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Abstract We propose a Bayesian implementation of the
lasso regression that accomplishes both shrinkage and vari-
able selection. We focus on the appropriate specification for
the shrinkage parameter λ through Bayes factors that eval-
uate the inclusion of each covariate in the model formula-
tion. We associate this parameter with the values of Pear-
son and partial correlation at the limits between significance
and insignificance as defined by Bayes factors. In this way,
a meaningful interpretation of λ is achieved that leads to
a simple specification of this parameter. Moreover, we use
these values to specify the parameters of a gamma hyper-
prior for λ. The parameters of the hyperprior are elicited
such that appropriate levels of practical significance of the
Pearson correlation are achieved and, at the same time, the
prior support of λ values that activate the Lindley-Bartlett
paradox or lead to over-shrinkage of model coefficients is
avoided. The proposed method is illustrated using two sim-
ulation studies and a real dataset. For the first simulation
study, results for different prior values of λ are presented
as well as a detailed robustness analysis concerning the pa-
rameters of the hyperprior of λ. In all examples, detailed
comparisons with a variety of ordinary and Bayesian lasso
methods are presented.
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1 Introduction

Least absolute shrinkage and selection operator or lasso for
short (Tibshirani 1996) is a shrinkage method that was orig-
inally used for the selection of variables in the linear re-
gression problem. Its use was also extended to other prob-
lems such as multivariate models, generalized linear models
(Meier et al. 2008) and survival methods (Tibshirani 1997;
Johnson 2009). It imposes the L1 norm on the least squares
problem and shrinks the coefficients towards zero. The lasso
estimates are given by

̂β
lasso = argmin

β

{

(y − Xβ)T (y − Xβ) + λ

p
∑

j=1

|βj |
}

= (

XT X
)−1(

XT Y − λs
̂β

)

, (1)

for the usual regression model

Y ∼ Nn

(

Xβ, Inσ
2),

where Nn(μ,�) is the n-dimensional normal distribution
with mean vector μ and variance matrix �. Moreover, we
denote by X the n × p design or data matrix with elements
Xij corresponding to i individual and j covariate, by Y the
n × 1 vector of random responses and by y the correspond-
ing observed (response) values. Finally, the coefficients βj

of each covariate Xj form the parameter vector β; σ 2 stands
for the error variance of the regression model; λ denotes the
usual shrinkage parameter of lasso; sβ is a vector with el-
ements the sign of each ̂β lasso

j and In is the n × n identity
matrix.

The shrinkage parameter λ controls the amount of shrink-
age imposed on the coefficients, where some weak effects
are forced to be exactly zero if the shrinkage level is large
enough. This shrinkage property makes lasso popular as a
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variable selection method since there is no need to search
the model space but only to fit the full model. Moreover,
it is more stable than the stepwise subset selection meth-
ods and is computationally feasible for high-dimensional
data under appropriate conditions (Osborne et al. 2000;
Efron et al. 2004; Zhang and Huang 2008). These advan-
tages have stimulated many researchers to propose exten-
sions and improvements of the method; see, for example,
Tibshirani (1997), Zou and Hastie (2005), Park and Hastie
(2006), Zou (2006), Meier et al. (2008), Johnson (2009), and
Lykou and Whittaker (2010).

1.1 Background of Bayesian lasso

Lasso has also a straightforward Bayesian interpretation
since its estimates can be derived as the posterior mode
when independent double exponential prior distributions
are used for β . The density of the double exponential (or
Laplace) distribution for β ∼ DE(μ,b) is given by

f (β|μ,b) = 1

2b
exp

(

−|β − μ|
b

)

with mean μ and variance 2b2. Thus, a prior βj ∼
DE(0, σ 2/λ) will produce a posterior distribution that will
be maximized under the lasso estimates (1). Although the
posterior mode of this Bayesian model is the same as in ordi-
nary lasso (inheriting all its properties), the posterior means
and medians, which are usually in the centre of Bayesian
inference, do not have the attractive property of setting non-
important coefficients equal to zero. Another approach can
be based on posterior credible intervals identifying non-
important covariates when zero lies within these intervals;
see for example in Fahrmeir et al. (2010). Nevertheless, this
simple technique depends both on the selection of the pos-
terior probability attached to such intervals and the way that
they are constructed (since they are not unique). Moreover,
this approach does not take into account model uncertainty
and it does not quantify the importance of each covariate.

