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I.. INTRODUCTION

Leét X,Y be two non-negative integer-valued random
variables (r.v.'s). RAO and RUBIN [1] have shown that if
the conditional distribution of Y|X is binomial with
parameters n and p, i.e.
()27

(1.1) P(y = r|x = n) =

(r=0,1,...,03 n=0,1,...)

with p a fixed number lying in (0,1), g=1-p, then the

Rao—Rubin‘condition'(R4R condition), namely,
(1.2) P(v =) = P(¥ = z|lx = v) (r=0,1,...)

holdslif and only if (iff) the distribution of X 1is
Poisson. Later, other authors (e.g. TALWALKER [41, R.C.
SRIVASTAVA and A.B.L. SRIVASTAVA [31) used the R=-R
condition to obtain characterizations for other discrete

distributions. They have also extended some of the results
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to the multivariate case.

SHANBHAG [21 gave a generalization of Rao and
Rubin's result using a technique existing in the renewal
theory. Shanbhag's result provides most of the relevant
results existing in the literature as special cases.

In Section 2 of this paper we state the result of
Shanbhag. Our main result, i.e. the multivariate exten-—
sion of Shanbhag's result, is presented in Section 3.

Finally, in Section 4 we illustrate our method by
obtaining characterizations of some well-known multivari-
ate discrete distributions. We also point out that an
improved version of Talwalker's characterization [4] of
the multiple Poisson distribution is a corollary of our

main result.

2. SHANBHAG'S EXTENSION OF THE R-R CHARACTERIZATION

"LEMMA 1. (Shanbhag [21). Let {(Vn,Wn), n=0,1,...3
be a segquence of vectors with non-negative real compon-

ents such that vn#o for some n = 1, Wi#O. Then

W (m=0,1,...)

(z.1) Vm = n+m n

n

"8

¢]

iff for some b > 0

V. = V.b (n=],2"-')"

(2.2)

As a result of Lemma |, Shanbhag obtained the foll-

owing theorem.
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THEOREM 1. Let {(an,bn):n=0}l,...} be a seguence
of real vectors with a, > 0 for every n 2 0 and
bo > 0, bl > Q, bn 2 0 for 'n 2,2' Denote by {Cn} the
convolution of {an} and {bn}" ‘
Let (X,Y) be a random vector of non-negative in-

teger-valued components such that P(x=n) = Pn’ n 220

with PO < 1 and whenever Pn'> 0 we have
a b -r
(2.3) P(y = rIX = n) = —EEE—— (r=0,1,..,.,n).
. n

Then the R-R condition (1.2) holds iff for some @ > 0

. Pn PO n . .
(204) C_=’C—"_e - _(11=],2,.9.).

n 0

PROOF. This follows from Lemma 1 if one defiﬁes the

sequences V ,W b
q n’"n y

Pn L an
= — > = —

(2.5) v, z (n 2 0), Wn bn z Pn z .
n n=0 n

These sequences satisfy all conditions set by Lemma 1,
On the other hand it can be checked that (1.2) is equiv~
alent to (2.1) and (2.4) to (2.2).

REMARKX 1. Theorem 1 provides characterizations for
many well-known discrete distributions such as the
Poisson, binomial and negétive binomial.

3.  THE MULTIVARIATE EXTENSION
THEOREM 2. Let {(aE,bE) :'n = (nl,...;ns),~ ni=
=0,1,...; i=1,2,...,8; s=1,2,...} be a sequence of real
vectors such that a_> 0, b 2 0 for every ‘ni =20,
‘ > 0 and

(o |

i=1,2,...,5s with b



. 5 Q;‘some/ b . S 0;.

’ 2 ’ o ,V'on""’]’ns—l’ns“
Jees SOme bi y : . > 0, Define. . {C_.}  to be the
3By sfgs e e sh , n n
convol?tlon of ‘{aE} Vand. {be} glve§ by Cg =r§ arb2_£
where a_ = a and z denoting X Z o
r T aeesl o , 7 ; S
- 1 s r=0 r . =0-r_ =0
- 1 2
n
s
e 2 ‘
r =0

