , an men brÐsketai se kak  kat�stash, tìte paramènei se kak  kat�stash, an de
brÐsketai se kal  kat�stash, tìte me pijanìthta 1/3 thn epìmenh qronik  stigm  ja
brejeÐ se kak  kat�stash. AntÐjeta me episkeu , h mhqan  thn epìmenh qronik  stigm 
brÐsketai p�nta se kal  kat�stash. Tèloc jewroÔme dedomèna kai ta kìsth C(1, n) =
0, C(1, r) = c, C(0, n) = d, kai C(0, r) = c + d. Ta kìsth aut� upologÐzontai me
thn paradoq  ìti k�je episkeu  kostÐzei c anexart twc thc kat�stashc thc mhqan c
kai k�je qronik  perÐodoc pou h mhqan  brÐsketai se kak  kat�stash kostÐzei d. Ja
upojèsoume epiplèon ìti c < d �llwc to prìblhma eÐnai tetrimmèno: an h episkeu 
kostÐzei perisìtero apì thn kak  leitourgÐa tìte den episkeu�zoume potè.

'Estw f1 h politik  sÔmfwna me thn opoÐa f1(0) = r, f1(1) = n, dhlad  episkeu�-
zoume p�nta ìtan h mhqan  eÐnai qalasmènh kai potè ìtan eÐnai se kal  leitourgÐa.
Me aut  thn politik  h markobian  diadikasÐa apof�sewn gÐnetai mia apl  alusÐda
Markov me pÐnaka pijanot twn met�bashc

P =

[
0 1
1/3 2/3

]
.
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H paroÔsa axÐa tou sunolikoÔ mèsou kìstouc sthn perÐptwsh aut  dÐnetai apì to
sÔsthma

Vf1(0) = c + d + αVf1(1)

Vf1(1) = α
Vf1(0) + 2Vf1(1)

3
ap' ìpou prokÔptei ìti

Vf1(0) =
(3− 2α)

(1− α)(3 + α)
(c + d)

Vf1(1) =
α

(1− α)(3 + α)
(c + d). (1.16)

'Estw t¸ra f2, f3 oi poliktikèc f2(0) = f2(1) = n kai f3(0) = f3(1) = r pou anti-
stoiqoÔn, h men pr¸th sthn perÐptwsh pou den episkeu�zoume potè, h de deÔterh sthn
perÐptwsh pou episkeu�zoume p�nta. Oi antÐstoiqoi pÐnakec pijanot twn met�bashc
eÐnai oi P (n) kai P (r) thc exÐswshc (1.15). Sthn pr¸th perÐptwsh èqoume to sÔsthma

Vf2(0) = d + αVf2(0)

Vf2(1) = α
Vf2(0) + 2Vf2(1)

3
enw sthn deÔterh to sÔsthma

Vf3(0) = c + d + αVf3(1)

Vf3(1) = c + αVf3(1).

LÔnontac aut� ta sust mata èqoume

Vf2(0) =
1

1− α
d

Vf2(1) =
α

(1− α)(3− 2α)
d. (1.17)

kai

Vf3(0) = d + c
1

1− α

Vf3(1) =
1

1− α
c. (1.18)

SugkrÐnontac an�mesa stic lÔseic autèc mporoÔme sthn prokeÐmenh perÐptwsh na
broÔme thn bèltisth politik  gia dedomenec timèc twn α, c, d. Sthn genik  perÐptwsh
ìmwc, ìtan o arijmìc twn diajèsimwn apof�sewn |A|, kai o arijmìc twn katast�sewn
tou sust matoc, |S| eÐnai piì meg�loc, o arijmìc ìlwn twn politik¸n eÐnai |S||A| kai
sunep¸c h aparÐjmhs  touc kai o upologismìc ìlwn twn tim¸n gia k�je politik  dèn
eÐnai praktik� efiktìc. (ParathreÐste ìti sto par�deigma sunt rhshc exoplismoÔ pou
eÐdame, exet�same mìno treÐc politikèc. H tètarth pou eÐnai �episkeu  ìtan h mhqan 
eÐnai se kal  kat�stash kai mh episkeu  ìtan eÐnai se kak � den exet�sjhke diìti
jewr jhke ek proðmÐou mh bèltisth.)
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1.4.2 H exÐswsh thc bèltisthc politik c