Due to the above Bayesian interpretation of ordinary
lasso estimates, a wide variety of Bayesian lasso methods
has been developed and published over the past years. Yuan
and Lin (2005) incorporate a prior distribution of a mixture
of a mass at zero and of the double exponential distribution
into a linear model and they prove that the model with the
highest posterior probability is the lasso solution. The choice
of the shrinkage parameter is achieved through the empirical
Bayes criterion CML. Park and Casella (2008) illustrate the
Bayesian lasso regression by adopting the double exponen-
tial prior as a mixture of normal and exponential prior. How-
ever, this approach does not directly implement covariate se-
lection but performs only shrinkage of the regression coeffi-
cients towards zero. They also propose a hierarchical model
where a gamma distribution is imposed on the shrinkage

parameter. Balakrishnan and Madigan (2010) combine the
sparse Bayesian learning and the Bayesian lasso, by propos-
ing the demi-Bayesian lasso, where a mixture of normal-
exponential prior is imposed and the mixing parameter is
estimated by maximizing the marginal data likelihood. Zero
values in the mixing parameter denote which variables are
excluded from the model, whereas, the shrinkage parameter
is specified through cross-validation methods.

Hans (2009) imposes directly the double exponential
prior on the lasso regression coefficients and a gamma prior
on the shrinkage parameter and focuses on the problem
of predicting future observations. Model uncertainty is ad-
dressed in Hans (2010) by computing exactly the marginal
posterior probabilities for small model spaces. He handles
the cases of large model spaces by imposing a mixture of
a mass at zero and of a double exponential prior and esti-
mates the posterior inclusion probabilities by using a Gibbs
sampler.

Griffin and Brown (2010) discuss the normal-gamma
prior, which is a generalization of the Bayesian lasso and
has adaptive properties in terms of the shrinkage imposed
on the coefficients. They also suggest a data-dependent prior
for the shrinkage parameter. The Bayesian version of the
Elastic net (Zou and Hastie 2005) has been introduced by
Li and Lin (2010), where the prior information is a compro-
mise between Normal and double exponential priors and the
penalty parameters are chosen through an empirical method
that maximizes the data marginal likelihood.

Fahrmeir et al. (2010) propose shrinkage, smoothing and
selection priors for additive regression models, where the
Bayesian lasso is included as a special case. This prior struc-
ture takes its name from the mixture of Normal and inverse
gamma distribution (NMIG), while it imposes a spike and
slab prior on the variance of the coefficients. Finally, in the
last years, pure Bayesian shrinkage methods have also re-
ceived attention in the statistical community resulting in the
introduction of other prior distributions such as the horse-
shoe prior (Carvalho et al. 2010) and the double general-
ized Pareto (Armagan et al. 2012). All these approaches try
to over-shrink small coefficients and leave as unaffected as
possible large ones retaining also some consistency proper-
ties.

1.2 Merits and defects of Bayesian lasso

The main advantage of all shrinkage methods is the fact
that they can be directly implemented in the full model and
no model search is needed. The coefficients of covariates
with weak effect on the response are immediately set equal
to zero and, therefore, they are eliminated from the model
structure.

Lasso is clearly better than ridge regression in terms of
shrinkage since small coefficients are shrunk towards zero

Author's personal copy



Stat Comput (2013) 23:361–390 363

Fig. 1 Plot of the density
functions for the double
exponential (solid line) and
normal (dashed line)
distributions with zero mean and
variance equal to one

faster, while less shrinkage is applied to large coefficients.
This is due to the diamond-shaped restriction area that lasso
implements on (y − Xβ)T (y − Xβ) when it is written as
a problem of constrained maximization in contrast to the
corresponding n-dimensional sphere restriction area imple-
mented by ridge regression.

From the Bayesian point of view, the double exponential
prior has a considerably higher spike at zero giving higher
probability to values in neighbourhoods close to zero. For
example, for a double exponential centred at zero with vari-
ance equal to one, the probability of β ∈ (−0.5,0.5) is 0.507
for the double exponential and 0.383 for the normal model;
see Fig. 1 for a graphical comparison of the corresponding
density plots. Similarly, the distribution has slightly thicker
tails, and for this reason, it has less shrinking effect on large
coefficients, relatively speaking.

On the other hand, there are some disadvantages or prob-
lems that need further consideration when using lasso. First
of all, lasso is a fast efficient method for selecting a single
model but it does not allow to estimate model uncertainty
which is important within Bayesian framework especially if
prediction is the main aim.