Consider a random vector ({,Xi where X = (Xl,,..
...,xs), Yy = (Y‘I_,...,Ys_) with X, Yi . (i=1,2,...,s)

non-negative integer-valued r.v.'s such that P .= P(X]‘=
= N,y5..0,X. = n ) = P >.0 for some n, and
1 s s Ryseeesn . )

for every i=1,2,...,s and whenever . P >0

a b
r n-r

c

(3.1) P(x = z|lx=mn) =

k]

(ri=0,1;...,ni;‘i=1;2,..},$

 Also deflne X(J) (Xl,..‘,x ) (jl ='(Yi,.,;,Yj);
(]=2 3,...,5) and let (J) > Y(j) denote that (Xk'= 

= Y., k=1,2,..f,j~] and XJ > Y ). Then
(3.2) P(x=gp =P(x=z[]x=»D=
= Pex = 22> vy Gaas, e

iff for some O]".;’OS‘> 0.

P P
n 0 s n
(3-3) C_ 'E-* ]'I ) @i e
. n 0 i=] -

Alsc if (3.3) is true then .Y and X-Y. are'independent;_’
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_PROOF. if we use,theanotatioﬁ/_X(?)éY‘O)_ té'denéte
P(y = £1X(0).= Y(Ol) s*P(£‘=~£) we can see'thatf{S.Z) is

equivalent to:

(3.4) P(x

zlx = ¥) =
= Py = g]x*7D S N O T

Now define the sequences

P
. } r]’:Z”f"rs-l’ns
,

s P gl m s 0oyl n
1? 2? ] S—l’ s

bO,O,...,O,nS

Wn. = .
s égP(X

for fixed r; >0, i=t,2,.,..,s-1 and né = 0. In this

case we have that for &=s (3.4) is equivalent to

T v W o=v and hence using Lemma | we come to
: n +r_n. r : S
n_ =0 s "8 s s
s
the conclusion that (3.4) holds for f=s iff
Py r ,n P B 0 n
12" "g-1""8s _ i R Tt I 0 S
o uiasr n ' st o *
1’...’ S-l’s r[’..., s—l’

for some. 6_ > 0,

_every n; > 0 and évary 'ri >0 (i=l,2;..a,s*l)'(qince

r., were fixed but arbitrary). Consequently (3.4) for

i \

f=s ‘holds 1ff
Pg Pnl,...,ﬁs_l;o n

(3.6) i — - Oss' for some @ > 0 and
n o Caseenn 0 fo
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every n, >“d:'(i=1;2,.;.;s). It can also be verified
that whenever (3,6) is valid we have that, conditional
(s-1) (s-1) '

on X =y » ¥ and x_-Y_ are independent.

Let us now define the sequences

P
r],...,rl_l,o,...,o
(3.7) v = (r, > 0 fixed,
Ay ‘Cr ' r 0 0 =
1,-.-’ 2“1, ,-o-.,
1= 1,2,0.00458=1)
and every n2 > 0 and
o 0 .
(3.8) W = ¥ eee X2 b X
n, o =0 n =0 .0,...,0,n£,n2+1,...,ns ‘
241 8 _ .
x enl+] ens P(x = ¥)
QT+I E- bOP(X(R-“‘]) - Y(l"]))

for 02+1,...,@s >0, &=1,.,.,s-1, Assume that (3,4)

holds for 2=k, k+l,...,8; 2 £k < s and is equivalent

to
P : , P : ‘N
(3.9 nl""’nk—]’nk’f"’ns } nl,...,nk_],O,“.,O y
. c o <
n],...,nk_l,nk,...,ns nr,...,nk_],O,”.,O
n Cn
k 5
X Gk e Gs

for some @k,,..,es > 0 . and every n, >0  (i=1,2,...,8).

(Note that if (3 9) is va11d then, cond1t10na1 on .ﬁk_”=

p (-1 '
» Y and (Xk K k+l Yk+1""’X Y ) are

1ndependent ) Under these circumstances it can be shown

that, for %=k-1, (3.4) is equivalent to

‘ P Al n~F 1. 50 ,0 n
1,---, k-]’.." s ;nl,...,nk_z, sseey =1
(3.10) = 0 X
c_. n n c n 0 0 k-1
n],-o., k“],"', s. nl,-",kz, geesy



k—£3""e§ and for every n, >0 (i=1,2,...
2 £k £ s5). This is so because with the help of

for some ©
cee,83

Lemma ! we can see that, for 2=k-1, (3.4) holds iff

/

P P . :
G311 nl,...,nk_l,o,...,O i} nl,...,nk_z,o,...,o enk~l‘
a c c k=1

nl,...,nk_l,o,...,o nl,...,nk_z,o,...,o
(2 £k £ s)

i.e. (by combining (3.9) and (3.11)), iff (3.10) holds.
We may also observe that if (3,10) is valid then condij

