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ON THE STABILITY OF A CHARACTERIZATION
OF THE POISSON DISTRIBUTION

PANARETOS J., SHIMIZU B.

1. Introduction. Rao and Rubin [3f derived an interesting characterizaﬁon of the

* Poisson distribution based on partial independence between two random variables.
. They showed that if the nonnegative, integer-valued random variables X and Y are such

that
' P(Y=r1x=n)=(’r')pfqﬂ", Cp =0, n=0,1,. .. (1.4)

where 0. < p < 1 with p fixed and independent-of n,¢=1—p, then the condition
PY=n=PF=r[X=Y)r=01... (1.2)

i
is necessary and sufficient for X to follow a Poisson distribution.

This result lias attracted a lot of interest in the literature. Since then, many va-
riants and extensions of it have appeared, the more general of which are due to Shanbhang
[5] and Panaretos {2). :

In this paper we consider the stability of the above characterization. We show that
if the conditional distribution of Y on X is «approximately» binomial and the Rao—
Rubin condition (1.2) is «approximatelys satisfied, then the distribution of X is «close»
to a Doisson distribution, (For a lucid exposition of the problem of stability of characte-
rizations the interested reader is referred to the works of Lukacs [1] and Zolotarev. {7].
The stability property of a similar characterization of the exponential distribution has
been studied recently by Shimizu [6}.)

2. The main result. Suppose that for the nonnegative, integer-valued random va=
riables X and Y we have that

P =r X =)= (3)Fa by r=0 L2 (2.1)
n
where ep, 4 =0, n= 0, 1,2 ... and
i=0 . .
: P(Y=r|XEVN=PF=1+3 . (2.2)
foralln>r>0and 3 8 = 0. Lete =P (X = Y) and @ = —g™* log c. Assume that
)t e, 1< 8ATIr (2.3)
n>r
and .
1 84 < SAT/rY (2.4)
for some A, 0< A< pa. Further, Jet N
& = (20.+ i) 8: b = K/p (B < G), (2~5)
0=58*{1 — ™), (2.6)

7“and‘lé‘t G (ti denote the probability gemerating function of X.

Theorem. When the nonnegative, infeger-valued random variables X and Y satisfy
conditions - (2.4) and (2.2) then ' ‘

i 8
P(X =n)—e® o | < (e +B"), @7

where e=a—p n=012 ....
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Proof. From (2.1) and (2.2) we find

G = G+p+y@®) IS (2.8
where
T o« e T oo o0 b - T
oy W)=t D pue, D 8 — D Py (2.9)
=0 n=r r=0 roel

and pp = P (X = n). It .is easy to see that (2.8) implies
CW=eGg+)+vt) —oltl+ 0, : (2.10)
with ¢ ()= y (t/p). Let ' ' .

e H@)=cc( S Sy
and . : : : : -
, : ci)y=vmeb. (2.12)
Then (2.10) can be written as i :
c HO=H@+0+ec®e® —ooltl+ oo (2.13
"Iterating (2.13) we obtain, for k=0, 1, 2, ...,
- L H@=HE+EED el (2.14)
where :
[
co(t) = D) ¢(t+ig) e, (2.15)
& .
‘It can now be shown that ¢ (2) exists for I =0,1,2 ...and that
1o (5 | << o*plef, £>0, 1=0,1,2, .... (2.16)
In particu]af, we have | ¥ (1) | < 6*ef, which, in turn, implies that
[ (<8 (@ — )1 =0. (2.47)

The function H (t), defined in'(Z.M) is bounded in the interval [—1, co). We will
show that ’%im H (t + kg) exists. To show this it is sulficient to prove that # (¢t + kq)

is a Cauchy sequence. Let m, s be two nonnegative integers such that m > k,'s > k.
Then from (2.13) and for ¢t > —1 we have
. |H(t4-mg) — H({t+s)| <
<1H('+kq+(m—k)q)—ff(t+kq)l+IH(t+kq+(s—k)9)—H(l+kq)l =
= (| ek (¢ F kg) | + | cox (¢ + kg D) EUHED) 008 KT, 0 as k— o0, T
Therefore there exists a function A (f) such that
lim H (¢ + kg) = A (D). ) (2.18)
k—so0 : ’

¢

:Note that A (¢) is a periodic function with period g, i. e., A (¢t q) = A (). Taking
the limit on both sides of (2.14) as k — oo gives

