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i. Introduction. -

The multinomial distribution is one of the most important multi-
variate distributions, especially because of its wide use in testing
the fit of a particular distribution to a given set of data. For this
reason, properties which are characteristic for the multinomial dist-
ribution have always attracted interest, One of the most useful cha-
racterizytions of the multinomial distribution has been - given by
Bol'‘shev [13 . He showed that the indeépendent, non-negative, integer

L]

valued random variables ;{1"x have non-degenerate

21000 Xp
Poisson distributions if and only if (iff) the conditional distributi-

on of these variables for a fixed sum kK -==X +X Y 4-X is a non-
degenerate multinomial distribution. He also provided a number of
examples where this characterization can be proved useful in simpiify-
ing testing of hypotheses problems. Characterizations of the Poiséon
distribution along similar lines have been studied more recently by
Rac and Srivastava [7] and Gerber [2,3]} . Ancther characterization of
the multinomial distribution in a slightly different set up was obtai-
ned by Janardan [4] . He extended an earlier result of Patil and
Seshadri [6] by showing that two independent random vectors \’ and
Z have multinomial distributions with the same parameter vector
the other parameters being respectively 777 and n iff the con-

ditional distribution of Y  given the sum Z(‘{i+ Z;)=N

is a multivariate hypergeometric distribution with parameters
men, N. '

In the present paper we obtain a characterization of the multi-
nonial distribution without requiring Z and % to be independent.
The condition involved is also used to characterize the multivariate

‘hypergeometric distribution as the conditional distribution. Both
characterizations are obtéined as cprollaries of a general lemma
cohcerning multivariate finite distributions.

In the sequel, we use the notation X X Xa,..., Xs),
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) to denote two random vectors, where
and X S(Y"YQ """\[3) 4
x‘l‘ ’ Y'- , - 4 2, e , 8 are non-negative, integer valued
random vanables with 'Z and we denote the vector X"!'

by Z . We will say that the conditional distribution of 'x given .
~ .
X is the multivariate hypergeometric if

pd-r!x-rﬁ (:,)(:‘)(ﬁ)/(:) w

1,1, ﬂ,ﬂi?:ﬂ“forall (] Zﬁ £f, ‘Zi,lf;éf"
: z=1 L

$
- . i Y r.
é! .'nz "’ 4 lZ‘i v’

L

We will also say that é follows a multinomial distribution if

g-P(x-)—' n,gfg ﬂ’

~

(2)

.0-434-, Znsn Zp<1 "= nZn !Zf?

i={ {=1 1= " l’"i
Mdr'ecver,- by { 7772 yevny 4723} we denote an integer partiti-
on of the integer r ¢ le, , m‘+m2+...+ms -1)
Finally, i ’?1 N ;l Dyreen } WS designates an arbitrary subset

of size W of {12,.,.,_51'

2, Characterization of the Multinomial and the Multivariate Hyper-
geometric Distributions.

'I'heorem 1. (Characterizaticn of the Multinomial Distribution} Suppose

that the random vectors ‘X and Y defined above are such

that the conditional distribution of Y on X is multivariate

hypergeometric as in {(1). Then X follows a~mu1tin-omia1 distribu~
-~

tion as in (2) iff
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P(}j-—rl Zz -3)-P(‘[-rlzhi= ["4 mﬁ,”'
; (3)

Z, =t m +1.'..,Z =0 m +1., 2, =0, 9,.,2, =0)
R ST T T T

for all jui,z'.,‘,s? o wh.ere lz' ’ z.-i,z"d"s
8

are non-negative ‘integers such that Z.Z m & MN-v-s,

. =1
Note: One may observe that when Y and Z are independent, then
—— ~ ~
condition (3) is automatically satisfied. It is also true that when
{1) and (2) hold than ‘[ and Z are independent.
Before stating our second theorem characterlzing the hypergeometric
distribution we introduce some further notation. We denote by

l(aﬂ,75ﬂ): nu(ﬂun&’-""ﬂs)? '711-""0,1,.,.; ’i"i,z,..« ’ S}

a seguence of real vectors such that a, »0 for those
=1 1.... 7 for which with # a
A 19 72 n's ;
x(
ositive integer £ . Also >0 for all n = : ..
P ger, tam - b, n =1, 7y, 1)

