APPENDIX 2

Theorems — Corollaries

Identification Theorem for the Joint Distribution of Outcomes

Let outcomes Y; and Yy, be written as functions of observed variables X and

unobserved variables u; and uy respectively:

Y :gl(Xl’Xc)+ul
Y, :go(XoaXc)"'”o

where X; (a k;-dimensional vector) and Xy (a ko-dimensional vector) are variables unique
to g; and g respectively and X. (a k.dimensional vector) includes variables common to
the two functions. The variables u; and uy are unobserved from the point of view of the
econometrician. The Roy model assumes that selection into the program depends only on

the gain from the program, that is an individual participates iff:
A=Y, =Y, = g1(X1aXc)_go(X0aXc)+”1 —uy =0

Assuming that F(uy, u;) denotes the joint distribution of (ug, u;), Heckman and Smith
(1998) state the following theorem:

Theorem

Let Y; = gi(X1,X) Yu; and Yy = go(Xo, X.) tug. Assume

(i) (uo, us) L (Xo, X1, Xo)

(i) D=1(Y; > Yy

(iii) (ug, u;) absolutely continuous with Support(upu;) = R; xR,
(iv) For each fixed X,
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go(Xy.X,): R, >R, forallX,
g/(X,,X,):R, >R, forallX,
Support(g,(X,, X, )X., X,)= R, forallX_, X,
Support(g,(X,, X, JX,, X,)=R, forallX_, X,
Support(X,| X, X, )= Support(X,) = R, forall X, X,

Support()(1 |XL, X, ) = Support(X,) =R, forallX_,X,

(v) The marginal distributions of ug, u; have zero medians.

Then gy, g; and F(uy, u;) are non-parametrically identified from data on participation

choices and outcomes.

Proof:
By assumption, we know for all (Xy, X;, X.) in the support of (Xy, X1, X.) and for all y:

1. Pr(Y, <Y |X, X, X)) =Pr(g, (X, X)) +u, < gy(Xy, X,)+u,)

2. Pr(Y, <Y, = Y| X, X, X,) =
Pr(gl(Xl,Xc)JrulSy,gl(Xl,Xc)+ul>g0(XO,XC)+uO)

3. Pr(Y, < 3,Y, 2Y) =Pr(g,(X o X,)+ 1y < v,8,(Xy, X,) +u, = g,(X,,X,)+u,)

Fix X,. Let X1and X be the support of X; and Xy, respectively. Using the information in

(1), we can define sets of values (Xy, X;) corresponding to contours of constant
probability:
A S(x,,x|x..p)

= {(xO’xl):Pr(gl(XlaXc)+u1 > go(XoaXc)+u0)=Pr(gl(il,Xc)-f-Ml - go(}o,Xc)+uo)=;}
= {(XO’XI):gl(XI’Xc)+Z :go(Xo’Xc)}

for some unknown constant .
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For any point in S we can use the information in (2) to write:

B. Pr(gl()(l,)(c)Jru1 < ypouy -ty +1)

for all y;. Varying X; over its full support from assumption (iv), we can find a
compensating value Xy within the set defined by (A) so that Pr(D = 1|X0,X1,XC) = ; is
constant. This keeps fixed the second argument in (B). The variation in X; produces a set
of (v, X1) values for each value of X. which identifies the function g;(X;, X.) over the
support of X, up to an unknown constant. By similar reasoning, we can identify go(Xy, X.)
up to an unknown constant using (3).

Tracing out (B) for all values g; and y identifies F(u;, up-u;) except for a location
parameter. Using (3) we identify F(uy, up-u;). The location of uy and u; is determined by
using the assumption that the medians of uy, u; are zero using the marginals obtained by
letting g9 — -oo (in (2)) and g; — -oo (in (3)) respectively. (The information in (2) is
actually all we need). With knowledge of the locations of uy, u;, we can determine the
unknown additive constant absorbed in g; and gy. By a standard transformation of
variables, we obtain F(uy, u;) from either (2) or (3). Since X, is arbitrary, this completes

the proof because we can recover everything for all X..

