JOHN PANARETOS

On Moran's property of the Poisson distribution

1. Introduction

Two interesting results encountered in the literature concerning the
Poisson and the negative binomial distributions are due to Moran [1]and
Patil and Seshadri [3], respectively.

Moran’s result provided a fundamental property of the Poisson dis-
tribution and can be stated as follows : ‘

Let (X, Y) be a random vector of non-negative integer-valued com-
ponents such that

1) P(Y =r, X =n)=Pgs(r,n), r=01,..., n; n=01,...

_where {P,;n = 0,1, ...} and {&(r, #); 7 = 0,1, ... ,n} are discrete prob-
ability distributions for each n > 0. Suppose tha.t Y and X — Y are

) non—degenerate and mdependent and there exists at least one integer ¢
such that «

PY=9)>0, PIX—Y=i)>0

'l‘hen it follows that for every n with P, > 0 the distribution {s(r,
n); r=0,1, ..., n} is binomial corresponding to = trials if and only if
(iff) {P,} is & Pmsson distribution (i.e. iff ¥ and X — Y are Pmsson ran-
dom wvariables).

Note that, as was pointed out by Shanbhag and Pa.naretos [6], it
is essential to assume that s(», n) is binomial with index » (something that
has not been specified in Moran’s paper); otherwise the result is not valid.
This is evident in the following example.

Let Y, Z be two non-negatwe mteger«va.lued mdependent ra.ndom
variables such that '

p ifr=1

P(Y:r)={1-—pifr—0
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where 0 < p < 1 and Z has a non-Poisson distribution {g,: % = 0,1, ...}
with every g, positive. Then the conditional distribution of Y given that
X = n (where X =Y 4+ Z) for every n > 1 is

Q=29 4, o
PYs-1t+(1 —P)a

pgn-l if 7 1.
P9nat (1 —P)g,

Since this conditional distribution has the support {0, 1} it follows that
it is binomial (corresponding to one trial). For # = 0 the conditional dis-
tribution of Y [(X = n) is degenerate at zero and hence trivially binomial
(we call this the binomial distribution corresponding to. zero trials).

One may observe that in the above example we have Y and Z =
= X — Y meeting more than all the requirements of Moran’s theorem. (It
is evident that Moran [1] does not assume his binomial distribution to
be non-degenerate when the given values of X are non-zero.) However,
neither, Y nor Z is Poisson.

Motivated by Moran’s theorem Patil and Seshadri [3] obtained
a general result, a special case of which provided a characterization for
the negative binomial distribution in the following way.

Let (X, Y) be as in Moran’s set-up. The distribution {s(r, #): r = 0,
1,..., n} is negative hypergeometric with parameters m, p iff ¥, X — ¥
follow negative binomial distributions with parameters m,p, respectlvely
: In this paper we examine the results of Moran and Patil and Ses-

hadri, in the case where the conditional distribution s(v, ») is truncated at
an arbitrary point £ — 1 (k = 1, 2, ...). In fact we attempt to answer the
question as to whether Moran’s property of the Poisson distribution and
subsequently Patil and Seshadri’s property of the negative binomial distri-
bution can be extended, in one form or another, to the case where Y | X is
binomial truncated at ¥ — 1 and negative hypergeometric truncated at
k — 1, respectively. To answer these questions we will make use of a cha-
racterlzatlon proved by Rao and Rubin [4], a generalization of their
result by Shanbhag [5], and a characterization by Panaretos [2]. These
results will provide the necessary background for the solutions required.

In Section 2 we quote the theorems of Rao and Rubin [4], Shanbhag
[5] and Panaretos [2]. Then, in Sections 3 and 4 we derive two lemmas
which help us to show that Moran’s theorem as well as Patil and Sesha.—
dri’s result ea.nnot be extended to the truncated case.

2. Some results related to Moran’s characterization
of the Poisson distribution

Moran’s result has been extended by Rao and Rubin 4] They have
shown that if " P, < 1 and

21) s, n) = ('n )p’q"”’,- r - 01, ...,n
r
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for every n with P, > 0 and with p a fixed numbex in (4,1) we have that
22) PY¥=#)=p(¥=mX=X)=p¥=riX>Y), r=0,1,...
~ iff {P,} is a Poisson distribution. ' '

Using an argument from the renewsal theory Shanbhag [5] extended
Rao and Rubin’s result to a very general situation. Roughly speaking,
he has shown that if P, < 1 and

ab, .

(2.3)  s(r, ®) = s r=01,...,m.

for every # with P, > 0 (where a, > Oforalln > 0, b, b, >0and b, > 0,
n > 2, and ¢, is the convolution of &, b,), then (2.2) ia valid iff

£=ﬁ6“, n=1,2,... for some 0 > 0.

