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Introduction

1. Introduction

Interested in estimating finite mixture models of the type

X 0) Zﬂ-kf p’kazk)a
K fixed, where f elliptically symmetric:

(X 1, %) = det(S) 2g ((x = 1) = (x — ) .

This includes Gaussian mixtures where

2
g(r) = Cexp(—%), (X1, 32) = o(X; p, X).
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Introduction

The meaning of model assumptions?

Parametric method;
“We have to believe that data were iid generated by (e; 6).”

“K-means is a nonparametric method,; this is better
if we don’t know that above assumption is fulfilled.”

??7?
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Introduction

In fact, K-means...

Ta(Xn) = (Myp,....,Mn, QGin, ..., Gnn)

n
= agmin Y| X — mgP?
i=1

my,...,M,94,...,.9n i—

...is ML for “fixed partition model”:
LX) =N, (M,,ollp), el .. K}, K>1, 02>0.
Who calls K-means “nonparametric” either doesn’t know this,

or argues that originally it was defined nonparametrically,
without reference to the model. Or. ..
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...or makes reference to the following:

Pollard (1981) showed that under nonparametric P,
K-means is a consistent estimator for

its own canonical functional (Tn(X,) = C(P,))

(K3, .. 1) = arg min / min , |x — m|>dP(x).

(my,...,mg)e(RP)k J me{my,...my

Interestingly (Bryant 1991), it's not consistent for (g1, ..., pk) in
£(X) = Np (1, 0%h) s 7 € {1, K}, K> 1, 0220,

May wonder whether (uj, ..., uj) is really of interest!
(Depends on application; Voronoi tesselation)

Pietro Coretto and Christian Hennig Nonparametric consistency for ML of ESD mixtures



Introduction

The meaning of “model assumptions” is not usually well
communicated!

Model assumptions do not have to be fulfilled in practice.
(They never are!)

“Method X assumes Y” means that there’s a theorem
that states that under Y, X has certain “good” properties.

The K-means example shows that a property may look good
under one assumption but not so good under another.

(One could claim K-means assumes

a fixed partition spherical Gaussian model,

or a nonparametric P, i.i.d.)
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Introduction

Model can be assumed in order to derive/develop a method
that works well under that assumption

- the model is an inspiration -

but in reality it is always applied to data

that don’t obey the assumption.

Need then new theory or simulations to find out what happens
if method assuming Y is applied in situation Z#Y.

(Obviously, Z is not the reality either, but
gives broader understanding of characteristics of method X.)
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The ESD mixture setup

2. The ESD mixture setup

“Assuming” mixture

K
B(X;0) = mf(X; g, Si)
k=1

to derive ML-estimator,
what happens if data comes from nonparametric P?

» Consistency for canonical functional
(Gaussian mixture done by Garcia-Escudero et al., 2015),

» result on value of canonical functional in case of
well separated nonparametric mixture components.
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The ESD mixture setup

1 n
(n(6) = EZIog(@/J(X,,O)),
i=1
0, € argmax (p(6),
QEéK

Can show that
min(Z) N\ 0 = f(p; pu, X) — +o0.

Degeneration of likelihood!
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The ESD mixture setup

In order to avoid degeneration, require

. K Amax(6)
96@;(—{9: TFkZOVKZ1,ZTFk:1; méx §’y}.
k=1

(Garcia-Escudero et al. 2014 etc.)

L6.P) = | logu(x.6)aP(x)
Lk(P) = sup L(0,P),
0Ok
6*(P) € argmaxL(0,P).
0cd
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Existence and consistency

3. Existence and consistency
Assumptions:

A1 Forevery S = {xy,X2,...,Xx} C RP: P(S) < 1.

A2 With hy(y) = EP[|og(g(y—1 X — uHZ))], for all
p. y N0 log(y~") € o(hg(y))

A3 LK_1(P) < LK(P)

Without A1, degeneration cannot be avoided.
A2 states that if \nin(€) \, 0, then for all k,

Ep[log(f(X; pk, Xk))] — —oo.

This regards the combination (P, g) and should be rather mild,
(for f Gaussian with Ep[(||X||2)] < oo it holds).
A3 is required to avoid parameter identification issues.
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Existence and consistency

Theorem 1 (existence of the ML functional).
Under A1-A3,

Jcompact T C Ok : 30 € T: —oc0 < L(6, P) < 400,

04T =13c: L6,P)<c< Lg(P).

