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UNIQUE PROPERTIES OF SOME DISTRIBUTIONS
AND THEIR APPLICATIONS

John Panaretos

1. INTRODUCTION

Bivariate probability models are very frequently used to describe random pheno-
mena, mainly because they provide a deeper insight into the underlying chance mecha-
nism. In many of the cases where a bivariate model is used the conditional distribu-
tion of one of the random variables given their sum is very informative. In the di-
screte case these models involve the non-negative, integer-valued random variables
X, Y, Z where X=Y + Z and also the conditional distribution of ¥ on X. A special
class of these models includes a situation where X and Y have the same distribution.
An interesting example of a simple model of this nature is the one adopted by Leiter
and Hamdan (L & H) in 1973, in their study of traffic accidents. In fact, they used
the bivariate model (X, Y) to express the relationship between the number X of ac-
cidents at a certain location during a given time interval and the number Y of fatal
accidents among the X accidents. They assumed X to follow a Poisson distribution
with parameter \. Then, by letting p to be the probability that an accident is fatal
and by assuming that accidents occur independently of one another and that p is
constant, they found that Y is also Poisson (Ap). So they ended up with the bivariate
model

fle,y)=e N p¥ ¢ Iyl (x =y (1.1)
% ¥=01,2,...;y<x;0<p<1, g=1—p; A>0.

In applying this model to some accident data they found that the fit was not very
satisfactory. It is interesting however, that the fit of the Poisson to the distribution
of the number Y of fatal accidents was very good while the fit of the Poisson to the
distribution of the number X of accidents was rather poor. This peculiarity, which
also occurs in other problems of similar nature, is part of what this paper deals with,
Specifically, our aim is to examine whether there is any theoretical justification or
explanation of why this happens. We also try to see how theoretical knowledge can
help in constructing alternative models in such cases. For this, we appeal to some
characterization theorems for discrete distributions.

In a recent paper Xekalaki and Panaretos (1979) studied some characterizations

~of the Poisson and the compound Poisson distributions. The potential use of these
characterizations in problems like the one we are dealing with was mentioned. So,
the present paper is a continuation of that work in the sense that it actually utilizes
the theoretical results in this specific practical problem.
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In the sequel, we state the characterizations mentioned above. We then concen-
trate our attention to the results related to the L&H model and point out how these
characterizations can guide the investigator to models that do not have the deficien-
cies mentioned earlier. Finally, we actually apply some of the models to the data of
L&H and discuss the improvement achieved.

2. THE THEORETICAL RESULTS

Theorem 1. (Xekalaki and Panaretos (1979)).
Suppose that for the non-negative, integer-valued random variables X, ¥ conside-
red in the introduction we have that

1

P(y=y|x=x)=] (x)pyqx'de(p); y=0,1,...,%
o \Y x=0,1,...

ie., that Y | (X =x) is binomial compounded on p by a distribution with distribution

function F (p): ((Y | (X=x)~b(x, p) ~ F(p)). Then Y is Poisson (Ap) ~ F (p) if

and only if (iff) X is Poisson (A).

Theorem 2. (Xekalaki & Panaretos (1979)).
Let X, Y be random variables as in theorem 1. Assume that the distribution of X
is determined uniquely by its factorial moments and that

[~ 3 dc qy <o for A>0, x=0,1,...
()
Then
Y is Poisson (A\p) 4 G (7\)};J F(p) iff XisPoisson (A) ~G ().

Of these two general results we will concentrate our attention to three special cases
which are of interest in our study. First, from theorem 1 we can see that if F (p) is
degenerate then, on the assumption that ¥ | (X =x)is b (x, p), X is Poisson (A)iff Y
is Poisson (Ap). So, in our accident problem under L&H’s assumptions we can be sure
that if one of the marginals in Poisson the other has to be Poisson. The fact that in
L&H’s study the Poisson fits well one of the marginals while this is not so with the
other, implies that the entire Poisson model has to be questioned or that the assum-
ption that p is constant has to be dropped. Because of the characterization there is
no possibility that a distribution other than the Poisson can be fitted to X while Y
is Poisson and Y| (X =x) is binomial. Further, once one of the marginals is found
not to give a good fit the bivariate model (1.1) cannot be expected to be very efficient.