Another problem is the selection of the shrinkage param-
eter λ. This actually controls the whole procedure. If we se-
lect a small value for λ, then no shrinkage (and therefore
selection) will be performed, while if this value is too high,
then all coefficients will be shrunk to zero. The regulariza-
tion plot, which depicts the estimated lasso coefficients for
different levels of the shrinkage parameter, provides valu-
able information about the order of decay of each coeffi-
cient and hence, the order of importance of each covariate
but still it does not solve the problem. Cross-validation is
the only methodology that provides a reliable and sensible

way to specify this parameter. Nevertheless, here, we treat λ

in a purely Bayesian manner specified a priori and without
any use of data. Therefore, we choose the value of this prior
parameter by looking the behavior of Bayes factors and by
trying to avoid large and small shrinkage values that may
overshrink the coefficients or activate the Lindley-Bartlett
paradox (Lindley 1957; Bartlett 1957) respectively. The lat-
ter refers to the well-known behavior of the Bayes factors
which support the most parsimonious model (from the ones
under comparison) for suitably large sample size or suitably
large prior variances of any additional parameters. The ef-
fect of this “paradox” is more apparent in nested model com-
parisons.

Within the Bayesian framework, usually interest lies in
the whole posterior distribution and the posterior means and
medians are often used as point estimates instead of the
posterior modes. These estimates will approach zero slowly
but they will never be exactly equal to zero as the poste-
rior modes and the lasso estimates. Therefore, some of the
properties of the original lasso are diminished when using
this approach. Moreover, using the double exponential prior
instead of the conjugate normal–inverse-gamma makes the
evaluation of the posterior distribution less straightforward
requiring the use of MCMC methods.

Finally, the double exponential prior in lasso formula
a priori assumes independence of βj s. Therefore it does not
account for the structure of the covariates as for example in
Zellner’s (1986) g-prior, where coefficients a priori assumed
to be normally distributed with prior variance matrix equal
to g(XT X)−1σ 2, in order to have similar structure with the
OLS estimates.
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1.3 Paper structure and contribution

In this paper, we combine the properties of the lasso through
the use of the double exponential prior distribution with the
advantages of usual variable selection techniques within the
Bayesian framework. For this reason, we utilize the binary
variable inclusion indicators introduced by George and Mc-
Culloch (1993) and widely used thereafter such as in Kuo
and Mallick (1998) and Dellaportas et al. (2002). We fo-
cus on the case where the number of predictors is smaller
than the number of observations. We use MCMC methods
to estimate the posterior parameter estimates, the posterior
model probabilities as well as the posterior variable inclu-
sion probabilities. We can now additionally have meaning-
ful regularization plots based on posterior variable inclusion
probabilities and model-averaged medians of the regression
coefficients.

We then focus on the specification of the shrinkage pa-
rameter using its effect on posterior model probabilities and
Bayes factors. By investigating the behavior and the sensi-
tivity of these measures on the choice of λ we obtain a sim-
ple and meaningful interpretation of its effect. In this way,
we can a priori specify the shrinkage level and control the
variable selection procedure at the same time. The proposed
methodology can be described by the following steps:

1. Firstly, we trace a range of correlation values between
the covariates and the response, for which the covariates
will never be a posteriori supported whatever the value
of the shrinkage parameter is. Therefore, covariates with
such Pearson correlation measures will have Bayes fac-
tors measuring the evidence in favour of the addition of
this covariate to the constant model lower than one for
all values of λ. Following the same logic, we addition-
ally identify the range of correlation values where the in-
clusion of this covariate is never a posteriori supported
highly enough, i.e. the corresponding Bayes factor never
becomes higher than a specified level α for all λ.

2. Moving further, we may specify λ either as constant
quantity or as random variable (using hyperpriors). In
the following, we propose methodology for the specifi-
cation of the shrinkage parameter for each of these two
choices.
(a) Treating λ as constant: We specify λ by defining the

levels of practical significance (i.e. when Bayes fac-
tors are equal to one) based on the correlation mea-
sures produced in step 1.

(b) Treating λ as random: We utilize the produced
range of correlations by specifying a sensible hy-
perprior for λ. With the specification of the hyper-
prior using values from step 1 we avoid using non-
informative prior distributions for the shrinkage pa-
rameter, which unnecessarily support small or large
values of λ activating the Lindley-Bartlett paradox
or overshrinking model coefficients respectively.