Identification Theorem for the Joint Distribution of Outcomes (generalization)

Let (uo,ul,u,) be median-zero, independently and identically distributed random
variables with distribution F(u,,u,,u,). Assume structure (i) — (iii) of the previous
theorem and knowledge of F(Y0|D:0,X0,X,,XC),F(YI|D:O,XI,X,,XC) and

P(D = 1|X, X, ) Assume:

a) (“0)“1)J- (XO’XI’XC) or (”1’”1)J- (Xl)Xch)
b) g, is concave and Support[g ; (X 0 X, )] ) Support[u ,] or there exists a subset T of

the support of X:(X,,XC) such that (i) for all g,.g, €G, and all xeT,
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g, (X )=g,,(X) and (ii) for all t in the support of u,, there exists X € T such that
g (X)=t.
C) Support(u,,uo ) =R, —R,
Support(u,,u,)= R, —R,
d) go(Xy.X.): R, >R, forall X,
g(X.X,):R, >R forall X,
g, (X, X.):R, >R, forall X,
Supporz‘(g0 (X0 X, )|Xc ) =R, forall X,
Support(gl (Xl X, ]XC ) =R, forall X,
Support(X 0 |X . ) = Support( X, )

Support(X1|Xc)= Support(X,)

Then,
» Under (a), (b), (c) and (d), F, and g, are identified. If the first part of (b) is used

g, is understood to be the least-concave version of the original g, .
= Under the first part of (a), (b), (c) and (d), g(XO,XC) and F(uo,u,) are identified
over the supports of (X 0 X C) and (uo,u ; ) respectively.
»  Under the second part of (a), (b), (c) and (d), g(Xl,Xc) and F(ul,ul) are identified
over the supports of (X,, X ) and (u,,u, ), respectively.
The proof'is provided in Heckman and Smith (1998).
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Matching Corollaries

Corollary 4.1: Pair matching on balancing scores

Suppose treatment assignment is strongly ignorable. Further suppose that a value of a
balancing score b(X)) is randomly sampled from the population of units, and then one
treated, D; = 1, unit and one control, D; = 0, unit are sampled with this value ob b(X).
Then the expected difference in response to the two treatments for the units in the
matched pair equals the average treatment effect at b(X;). Moreover, the mean of
matched pair differences obtained by this two-step sampling process is unbiased for the

average treatment effect E (Y1 ; )— E (YOi )

Corollary 4.2: Subclassification on balancing scores

Suppose treatment assignment is strongly ignorable. Suppose further that a group of
units is sampled using b(X;) such that: (i) b(X;) is constant for all units in the group, and
(ii) at least one unit in the group received each treatment. Then, for these units, the
expected difference in treatment means equals the average treatment effect at the value of
b(X)). moreover, the weighted average of such differences, that is, the directly adjusted
difference, is unbiased for the treatment effect E(Y,,)— E(Y,, ), when the weights equal the

fraction of the population at b(X,).

Corollary 4.3: Covariance adjustment on balancing scores

Suppose treatment assignment is strongly ignorable, S0 that
E(Yn |D,- =1,b( X, )): E(Yn |b(Xl. )) for balancing score b(X;). Further suppose that the

conditional expectation of Y, given b(X) is linear:
E(Y,|D, =1.b(X,))=a, + fb(X)  (1=0.])

Then the estimator

(@ - )+ (B8 - 3, )< b(x,)
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is conditionally unbiased given b(X;), (i = 1, ...,N) for the treatment effect at b(X,),
namely E(Yli —Y0i|b( X, )), if & and B are conditionally unbiased estimators of a, and

B., such as least squares estimators. Moreover,

(& — )+ (B - 3 )<B

where b = Zb(Xi )/N, is unbiased for the average treatment effect E(Yli)_E(YOi) if

the units in the study are a simple random sample from the population.
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