KB (kD)

tional on Y . and (Xk-]-Yk1l’Xk-Yk""

...,XS-YS) will be independent (2 £ k S s).
Consequently, we can say that (3.4) (and hence
(3.2)) is equivalent to (3.3). Also we have that if (3.3)
(i.e. (3.10) for k=2) holds, ¥ and X-Y are indepen-

dent. Hence Theorem 3 is established.

4. CHARACTERIZATION OF THE MULTIPLE POISSON,
BINOMIAL AND NEGATIVE BINOMIAL DISTRIBUTIONS

As a result of Theorem 2 the foilowing corollaries

can be established.

COROLLARY 1 (CharacterizatiOn of the multiple

Poisson). Suppose that for the random vector (X,Y) we

know that

; . s _ni r, n, i
(4.1) P =zlx=2n = 0 (p, g’



(i.e. multiple binomial) then condition (3.2) holds iff
n .

s ; s
(4.2) p_=e " N = (i=1,...,8; A= Z A ,A, > 0)
O £ 1 I . i=1 * 02

(i.e. multiple Poisson).

PROOF. Observe that (4.1) is of the form (3.1) with
‘ n_- ' n,

s p.* : s q;”
a = I - and b_ = 1l ; (n,=0,05...).
n , n,! n , n,! i
- i=1 "1 - i=1 "4
Since the corresponding c = 11 = for n, = 0 the .
‘ _— R g=1 BT

Corollary follows.

REMARK 2. TALWALKER [41 derived a similar cha-
racterization of the multiple Poisson distribution using
a condition similar but more complicated than our condi-

tion (3.2).

COROLLARY 2 (Characterization of the multiple
binomiél). Supppose that Pn is multiple Poisson of the
form (4.2) and that the conEﬁtionalkdistribution_of £l§
can be written in the>form (3.1). Then condition (3.2)
is true iff P(Y = r|X = n) is multiple binomial of the

form (4.1).

PROOF. The necessary part of the prodf is straight-
forward and is contained in Corollary 1. For "suffi-
ciency" we observe that Theorem 2 implies that condition

S n.
(3.2) holds iff c_ = ¢C, I (1,6.) 1/ni!.Using TEICHER's

0 i
| 2 2 =] | o
{51 extension of Raikov's theorem we see that this is so
s n, 8 n,
: = : \ aam 1
iff aE aQ;iE (ai) /n ;! aﬁd bE bQ igl(si)‘ /n,

(ai, Bi > 03 ai+8i=hiei)..51nce {ag}, {bﬂ. should
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sa;isfy the latter conditioﬁs it’is_iﬁmediate‘ﬁhathe
should have the distribution of ¥|X to be multiple
‘binomial of the form (4;1);/f6r some '(pl;..;;ps)G(O,I)Q

COROLLARY 3 (Characterization of the multiple

negative binomiai). Suppose that the vector (x,v) is

such that
-m, ~—p. o
, | Iy
) o S s (r. )(niér.)
(4.3)  P(y = r|lx = n) = I —2 ,
o T T T de TR
( )
n,. g
: i

‘(r, £ mn,3 mi;p;‘>‘0;'i=l,2,...,s)

“(i.e. multiple negative;hypergeémetric).;Then, condition
(3.2) holds iff P_. is multiple negative binomial of

the form

e 5 -
(4.4) P = [=1 (

- i

_ PROQOF. The proof follows easiiy if dnéjobSeives that
(4.3) is of the form (3.1) with ' ' ' B

mL,tn,-1 n,
i _

s
i i
an - .H-( n, )qi
. = i=1 i
(4.5). : .
s pl+n -1 ni
b= 0 (7 " D, (p,, m, > 0)
— 1=! 1 .
; s mi+pi+ni—1 ni
in which case ¢_ = 11 ( i qi‘.
\ - i=] i
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REMARK 3. It is clear that for different forms of

the sequence .{an,bn} characterizations for other forms

of mulfivariate Eis?ributions can be obtained.
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