C, Co

(Note that-Rao and Rubin’s Tesult follows a speecial case of this,) :

An interesting by-product of Shanbhag’s result is that, U (2.3) ig
satisfied, condition (2.2) implies that ¥ and X — Y are independent.
One may also observe that (2.1) is of the form (2.3) and hence Moran’s
result confirms that of Rao and Rubin’s. In addition, as was pointed out
by Panaretos [2], the negative hypergeometric distribution is also of the
form (2.3) and hence Patil and Seshadri’s result is also eonfirmed. In the
same paper Panaretos provided a method for characterizing truncated dis-
tributions as follows. :

THEOREM 2.1.  Suppose that s(r, ) is of the form

®
(2.4) . 3(7’,%):5‘%"—“5, r=01,...,n;n=%k k+1, ...

e

with @, > Qfor n > k, b,, ¢, as previously, P, < 1, and X taking values
> k only. In thiz case the condition. IR

25) PX=r|Y3p k) =PF¥=rX=0), r==kk+1,...
is valid iff
(2.6) P, _Py 0% w=I~kEk<+1,... for seme 8 > Q.

Cs Ok ' )

This latter result provided the basis for the following chagacteri-

zations based on truncated forms of #(», u). = -
COBOLLARY 2.1. Suppose that the distribution s(r, n) is binomial trun-

cated at kb — 1 i.6.

(f)p’@z“" r=5k k+1,...,n,
Y2 ﬁ;k,k—{‘v‘l,...,

. @

@2.1) P(Y =r|X=mn)=



Then, condition (2.5) holds iff
- c e~ i( " ))J'p"' for some A, p > 0,
o\ 7
(28) PX =mn)= k“l? n=kk+1, ...,
. 1y L
I Mo+ =P

i.e., iff the r.v. X has the distribution of a convolution of a Poisson (p) with
o Poisson (1)) truncated at k — 1.

COROLLARY 2.2. Suppose that the distribution s(r,n)is negative hypergeo-
metric truncated at k — 1, i.e., ‘ ‘ :

(m+r—1)(p+n—r~l
r ) n—r )

(")

@2.9) P(Y =rX—=n)=
Z ¥ S — 7

=R
r=Fkk+1)..;r<n

Then, condition (2.5) holds iff the distribution P, is the convolution of
a negative binomial (p, m) and a truncated at k — 1 negative binomial (p, p)
i.e., off C A e ‘
(m - p— 1) (p —l— ”n— - l)q"pp
r - M-
2 m 4r—1
5" )

Tex r

S &
(210) PX=mn)=-"=

»

=Kk 1, ... .

3. The truncated case of Moran’s result

The corrected version of Moran’s result has been stated in Section 1.
It is now interesting to see whether tlie result remains valid if one considers
the binomial distribution truncated at & — 1 as the distribution of ¥ | X.
To do this one may observe first that the truncated binomial distribution is
not the only distribution of the form (2.4) for which the result of Corollary
3.1 is valid. This is shown in the following lemma. LT

LEMMA 3.1. Let us assume that P, corresponds to the distribution

given by (2.8) and s(r, n) is of the form Oybnr ,r=kEk+1,.... Then,
Ca :

condition (2.5) does not imply uniquely that the distribution Y | X is truncated

binomial. ‘ ‘ . , o ’ ,

~ Proof, From Theorem 2.1 we'know that condition (2.5) is equivalent to

e, == € f—’l 0"* n==F% k+1,...; for some 6 > 0, which in -our

k
particular case implies that
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It can now be checked that ¢, will be of the form (3. 1) if the sequences &,
b, have the followmg forms

r . - ’
32) o __{ack—l';— r="Fkk+1,...; A>0; a a constant ; A= A/0
. = r! ' .
0 r=01,...,k—1,

B.3) b,=p  w=01,...; 1 >0;p, a constant; p, = y/6.
n

However, (3.2) and (3.3) are not the only forms that a,, b, can have, re-
spectively, in order that their convolution be of the same iorm as (3 1).
Take for example the followmg sequences

e—“nz( )7\3” o r:’.k,k+1. sy Ay = NJB, o= /0
y m=hk "
(34) ar = ! 27\“/%1
Nk ;
0 ']':0’ 1, 1 k _1
. . . -
(3.5) b =em &% n=0,1,...5p =np/0
n . . )

i.e., take a, to bethe convolution of a Poisson with a truncated Poisson and
b; to be Poisson. It is clear that the convolution of a; and b,, {a,}*{b,} is
given by (3.1) since
{an}={bn} (Poisson * truncated Poisson) # Poisson,

~ (Poisson * Poisson) * truneated Poxsson,

~ Poisson » truncated Poisson.
This means that we can find a pair of sequences, other than (3.2), (3.3),
whose convolution is of the form (3.1). So , the decomposition of (3.1) is
not unique, and hence the truncated binomial is not the only distribution
of the form (2 4) satisfying condition (2.5). This completes the proof of the
lemma.