... but the maximiser is not unique
(label switching and potentially other issues).
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S(6) = {0 € 6k(P): L(6,P) = L(4,P)},

T(6,2) = {0 € 6k(P): 0 - 6] <V i e S6)]

Theorem 2 (consistency).
Under A1-A3,
Ve > 0 and every sequence of maximizers 6, of ¢,(-):

n||_>ngo Pr[0, € T(0*(P),e)] = 1.

(For Gaussian f, assumptions are almost same
as for nonparametric K-means consistency!)
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4. The mixture ML functional for nonparametric mixtures

Given distributions Qq, ..., Qx “centered” at zero,
&,..., €k > 0 mixture proportions with STK_ & = 1,
FormeN, ke {1,...,K}, pmk € RP so that

lim min | Pmk, — Pmky || = 00

m—00 ky £kye{1,....K}

Define sequence of nonparametric mixture distributions

kaka » Qi (X) = Qu(X = pmi)-
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The mixture ML functional for nonparametric mixtures

“Central set”
Be(pmk) = {X: [[X — pmk|| < €}
e large enough: for arbitrarily small > 0:

vm,k : Quk(Be(pmi)) = 1—1.
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The mixture ML functional for nonparametric mixtures

Clustering assuming P = S"K_, mx F,

Fi with density f(x; g, X):

Model for (x, Zy,...,2Zx), Zx € {0,1} unobserved,
Zl,f:1 Z=1.

P{Zy=1} = mx,

p(x|Zx=1) = fi(x)=

T f(X; pk, Xk
P(x;0)

c(x) = a1r§krr3<x Tk (X ek, Xig)-

Pr[Zk =1 |X] = Tk(X; 0) =

Pietro Coretto and Christian Hennig Nonparametric consistency for ML of ESD mixtures



The mixture ML functional for nonparametric mixtures

Assumption:
A4 Jgg<oo: Yke{1,...,K} :
J1og 9([1x][)dQx(x) < co.

Theorem 3 (functional components correspond to Q).
Under A2 and A4, for large enough m,
components of 8*(Py,) can be numbered so that Vk:

B.(pmi) C Conk = {X : cl(x,0%(Pp)) = k}.
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The mixture ML functional for nonparametric mixtures

» For separation between Qnx — oo, this may not seem
surprising.

» Can prove similar theorem for K-means (requires second
moments).

» Qmx may still overlap (nonzero density).

» Results about functional values for nonparametric P,
hardly exist.
» Does not hold for all clustering methods:
» Single linkage, Qmx Gaussian, will
for any m, large enough n, produce one-point cluster.
» Same average linkage (conjecture).
» «-trimmed clustering
can trim complete central set of Qn if &k < a.
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The mixture ML functional for nonparametric mixtures

With growing separation, also parameter estimators converge.
& = (fix, k) = argmax L(k, Qx), L(k, Q) = /Iog f(x; k)dQ(x).

Corresponding functionals for Qnx = Qk(e — pmk) are
Bmk = Fuk + Pk, Sk = .
Assumption A5 For given Q,
Ve>038>0: ||k — ikl >e = LRk, Qk) — L(k, Qx) > B.

“Distinguished” maximum exists for Q - holds e.qg. if f
Gaussian.
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The mixture ML functional for nonparametric mixtures

Theorem 4 (functional parameters correspond to Q).
Under A2 and A4, for large enough m, components of 6*(P,)
can be numbered so that

im | — &l =,
and for Q fulfilling A5,

) = _
mIEpOOH“mk Rmkl = 0.
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The mixture ML functional for nonparametric mixtures

Corollary. With f(e; , 3) p-variate Gaussian, under A2 and A4,

,JlnooHufnk—/Xko(X)—Pmk = 0,
Jim [ [0 e - a0 = o
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5. Conclusion

| 2

| 2

ML estimators based on parametric ESD mixtures
are consistent on nonparametric distributions.

For well separated nonparametric mixtures,
nonparametric mixture components will eventually be
found.

Such parametric mixture ML-estimators
are at least as “nonparametric” as K-means;
the parametric mixture assumption does not need to hold.

Still work to do: Better characterisation of assumptions!
Estimating number of components?
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