Theorems 1 and 2 suggest two other directions in which one can pursue this pro-
blem in order that both marginals be of the same form. One is to allow the parame-
ter A of the Poisson distribution to be a random variable (indicating a difference in
the accident rates from individual to individual). The distribution most commonly
used for X in such cases is the gamma (k, m) i.e.,

- A
dc(x)=—f’-”(T)e "’7\’5'1 d\ Ak, m>0
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where I (@) is the usual gamma function.

Another alternative is to drop the assumption that p (the probability of an acci-
dent being fatal) is constant from accident to accident. Instead, we can assume that
p is a random variable following a beta distribution of type I (p ~ beta I (4, b)).
ie.,

L@tb)  ar gy
aF (D) =TT w P A=P7 dp

0<p<1, a, b>0.

In what follows these two models are examined in detail.

3. THE NEGATIVE BINOMIAL - BINOMIAL MODEL (NB-B MODEL)

As a corollary of theorem 2 we can easily see that if F (p) is degenerate and G ()
is gamma (k, m) then X ~ Poisson (\) ~ gamma (k, m) iff Y ~ Poisson (Ap) 4 gamma

(k, m). This is equivalent to saying that X ~ negative binomial (k, —’;1—_*_—1—) iff ¥~

~ negative binomial (k, —1—:-1_1-1?)

(i.e., X~ NB (k, m}I- 1 ) iff Y ~NB (k, —1_—+'1m_p) We call this the NB-B model).

This characterization implies that for constant p, if the NB fits well the distribu-
tion of Y it should also fit well the distribution of X, otherwise the whole model
will be rather inappropriate. Moreover, under this model if the fit for both X and Y
is good then the fit for (X, Y) with

k Y g Y
_ (x) mq 1 L
FEN= P - (m+1) (m‘l‘l) (4)

g=1-p, kpy=kEk+1).. (k+x-1), k, =1

0)

is expected to be satisfactory.

To apply this model to the data of L&H the method of moments has been used.
The parameters of interest are m, p, k. From the above we can easily find that
E(X)=km, E(Y)= kmp and V (X) = km (1 + m).

Hence, the moment estimators of m, p and k are

2 _ - _
i S X . ¥ ) X2
m = — , p =—, k = ;
X X SX -X
where X, Y, S; are the moment estimators of E (X), E (Y) and V (X) respectively.

4. THE NEGATIVE BINOMIAL, NEGATIVE HYPERGEOMETRIC MODEL (NB-NH MODEL)

As it was mentioned in section 2’ another alternative to the Poisson-binomial mo-
del of L&H is to let p be a random variable following a beta I distribution. In this
case Y! (X=x)~b (x, P)f’ beta I (g, b) i.e., negative hypergeometric (x; 4, b).



570 Jobn Panaretos

Then from theorem 1 we have that if X\ ~ gamma (b + [, m) then
X ~ Poisson (\) ~ gamma (b + /, m) iff
Y ~ Poisson (Ap) 4 gamma (b +1, m)i, beta I (b, ).

It can easily be seen that this is equivalent to

1\, 1
X NB(b+l,m+1)1ffY NB(b,m+1)

(we call this the NB-NH model).

The reader may observe that the parameters of the gamma and the beta I distri-
bution are suitably chosen so that the distributions of X and Y are of the same form,
a property desired for our model. Comments similar to those made in the previous
section connecting this characterization to the actual fit of the model to L&H’s
accident data can also be made here. Of course, if this model is good then the only
possible form for the distribution of (X, Y) will be

b\ 1 *
__w Ax-y) i :
fle, y)= yl =) (m+1) ("’“)

It can be easily seen that with the above model

l+b

EX)=(h +1)m, EY)=bm, V(X)=m (m+1) (b +1).