The article is organized as follows. In Sect. 2 we intro-
duce the model structure for the Bayesian lasso variable se-
lection framework. Then, a simple Gibbs sampler scheme is
described for the estimation of the posterior parameters, pos-
terior variable inclusion probabilities and posterior model
probabilities. The section closes with a short illustration
and a discussion about new regularization plots based on
the posterior medians of model averaged regression coeffi-
cients and posterior variable inclusion probabilities obtained
by the Bayesian lasso variable selection. Section 3 provides
an in-depth analysis about the relationship of the shrink-
age parameter, the Bayes factors and their association with
the Pearson and partial correlation coefficients. In particu-
lar, Sect. 3.1 focuses on the unicovariate Bayes factor, com-
paring each simple regression model with the null and its
relation with the Pearson correlation coefficient. We exam-
ine and interpret this association using graphical represen-
tations. In Sect. 3.2 we provide arguments based on prac-
tical values of significance for the Pearson correlation for
the specification of the shrinkage level λ. Section 3 con-
cludes with an analysis about the effect of λ on the partial
correlations and the Bayes factors of nested multiple lasso
regression models. Section 4 proceeds, providing final rec-
ommendations about the prior value of λ and specifying a
meaningful gamma hyperprior that avoids λ values which
activate the Lindley-Bartlett paradox or overshrink model
coefficients. In Sect. 5 we illustrate our method using two
simulation studies and a real dataset. For the first simula-
tion study we present results for λ values based on different
threshold values and a detailed robustness analysis concern-
ing the parameters of the gamma hyperprior of λ. For all
illustrations, a detailed comparison between our proposed
method and a variety of ordinary and Bayesian lasso meth-
ods is presented. The paper closes with a small discussion
about open problems and further research on the topic.

2 Bayesian variable selection and lasso

2.1 Model structure

To set-up the Bayesian lasso variable selection we con-
sider the usual likelihood of the normal model incorpo-
rating also the usual binary variable inclusion indicators
γ = (γ1, . . . , γp) as in Kuo and Mallick (1998) and Della-
portas et al. (2002). We further assume a set of independent
double exponential prior distributions for each model coef-
ficient βj , in order to implement a lasso type of shrinkage
within each model. Hence, the model can be summarized by

Author's personal copy



Stat Comput (2013) 23:361–390 365

the following expressions

Y|β, τ,γ ∼ Nn

(

XDγ β, τ−1In

)

,

where Dγ = diag(γ1, . . . , γp),

βj |τ ∼ DE

(

0,
1

τλ

)

, for j = 1, . . . , p,

γj ∼ Bernoulli(πj ),

τ ∼ Gamma(c, d),

(2)

where τ = 1/σ 2 is the precision of the Normal regression
model, Bernoulli(π) is the Bernoulli distribution with suc-
cess probability π and Gamma(c, d) is the gamma distribu-
tion with mean c/d and variance c/d2.

Using the above model formulation, inference will be
based on posterior model probabilities f (γ |y), for any
model indicator γ , and the corresponding posterior variable
inclusion probabilities f (γj = 1|y), for j = 1, . . . , p, quan-
tifying the posterior importance of each covariate. In our
approach, the relative posterior model probabilities compar-
ing two rival models γ (1) and γ (2) play a central role. More
specifically, the posterior model odds of model γ (1) versus
model γ (2) are given by

PO12 = f (γ (1)|y)

f (γ (2)|y)
= f (y|γ (1))

f (y|γ (2))
× f (γ (1))

f (γ (2))
.

When prior model probabilities are considered equal for
all competing models, then pairwise comparisons are solely

based on Bayes factors BF12 = f (y|γ (1))

f (y|γ (2))
. Kass and Raftery

(1995) thoroughly present Bayes factors and their impor-
tance in Bayesian inference. Following the arguments of Jef-
freys (1961), they suggest that the data provide substantial
evidence in favour of model γ (1) for BF > 3. The evidence
becomes stronger for higher values of the Bayes factor (and
posterior odds).

A prior specification similar to (2) was also used by Hans
(2009). However, Hans (2009) did not consider the variable
inclusion indicators in his approach since he did not address
the variable selection problem in that publication.

The level of the posterior shrinkage towards zero for each
βj is controlled via λ since the prior distribution becomes
more and more informative as λ increases. In the remaining
of the paper we assume that both the covariates and the re-
sponse are standardized and therefore the constant term in
the linear model is eliminated throughout this paper.