'Estw ìti h f eÐnai mia bèltisth politik  gia thn markobian  diadikasÐa apof�sewn
pou perigr�yame kai Vf h antÐstoiqh sun�rthsh axÐac ìpwc prokÔptei apì thn exÐswsh
(1.14). H Vf ja prèpei tìte na ikanopoieÐ thn akìloujh exÐswsh

Vf (i) = min
b∈A

(
C(i, b) + α

∑
j∈S

Pij(b)Vf (j)

)
. (1.19)

H aitiolìghsh gia thn parap�nw exÐswsh eÐnai arket� apl : An dialèxoume to b wc
thn pr¸th apìfash kai sth sunèqeia akolouj soume thn bèltisth politik  h paroÔsa
axÐa tou sunolikoÔ kìstouc ja eÐnai C(i, b) + α

∑
j∈S Pij(b)Vf (j). H kalÔterh dunat 

epilog  gia to b eÐnai h epilog  tou ètsi ¸ste na elaqistopoieÐ aut  thn posìthta kai
aut  h idiìthta qarakthrÐzei thn bèltisth politik .

1.5 Algìrijmoc BeltÐwshc Politik c (Policy Im-

provement)

O algìrijmoc autìc basÐzetai sthn parat rhsh ìti, an me k�poio trìpo gnwrÐzame
thn sun�rthsh axÐac gia thn bèltisth politik , Vf , ja mporoÔsame na prosdiorÐsoume
kai thn bèltisth politik .

OrÐzoume mia arqik  politik  f1 wc ex c

f1(i) = arg min
b∈A

(C(i, b)) . (1.20)

To nìhma aut c thc sqèshc eÐnai ìti h f1(i) eÐnai Ðsh me thn tim  ekeÐnh tou b pou e-
laqistopoieÐ thn C(i, b). (Se perÐptwsh pou perisìterec apì mia apof�seic elaqistopoioÔn
thn C(i, ·) jewroÔme ìti to sÔnolo twn apof�sewn A eÐnai diatetagmèno kai dialègoume
thn mikrìterh apì autèc.) Sthn sunèqeia upologÐzoume thn sun�rthsh axÐac V1 pou
prokÔptei ìtan qrhsimopoioÔme thn politik  f1 kai pou upologÐzetai apì to sÔsthma

V1(i) = C(f1(i), i) + α
∑
j∈S

Pij(f1(i))V1(j). (1.21)

Sthn sunèqeia upologÐzoume mia kainoÔrgia politik  f2 apì thn sqèsh

f2(i) = arg min
b∈A

(
C(i, b) + α

∑
j∈S

Pij(f1(i))V1(j)

)
(1.22)
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kai thn kainoÔrgia sun�rthsh axÐac me b�sh thn politik  f2 pou sumbolÐzoume me V2

kai pou upologÐzoume apì to sÔsthma

V2(i) = C(f2(i), i) + α
∑
j∈S

Pij(f2(i))V2(j). (1.23)

Den eÐnai dÔskolo na doÔme ìti V2(i) ≤ V1(i) gia k�je i ∈ S kai sunep¸c h kainoÔrgia
politik  eÐnai kalÔterh apì thn prohgoÔmenh.