=0 d, M, 2mp+l, oo bimp+d

where 'm Zt , 1=4,2,..., %  are defined as in theorem 1.
Also the sequence [Cn } is defined as '

©n
¢y —ZQB ,w‘ich. denothingz Z _ Z

n r= LA A r=0 Ul B /N 7"’0

" Theorem 2. (Characterization of the Multivariate Hypergeometric Distri-

bution). . .
Suppose that the random bector (x Y) defined in the introduction
is such that X follows a multinomial distribution as in (2). Let

the conditional distribution of Y on 2(3 be of the structural
form



a,b .
p.(:.{“?:f?vf'ﬁ) = —IZ,M (4)
7

with 0‘,,, &n as defined above. Then, condition (3) is necessa=-

ry and sufficient for the conditional distribution of Y ]X==ﬂ
to be multivariate hypergeometric as in (1). The proofs of theorem 1
and theorem 2 follow as a consequence of the following lemma.

Lemna. Consider a random vector (X,Y ) where X = (X, ' Xageeos Xg),

Y"‘(Y Y,...,Ys) and X y Y, i=1,2,...,8 are
non-negative, integer-valued random variablés. Let p(xgn)ss
EP(X xa ﬂa’.-l,x ns) gn ’ ﬂv (ﬂf’c"’ ﬂs).
Suppose that ﬁ S0 for.those n =Ny, Na,...,Ns)
for which Z ’n £EN N where is a positive integer. Assume
that gﬂ, <q, 5 > z - and let % a=X-Y,
vetine {(@y B )i = (hy, fgyury Ng), By =Dutyerri Al 2500, 5]
to be a sequence of real vectors such that &, > § for those 1:

. for which 2L where T is a positive integer,
£ * —
P47, Also 515,0 for all  # . n; =7, 1, m,+4,
2m‘-+i,...,fz.m1+{, 'i-‘:l,2,-7v, 3 where

['m‘, ‘me,,,_,ms} is a set on non-negative integers such that .

m‘-rma-r.- -).ms =4 (i.e.,an integer partition of 'r ) and f

1 - 2,_,_,3 are non-negative integers such thatzz}m Hpe8
i=q
Define the seque
h quence {Cg} as cg ==-Za
n1 n raﬂ ns

with Z denoting Z z’f ~ .'"

r‘ﬂ f-a fao n=p9
Suppose further that, whenever ﬁ‘n 0 $

ap b, s (5)

P(z ‘r‘g—ﬁ) - —é—:—— -04'001 0 i’.'. ;

n
2,1‘1.61‘, Z,ﬂ,-s'ﬂ

~
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Let : {h‘ , ﬁa: ey W} y WaS denote any subset of size
W, of {4 2,,,_ , S} . Then, the conditions ' '

P(Y=4]Z=0)=P(Y=r|Z =0 m +1
- ~ %~ h, kR o ®

-f m 4t

Zﬁe 4, éa ""'Zfl,-. [h »mﬁu Zhj#:a, Zhjfz 0,..., ﬁ-a)
for an p=1,2,.. '1 $ ,' and all ¢ such that
éif m; & f1- £~3 hold iff
s %
i - C‘; ;[.Iez B : (n
fo.r some :9{70 , i = 1,‘2,... , § éng for all‘Q:Zni‘n.

{The same prcblem‘ in the univariate case has been studied in Panaretos

{1981)).

Proof. (An outline of 'the proof is given for &= 2 . The general case
($72) is then straightforward). The "if" part follows directly

from the fact that when (5) and (7) hold then P (Y"f"Z"f)

is independent of j . To prove the "only if" part we first observe
that form ~
P(I"Z"Zi"‘[‘m‘*l,ZQ =-0) we have

j'; tm1, Jon, fttmptt

CQ+ Lometsty G,

for all non-negative integers v}; , 7“2‘ [i such that Vithes
and !,_ M & H-r-1 or, equiv.aleni?ly

?ﬂu‘rf__ 90 ¥ 9 ’ ’ﬂig-.,n’ fi"r., nt_l_,’.a &7 . (8}

cﬂg,fé cﬂﬂ‘é ‘
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s.imilarly,. f.rom
p(x-rl%‘ﬂ)_P(z-?:,Z:ol Z{”a mef1> we get