‘The parameters of interest are m, b, / and their moment estimators are

2 _ % — .-
L OSt-X . F . i-¥
m=———— b=—, = .
X m m

5. FITTING THE MODELS TO L&H’s DATA

We have fitted the models discussed in sections 3 and 4 to the accident data used
by L&H. These were data of accidents and fatal accidents occurred in a 50-mile
stretch of Interstate 95 in Prince Williams, Stafford and Spottsylvania counties in
eastern Virginia. They were collected by the Virginia State Police from 1 January
1969 to 31 October 1970. The two models were fitted to the observed joint distri-
bution of the number of injury accidents and the number of corresponding fatal acci-
dents for the 639 days and for each of the individual years. The fit of each model
is measured by the chi-square goodness of fit criterion. The first entry in each cell
of the tables is the actual observation. The second entry is the expected frequency
under the NB-B model of section 3. The third entry represents the expected fre-
quency with the NB-NH model of section 4. Finally, the fourth entry is the expected
frequency corresponding to the P-B model studied by L&H. From the tables it beco-
mes clear that the NB-B and the NB-NH provide a better fit as compared to that of
the P-B model of L&H. Of course this was somewhat expected, since in the new mo-
dels more parameters are involved. However, the interesting thing coming out of this
study is perhaps the fact that a suggestion was given as to how finding unique pro-
perties of distributions can help in guiding the investigator’s choice of better models.

It should also be pointed out that the models of sections 3 and 4 were chosen
among the different models offered by theorems 1 and 2 mainly because they provide
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the same form for the marginal distributions of X and Y and they were used merely as
examples to illustrate the main point. There may be other models that also describe
well the problem in question.

Remark. It is worth pointing out that for our models the assumption made in theorem
2 that the distribution of X is determined uniquely by its factorial moments is redun-
dant. This is so, because the negative binomial distribution is indeed uniquely deter-
mined by its factorial moments.
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RESUME

Propriétés unigues de quelques distributions et leurs applications.

In nombreuses situations pratiques on se sert de distibutions bivariées de probabilités dont
les marginales ont la méme forme. Quelque fois, cependant, quand il y a un pas trop bon ajuste-
ment, une des marginales semble décrire exceptionellement bien les correspondantes données
observées, et l'autre, au contraire, presente un mauvais ajustement. Le modéle bivarié doit alors
étre examiné. Cette note veut proposer des méthodes ot les théorémes de caractérisation peuvent
&tre utilisés pour expliquer un tel paradoxe et guider le chercheur dans la choix de modeles alter-
natives qui pourraient consentir un meilleur ajustement.

RIASSUNTO

Proprieta particolari di alcune distribuzioni e loro applicazioni.

In molte situazioni pratiche si usano distribuzioni bivariate di probabilitd le cui marginali
hanno la medesima forma. Qualche volta, tuttavia, nel caso di un adattamento non troppo buo-
no, una delle marginali sembra descrivere i corrispondenti dati osservati eccezionalmente bene,
mentre I'altra di luogo a un adattamento piuttosto scarso. Il modello bivariato deve allora essere
discusso. Questa nota suggerisce criteri in cui possono essere usati teoremi di caratterizzazione per
spiegare un tale paradosso e guida la scelta del ricercatore verso possibili modelli alternativi che
potrebbero dare luogo ad un migliore adattamento.
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TABLE 1

Observed and fitted distributions for the number of injury accidents and the number

of fatal accidents for the entire study. (First entry: observed frequencies. Second

entry: estimated NB-B frequencies. Third entry: estimated NB-NH frequencies. Fourth
entry: estimated P-B frequencies (L&H).