HE=A@®+ 40, (2.19)
where : ' )
A =lime ()= c(t+ig)e ™. (2.20)
_ k—sco i=0
‘We may observe here that ) '
' ' lAmi<e. @2

Combining ('2:11—)4'and (2.195 yields

. G @) =A@+ P, ' (2.22)

Note that A (¢) exists and is bounded for I = 0, 1, 2, . . . . Differentiating both sides
"of (2.10) I times yields

6 () =60 ¢ g+ 9P (1), 1=10,1,2,. ... —00 <t <+ 0. (229)
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We will now show that (2.23) implies

. OH=MOHtaOS 224
with A; (), 4; (1) appropriately defined. Extending our earlier notation, let )
H () = 60 @) ' (2.25)
and
e@=v0 @O 1=0,42..., -0t + o0 T (2.26)

- (2.24), (2.25) and (2.26) give Hy (1) = Hi ¢+ ¢ + B (1), and by iteration

I () = (¢ + (& + 1) q) + e’ﬂ(l ety 3, k=0, 1,2, vy — 00 <1< o0, (2’27) :
where this time ‘ .

"\~» *

L ) . .
Lot) = z jo (- ig) e, (2.28)
Ol)viously -
ligg (N < 8B (1 — ™)1 = 95' (2.29)
meloymg the argument used to arrive at (2.18) we can show that the ’!lm H(t+ kq)

exists and is A, (t), say. Furthermore. Ay (¢) is also periodic with' period g. From (2.27)
we have

Hy () = Ay () + lim o () €7, O @30)
where (from (2.28)) .
llm O (B = Z clttig e ™= 4,0, (2.31)
i=o
s1y. Then, combining (2.30), (2.25) and (2.31) yields (2. 24). It can be noted here that
| 4 ()] < 0B (2 32)
If we take the I-th order derivative of both sides of (2.22), we have :
6" (1) = (™A )@ + (e @)©. (2.33)
Using (2. 20) and (2.12) we find that
(PA@)O = 3| VO (¢4 ia) (2.34)
i=0 .

On the other hand, taking into account (2.31) and (2 26) we see that

ePa, (1) = 2 «b‘” (t +ig) 4. © . (235)
=0 .

Comparison of (2.34) and (2.35) results in )

(P4 )0 = MA@ | (2.36)
Furthermore, (2.24), (2.33) and (2.36) give ,

: A () e = (A )Y, (2.37)

or, by setting , .
Go (1) = A (1) (2.38)
6y = Ay (1) . : S (2.39)

We will now show that A (2) is constant, sayA.Forl=1,2,... wehave (using (2.22)
»and (2.24) and the fact that 4; () is bounded and A; (¢) is penodlc)

Wtk L MU kg) e*EHRD 1 A, (14 kq) PEHFD
Jm TCETRD ke A kg) D 4 (2 k) PO
B MG il 0 T L) e N W

AW+ A+ kg PP A ="Go(®)

(2.40)

s‘
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(because of (2.39)). Specializing (2.40) for I =1and I = 2 and using the technique of

Shanbhag [4] we obtain ’
d {G;(t)} Gy () {G;(t) }' .G (t+ k) ——{lim G’ {1+ kq) }’=

TGS = T " G e CETR) T ke G (1 kg)
o o 2
S e e+ ke 3 ipy e+ k)
= lim |4=} —]3= >0. (2.41)
k~—»o0

S p; e+ e 3 py(e+ kY
i=o =

This means that log G, () is a ‘convex function, i. e. (from (2.39)), log A () + @ (¢) is
convex. This can happen if and only if A () is a constant function (as A (¢) is periodic). So

A (t) = A, a constant. (2.42)

Then (2.37) and (2.42) give :
Ap (t) = alA. (2.43)

Thus, using (2.23) and (2.43) successively, we have for n =0, 1,2,...
1 B 2 1
P(X=n)="T 6™ (0) = o7 (A, () + 4, 0) =y @A+ 4, (0)). (2.44)

Putting A (t) = A and £t = 1 we obtain from (2.22)
A=e% A ()™ (2.45)

Consequently, by taking into account (2.45), (2.21), (2.32),
- o ‘ i 4 & i 0
P(X =n)—e = |=|—57 AW+ 77 4,0 <
1 _ 0 _
<o T AM T+ 14, O < 57"+ 87
This completes the proof of the theorem.
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