91;.,4? £+ o 5*}.0' p htlym,t1

¢ c 2
for all 'V; o 'f‘z, !g such that 7, thy &y, fama €n-1-4

which 18 equivalent to

7

J:ﬂg -~ ‘5h2$0’ 9
cruﬂo! ar"a

(9)

forall Myt 161y, Ny, My e,

Finally, form

- P(jrj-flzi-!,,mlu, Ze'!amgj)ﬁp.(‘,{*rlli*f’m‘ﬂ,Za=o),

for fixed ZI and for all fa; f‘m1+[2m24. n-y-2,

we have

| gn+(tm‘?i,?‘z+[2m2*£ - gf;d’,mﬁz’oe%‘fa”’a”
c e S
ftlmetd, ¥y +0pmy +1 gm0 )

for all 4,9y & Byt tryer, tmtlymyeti-r-2

{since f‘_ was fixed but arbitrary).

This implies that

g’”u”e - gn‘,a Bﬂa

¢ ‘ 2
nny, a0

(10)
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for all n, N, :111.4'1‘12 e = and for some 92 74,

Combining {8) and (10) we- get

gﬂ!,'na - ga’ﬂ 6121
{ .
cﬂ“ﬂa cp,ﬂ for some |
9“ 6, >y and for all - M, M, such that #,+#y 6 R,
. This completes the proof of the lemma.

Note 1. The proof of the "i.f" part of the lemma indicates that when
(5) and (7) hold then Y and Z are independent.

Using the lemma we have just proved we can now prove theorems 1 and 2.
Proof of theorem 1. Consider the following sequences

rl__ £:20 wa rarz,r

ripl.. ! 1=1" =
a_?_ [] 1;‘. s’ =41 (11):
. 0 y Otherwise
and
- n! - -
5 = - 11'7/0 ‘B 2,.-:,5; (12)
] PN M .
b no.nl....ns.
> n e, = #“Zni
. t=4 !‘t
Thén, we can easily see that
n! - -
¢, = - ‘ oyl 1=14,2,...,8, )
i3 (! L S '
nln !l ! B a3

n,=#n- Z,sq
=1
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Clearly @, B . from {11), (12), (13) satisfy all the condi-

.tions set by t.he lemma and they can be used to express (2) in the form
1“ 51”,_ /CQ ‘ So, using the lemma We find that (3) holds 1ff
1‘! ! n, #; .”J
- - : 9‘- 9 * ey es
In =90 nin gl
~n .

for some g, 92,..., 93 >0,

Furthermore, we have that Zg = 4. ' Hence, for some 3070
- S | Thi 1 tes the proof
- s completes p
(9,) =(Z8) /e . pletes
~ i=0 0 N
of theorem 1 if we take ==H /(ZH)’ 1=0,1,..., 95
' tad /)

Propf of theorem 2. From the lemma we have that {(3) holds if

C, = €, -——%.9 9 "t 8,70, i=~1,s,...,s,

LY

2

But 2 was assumed to be multinomial as in (2). Consequently,
T

| | ' n | "
g (ﬂ )" .__..f%)’
2 Lopip) pa.l  \pa,

0 z""

This implies that Cn . is propertional to a multinomial distribution.
Moreover, from the note following the lemma we have that when (1) and
{(2) hold, then Y and x Y . are independent, Consequently C[,,

and n-1 are independent. Shanbhag and Basawa (1974) have
shown that the multinomial distribution is unigquely decomposable into
two multinomials i.e., if the convolution of two s-dimensional non-ne-
gative independent random vectors ,is multinomial then each of the
components is multinomial with the same set of probabilities as their

convolution. Hence a,, and - & are also proportional to multi-

~

P e
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nomial distributions with probabilities P: /g 91- , 0= 4,2,..,5.

A direct substitution in (4} completes the proof of theorem 2.

Note 2. Extensions of theorems 1 and 2 providing characterizations
for the multiple multinomial and the multiple multivariate hypergeomet-
ric distributions are easily obtainable.

Note 3. It would be interesting to investigate whether theorems 1 and
2 can be used in problems of testing hypotheses in ways similar to
those suggested by Bol'shev [i]

'
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