Number of Fatal Accidents (V)

0 1 Total
286 286
0 285.25 285.25
285.25 285.25
269.78 269.78
198 18 216
1 201.82 13.69 215,51
201.82 13.69 215.51
, 217.85 14.78 232.63
Number 82 10 92
of 2 83.1 11.27 94,37
Injury 83.89 9.69 93.58
Accidents 8796 12.34 100.30
(x)
24 6 30
3 26.02 5.30 31.32
26.71 4.03 30.74
23.68 5.15 28.83
13 1 14
4 6.87 1.86 8.73
7.21 1.28 8.49
4.78 1.43 6.21
1 0 1
5 1.61 0.54 2.15
1.73 0.35 2.08
0.89 0.36 1.25
604 35 639
604.67 32.66 637.33
Total 606.61 29.04 635.65
604.96 34.06 639.00
Estimates of the parameters.
NB-B model: § =.0635209, s =.1413161, £ =6.1018133
NB-NH model: 1 = .1413161, b = 3875925, I =5.7142208
Value of the chi-square statistic
2 Degrees of 25 2
) Model x Freedom (v} Py =X
NB-B 8.4969 7 0.30
NB-NH 8.1064 7 0.34
P-B (L&H) 19.1187 8* 0.02*

* Leiter and Hamdan (1973) used 10 degrees of freedem instead of the correct 8.
As a result the p-value of their test was given as 0.04.



Unique properties of some distributions ecc.

573

TABLE 2

Observed and fitted distributions for the number of injury accidents and the number
of fatal accidents for 1969. (Entries as in table 1).

Number of Fatal Accidents (Y)

0 1 Total
154 154
0 153.94 153.94
153.94 153.94
144 .81 144.81
107 12 119
1 109.03 8.42 117.45
109.03 8.42 117.45
118.25 9.13 127.38
43 6 49
2 45.33 7.00 52.33
45.84 5.96 51.80
Number 48.28 7.74 56.02
of
Injury 15 4 19
Accidents 3 14.42 3.34 17.76
X) 14.88 2.51 17.39
13.14 3.29 16.93
7 0 7
4 3.89 1.20 5.09
4.12 0.81 4.93
2.68 0.93 3.61
1 0 1
s 0.93 0.36 129
1.02 0.22 1.24
0.51 0.24 0.75
327 22 349
Total 327.54 20.32 347.86
328.83 17.92 346.75
327.67 21.33 349.0
Estimates of the parameters i o
NB-Bmodel: “§= 0.0716612, m= 0.1529634, k= 5.7507616
NB-NH model: 1 = 0.1529634, b= 0.4121067, I= 5.3386549
Value of the chi-square statistic
Model X Fresiom ((’5) POg>x")
NB-B ) ' 6.0390 7 0.54
NB-NH - 5.6931 7 0.58
P-B (L&H) ) 12,5399 8* 0.14*

* See comment at the end of table 1
(L&H: 10 d.f.; P (x3, > 12.5399) = 0.25).
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TABLE 3

Observed and fitted distributions for the number of injury accidents and the number
of fatal accidents for 1970 (Entries as in table 1).

Number of Fatal Accidents (V)

0 - 1 Total
132 132
0 131.47 131.47
131.47 131.47
125.02 125.02
91 6 97
. 92.70 5.22 97.92
‘ 92.70 5.22 97.92
99.59 5.61 105.20
39 4 o 43
) 3772 4.24 41,96
38.00 3.68 41.68"
Number 39.66 4.59 44.25
of D
Injury 2 2 1
Accidents s ; 11.60 - 1.96 13.56
o0 ‘ 11.84 1.51 13.35
: 10.53 1.88 12.41
6 1 7 -
4 2.99 0.67 3.66
' 3.11 0.47 3.58
2.48 0.64 3.12
277. 13 290
276.48. 12.09 288.57
- Toral 277.12 10,88 288.00
277.28 . 12.72 290

Estimates of the parameters .
NB-Bmodel: p= 0.0532787, m= 0.1297294, k=
NB-NH model: m = 0.1297294, b= 0.3455468, I=

4856475
.1401007

o O

" Value of the chi-square statistic

. . Degrees of
Model : .x’ Free%lrom ) p (x'z) >x")

NB-B . 3.9800 s 0.56
NB-NH 4.3395 5 0.50 .
P-B (L&H) 6.6696 6* 0.37*

* See comments at the end of table 1,
~ (L&H: 8d.f.; P (x: 2 6.6696) = 0.55).