Our problem can now be stated in the form of the following theorem.

THEOREM 3.1. Let (X, Y) be a random vector of mteger-valued compo-
nents with X > Y » k such that

PY =, X:n)=Ps(7‘,n), r=Fk E+1,...,n; n==Fk k+1,...,

~where {P,:n =% &k +1,...} and {s(r,n):r=1Fk k41, ..., n} are dis-
crete probabzhty dzsttzbutwns for each n 2 k. Suppose that Yand X — Y
are nondegenerate and independent.with P(Y = 1)>0, P(X — Y=j)}>0 for
at least one integer ¢ > k and one integer j > 0. Then, the condition that ¥ is
Poisson truncated at k — 1 and X — Y is Poisson, ts necessary but not suf-
ficient for the distribution s(r, n) to be binomial truncated at kb — 1. -

Proof. Evidently the ‘“‘necessary’’ part is a side result of the prevmus
lemma. As for the ‘‘sufficient’ part we have already seen in Corollary 2.1
that if s(r, ») is truncated binomial; cendition (2.5) implies that X is the
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convolution of a Poisson with a truncated Poisson. Bat, as was shown in
Lemma 3.1, if condition (2.5) holds then the fruncated Poisson for ¥ and
the Poisson for X — Y are not the only distributions for which X is
Poisson convoluted with a truncated Poisson.

Since (2.4) and (2.5) imply that Y and X — Y are independent the
argument is established.

4. The truncated case of Patil and‘Seshadrf"s result

LEMMA 4.1. Suppose that the distribution P, s the convolution of a
_negative binomial and a truncated negative binomial at k — 1 as in (2.10).
Let us also asswme that the conditional distribution of Y | X is of the form
(2.4). Then, condition (2.5) does not imply uniquely that the disiribution of
Y/ X, is negative hypergeometric truncated at k — 1.

Proof. The proof is similar to that of Lemma 3.1. We can arrive at
it again by making use of the fact that, under the assumptions made,

Theorem 2.1 can be applied..Hence, condition (2.5) is valid iff ¢, =¢, %ﬂ i Bt
: E
which, for P, as in (2.10), will eventually become

I e
Gy = s = e ‘ ' ’
A I f A [0

¥

(4.1)
%:—k, k—l, Y

- for some 0 < ¢/60 < 1 and a,, b, probability, distributions.

It is evident thut if @, is a negative binomial truncated at £ — 1 and
b, is a negative binomial, (4.1) is satisfied. However, this is not the only
solution. For, consider for example

. 1 i1 . -
zv(’”’“. )(“" : )Pgia'r=k,k+1,...

4 =\ . r—1
2) a) = &% 7 -
*2) 3 (”‘ te 1) ; 40=4/8; Po=1—4s
.ah z
0 ' ' r=0,1,...,k—1,

(i.e. &) is the convolution of a truncated at & - 1 negative binomial dis- -
" tribusion and 2 neégative bitiomial distribution), and ' '

‘ ' o —1\ - ‘ o
(4.3) b:.=("‘+: )?ﬂﬁ n=01...;¢=008 p,=1—4q

(Le., b, i8 & negative binomial distribution). Then
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{¢3} = {as} = {bi} ~ (negative binomial + truncated negative binomial)
* negative binomial,
~ (negatlve binomial * negative blnomlal)
+ truncated negative binomial,
~ negatlve binomial = truncated negative bmomla,l
Olearly {c,} is of the same form as {c,} in (4.1). However, the distribution
a:by_rfcs, With a;, by, ¢ given by (4.2), (4.3) and (4.1), respectively, is
not truncated negative hypergeometric. Hence, the lemma is proved
The question now, concerning the extension of Patil and Seshadri’s
result to the truncated case, is answered in the following theorem.
THEOREM 4.1. Suppose that Y, X are as in Theorem 3.1. Then, the con-
dition that the distribution of Y is negative binomial truncated at k — 1 and
_ the distribution of X — Y is negative binomial is necessary but not sufficient
Jor the distribution s(r, n) to be negative hypergeometric truncated at k — 1.
Proof. This is obtained by using an argument identical to the one em-~
ployed in Theorem 3.1 and by making use of Lemma 4.1.
Hence it was shown that Moran’s result, as well as Patil and Ses-
hadri’s result, does not remain valid when the distribution s(r, #) is trun-
cated at & — 1.
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