2.2 A simple Gibbs sampler for Bayesian lasso variable
selection

In this work, we use the Kuo and Mallick (1998) approach
to estimate the posterior densities. However, any equivalent
algorithm such as the GVS (Dellaportas et al. 2002) or the

RJMCMC (Green 1995) will provide similar results. Thus,
the conditional posterior distribution of βj coincides with
the prior distribution for γj = 0, while it is a mixture of trun-
cated normal distributions when γj = 1, that is

βj |y, τ,β\j ,γ \j , γj = 0 ∼ DE

(

0,
1

τλ

)

(3)

βj |y, τ,β\j ,γ \j , γj = 1,

	j ∼ 	j TN
(

μ−
j , s2

j , βj < 0
)

(4)

+ (1 − 	j)TN
(

μ+
j , s2

j , βj ≥ 0
)

,

where β\j ,γ \j are vectors β,γ without βj and γj respec-
tively, I (A) is the indicator function taking the value of one
when A is true and zero otherwise, and TN(μ,σ 2,A) is the
normal distribution truncated in the subset A ⊂ R with den-
sity function

fTN
(

x;μ,σ 2,A
) = fN(x;μ,σ 2)

∫

A
fN(x;μ,σ 2)dx

I (x ∈ A)

with fN(x;μ,σ 2) denoting the density of a normal distri-
bution with mean μ and variance σ 2 evaluated at x. Hence,
the densities of the truncated normal distributions appearing
in (4) are given by

fTN
(

βj ;μ−
j , s2

j , βj < 0
) = fN(βj ;μ−

j , s2
j )


(−μ−
j /sj )

I (βj < 0)

and

fTN
(

βj ;μ+
j , s2

j , βj ≥ 0
) = fN(βj ;μ+

j , s2
j )


(μ+
j /sj )

I (βj ≥ 0),

respectively, with 
(x) being the cdf of the standardized
normal distribution. The means and variance of the truncated
normal distributions are computed by the following expres-
sions

μ−
j = hj + λ

‖Xj‖2
, μ+

j = hj − λ

‖Xj‖2
, hj = XT

j (e + βjXj )

and s2
j = 1

τ‖Xj‖2

with Xj denoting the j th column of matrix X, e = y − Xβ

denoting the vector of residual values with elements ei =
yi −∑

j Xijβj (for i = 1, . . . , n), while ‖z‖2 = ∑n
i=1 z2

i for
any vector z of length n.

Additionally, 	j is a binary parameter specifying the
sign of βj . The full conditional posterior probability of
	j = 1 is given by
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wj = P(	j = 1 | y, τ,β\j ,γ \j , γj = 1)

= P(βj < 0 |y, τ,β\j ,γ \j , γj = 1)

= 
(−μ−
j

/sj )/fN (0;μ−
j

, s2
j
)


(−μ−
j

/sj )/fN (0;μ−
j

, s2
j
) + 
(μ+

j
/sj )/fN(0;μ+

j
, s2

j
)
.

(5)

See also Hans (2009) for the multivariate case when γ is
fixed. Hence, when γj = 1

• Generate 	j from a Bernoulli with success probability
wj given by (5).

• Generate βj from

{

TN(μ−
j , s2

j , βj < 0) if 	j = 1,

TN(μ+
j , s2

j , βj ≥ 0) if 	j = 0.

The full conditional posterior distributions for the re-
maining parameters are the following

τ |β,γ ,y ∼ Gamma

(

n

2
+ p + c,

‖y − XDγ β‖2

2

+ λ‖β‖ + d

)

(6)

γj |β, τ,γ \j ,y ∼ Bernoulli

(

Oj

1 + Oj

)

(7)

with

Oj = f (γj = 1|γ \j ,β, τ 2,y)

f (γj = 0|γ \j ,β, τ 2,y)

= f (y|β, τ ,γ \j , γj = 1)

f (y|β, τ ,γ \j , γj = 0)

π(γ \j ,γ j = 1)

π(γ \j ,γ j = 0)
. (8)

2.3 Regularization plots for Bayesian lasso variable
selection

Using the Gibbs sampler described in Sect. 2.2, we obtain a
posterior sample (β(t), τ (t),γ (t)) for t = 1,2, . . . , T . From
this output we can estimate not only the posterior model
probability f (γ |y) of each model γ , but also the posterior
inclusion probabilities f (γj = 1|y) for each covariate Xj ,
as well as posterior summaries for the Bayesian model av-
eraged (BMA) versions of the effect of each covariate Xj

given by β∗
j = γjβj . For the latter two quantities, we will

examine their behavior using different levels of prior vari-
ances and, therefore, different levels of the shrinkage pa-
rameter λ. This sensitivity analysis is depicted using graphs
equivalent to the regularization plots obtained in traditional
lasso techniques.