Fantazìmaste ìti èqoume epanal�bei aut  thn diadikasÐa n forèc kai met� apì
autèc tic n epanal yeic èqoume katal xei se mia politik  fn kai mia antÐstoiqh sun�rthsh
axÐac Vn. H politik  fn+1 orÐzetai tìte apì thn sqèsh

fn+1(i) = arg min
b∈A

(
C(i, b) + α

∑
j∈S

Pij(fn(i))Vn(j)

)
(1.24)

kai h antÐstoiqh sun�rthsh axÐac Vn+1 apì to sÔsthma

Vn+1(i) = C(fn+1(i), i) + α
∑
j∈S

Pij(fn+1(i))Vn+1(j). (1.25)

H sun�rthsh axÐac Vn+1 eÐnai me th seir� thc mikrìterh apì thn Vn kai epomènwc
h polik  fn+1 kalÔterh apì thn fn. Den eÐnai dÔskolo na diapist¸sei kaneÐc ìti,
met� apì peperasmèno arijmì bhm�twn o algìrijmoc sugklÐnei, dhlad  ìti up�rqei N
tètoio ¸ste fN+1 = fN kai sunep¸c VN+1 = VN . Autì eÐnai fusik  sunèpeia tou
gegonìtoc ìti o q¸roc twn politik¸n eÐnai èna peperasmèno sÔnolo kai sunep¸c den
eÐnai dunatìn oi politikèc na belti¸nontai ep' �peiron. Ac sumbolÐsoume loipìn me f ∗

thn politik  fN sthn opoÐa o algìrijmoc stamat� kai me V ∗ thn antÐstoiqh sun�rthsh
axÐac. Dedomènou ìti fN = fN+1 = f ∗, h sqèsh (1.24) me n = N dÐnei

f ∗(i) = arg min
b∈A

(
C(i, b) + α

∑
j∈S

Pij(f
∗(i))V ∗(j)

)
. (1.26)

ParathreÐste ìti h f ∗ ikanopoieÐ thn exÐswsh bèltisthc politik c (1.19).

1.6 Par�deigma: P¸lhsh akin tou

Upojètoume ìti èqoume èna akÐnhto proc p¸lhsh. K�je mèra upojètoume ìti èqoume
mia prosfor� Ôyouc i = 0, 1, 2, . . . , N me pijanìthta pi gia to akÐnhto autì. Oi pros-
forèc jewroÔntai anex�rthtec, isìnomec tuqaÐec metablhtèc. (H upìjesh aut  eÐnai
pio realistik  ap' ìti faÐnetai arqik�: Mèrec qwrÐc kajìlou prosforèc antistoiqoÔn
se prosforèc Ôyouc 0 en¸ gia tic mèrec pou èqoume perisìterec apì mÐa prosforèc
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paÐrnoume thn mègisth.) Upojètoume epÐshc ìti k�je mèra pou den poul�me to akÐn-
hto upoqreoÔmeja na plhr¸soume kìstoc sunt rhshc c kaj¸c kai ìti o suntelest c
apìsbeshc eÐnai α.

Xekin�me jètwntac to prìblhma autì sto genikì plaÐsio twn markobian¸n di-
adikasi¸n apìfashc. O q¸roc apof�sewn èqei dÔo stoiqeÐa, A = {s, r}, ìpou
to s eÐnai p¸lhsh kai to r eÐnai apìrriyh thc prosfor�c. O q¸roc katast�sewn
eÐnai to mègejoc thc ek�stote prosfor�c mazÐ me thn kat�stash −1 pou eÐnai h
kat�stash sthn opoÐa briskìmaste met� thn p¸lhsh tou akin tou. 'Etsi èqoume
S = {−1, 0, 1, 2, . . . , N}. Tèloc h sun�rthsh kìstouc eÐnai C(i, r) = c, C(i, s) = −i,
gia i = 0, 1, 2, . . . , N kai C(−1, r) = C(−1, s) = 0. Oi pÐnakec pijanot twn met�bashc
dÐdontai apì touc

P (r) =



1 0 0 · · · 0 0
0 p0 p1 · · · pN−1 pN

0 p0 p1 · · · pN−1 pN
...

...
...

...
...

0 p0 p1 · · · pN−1 pN

0 p0 p1 · · · pN−1 pN


, P (s) =



1 0 0 · · · 0 0
1 0 0 · · · 0 0
1 0 0 · · · 0 0
...

...
...

...
...

1 0 0 · · · 0 0
1 0 0 · · · 0 0


.

(ParathreÐste ìti p0 + p1 + · · ·+ pN = 1.)

Ja sumbolÐsoume thn bèltisth politik  me f ∗ kai thn antÐstoiqh sun�rthsh axÐac me
V ∗. H sun�rthsh axÐac ìtan qrhsimopoioÔme thn bèltisth politik  prèpei na ikanopoieÐ
thn sqèsh

V ∗(i) = min{−i, c + α
N∑

j=0

pjV
∗(j)} (1.27)

kai h bèltisth politik  thn

f ∗(i) = arg min{−i, c + α

N∑
j=0

pjV
∗(j)}. (1.28)

(H parap�nw exÐswsh prepei na ermhneujeÐ wc ex c: an to prwto apì ta dÔo orismata
eÐnai to mikrìtero tìte f ∗(i) = s, an to deÔtero eÐnai to mikrìtero, tìte f ∗(i) = r.)
An jèsoume

i∗ = min{i : −i < c + α
N∑

j=0

pjV
∗(j)} (1.29)

blèpoume oti h bèltisth politik  sunÐstatai sthn apodoq  k�je prosfor�c megalÔterhc
  Ðshc me i∗ kai sthn apìrriyh k�je prosfor�c mikrìterhc apì i∗. Pr�gmati, apì thn
(1.27), an i < i∗ tìte V ∗(i) = c + α

∑N
j=0 pjV

∗(j) < −i. Sunep¸c, apì thn (1.28)
èqoume gia autì to i oti min{−i, V ∗(i)} = V ∗(i) kai f ∗(i) = r. Me an�loga epiqeir -
mata blèpoume ìti an i ≥ i∗ tìte f ∗(i) = s.
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Mèqri stigm c èqoume katafèrei na broÔme ìqi thn Ðdia thn bèltisth politik  all�
thn dom  thc: up�rqei ènac akèraioc i∗ tètoioc ¸ste an mia prosfor� eÐnai megalÔterh
  Ðsh apì i∗ na prèpei na stamat soume en¸ diaforetik� na suneqÐsoume. Apì thn
stigm  ìmwc pou h dom  thc bèltisthc politik c eÐnai gnwst  den eÐnai dÔskolo na thn
prosdiorÐsoume pl rwc. Pr�gmati, èstw fi h politik  pou apodèqetai k�je prosfor�
megalÔterh   Ðsh me i. An sumbolÐsoume s' aut  thn perÐptwsh me T ton arijmì twn
prosfor¸n pou aporrÐpoume mèqri na apodeqtoÔme mia prosfor� eÐnai eÔkolo na doume
ìti

P (T = k) = P (X < i)k−1P (X ≥ i), k = 0, 1, 2, . . . ,

ìpou X mia tuqaÐa metablht  me katanom  P (X = i) = pi. H paroÔsa axÐa tou mèsou
kìstouc sthn sugkekrimènh perÐptwsh dÐdetai apì thn sqèsh

E
[
c + αc + · · ·+ αT c− αT+1E[X|X ≥ i]

]
= c

1− E[αT+1]

1− α
− E[αT+1]E[X|X ≥ i].

(1.30)
Dedomènou ìti

EαT =
P (X ≥ i)

1− αP (X < i)

(pijanogenn tria thc gewmetrik c katanom c) to dexÐ mèloc thc (1.30) gÐnetai

G(i) =
c

1− αP (X < i)
− α

P (X ≥ i)

1− αP (X < i)
E[X|X ≥ i]

=
c− αE[X; X ≥ i]

1− αP (X < i)

=
c− α

∑N
j=i jpj

1− α
∑i−1

j=0 pj

.

To prìblhma plèon an�getai sthn elaqistopoÐhsh thc sun�rthshc G(i).