Here, we illustrate these visual representations by consid-
ering the first simulated dataset of Dellaportas et al. (2002),
which is available on the website of the book written by Nt-
zoufras (2009). This dataset consists of n = 50 observations
and p = 15 covariates generated from a standardised normal
distribution and the response from

Yi ∼ N
(

Xi4 + Xi5,2.52), for i = 1, . . . ,50.

The proposed method is performed on this dataset for dif-
ferent values of λ, πj = 0.5 for all j , c = d = 10−4 and we
consider 10,000 updates after discarding 1,000 additional
iterations as burn-in period.

In Fig. 2(a), the posterior means of β∗
j = γjβj are plotted

against the values of λ in log-scale while in Fig. 2(b) the
usual regularization plot of the lasso estimates is depicted.
The grid of the logarithm of lambda values has been chosen
to be from −15 to −5 with an increment of 5 and from −5
to 4 with an increment of 0.5.

Fig. 2 (a) Regularization plots for the posterior means of β∗
j = γjβj and (b) usual lasso estimates against logλ
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Fig. 3 (a) Regularization plots for the posterior medians of β∗
j = γjβj and (b) the posterior variable inclusion probabilities f (γj = 1|y) against

logλ

The lasso estimates, derived by the Lars algorithm, are
controlled by λ which is the shrinkage applied on each co-
efficient βj : for small values of λ no shrinkage is imple-
mented, while as λ increases all coefficients are shrunk to
zero with different rate, depending on their significance;
see Fig. 2(b). Moreover, these estimates approach the or-
dinary least squares estimates as λ approaches zero (or
logλ → −∞). Although the behavior of the BMA poste-
rior means of β∗

j is similar for large values of λ [see the
right side of Fig. 2(a)] this is not the case for the remain-
ing of the graph since for very low values of λ (express-
ing high prior ignorance) they shrunk back to zero instead
of approaching the MLE estimates as in ordinary lasso.
This is due to the Lindley-Bartlett paradox (Lindley 1957;
Bartlett 1957), since small values of λ (corresponding to
large prior variance of βj ) activate the effect of this para-
dox, leading to posterior model odds that fully support the
most parsimonious model and therefore a posteriori restrict-
ing β∗

j to zero. As λ moves away from zero, the pos-
terior means of the most important coefficients increase
rapidly (in absolute value) until β∗

j is maximized. After
this point, shrinkage is effective and, as expected, all co-
efficients gradually approach zero in a similar manner as
in the original lasso. For moderate values of λ, the coeffi-
cients of the unimportant covariates have posterior means
close to zero, which slowly decay to zero as λ becomes
larger.

Nevertheless, the covariates that should be ultimately se-
lected are highlighted in a more obvious way when plotting
the posterior medians of β∗

j ; see Fig. 3(a). Posterior medi-
ans become exactly equal to zero when f (γj = 1|y) < 0.5
in contrast to the posterior means which will be small but
non-zero unless f (γj = 1|y) = 0. Hence, in the plot of the

posterior medians, non-important covariates are eliminated
from the plot for all values of λ.

The second plot of Fig. 3 (on the right) shows the pos-
terior probabilities of f (γj = 1|y) as a function of logλ.
As a result of the Lindley-Bartlett paradox, the posterior
probabilities of including a variable in the model tends to
zero for λ → 0 (approximately logλ → −15). The poste-
rior probabilities of the unimportant variables approach the
value of 0.5 as λ moves away from zero. The behavior of
the important covariates is different since they sharply in-
crease as soon as λ moves away to zero. As λ increases,
the prior variance becomes smaller and the posterior dis-
tributions of the coefficients are forced to be a posteriori
close to zero. In such case, the data (in comparison to the
prior) are not strong enough to provide evidence for the sta-
tus of a covariate in the model formulation under considera-
tion.

Even in these initial illustrations, the proposed method
seems to offer a challenging approach for performing both
shrinkage and variable selection. The regularization plot
based on the medians of the BMA estimates is more effi-
cient than the corresponding lasso plot since the effect of
unimportant covariates is eliminated for all values of the
shrinkage parameter λ. Moreover, the behavior of the pos-
terior inclusion probabilities for large and small values of
λ can motivate the restriction of the sensible values of λ

to avoid overshrinkage (when λ is large) or the Lindley-
Bartlett paradox (when λ is small). Using these observa-
tions as a starting point, in Sect. 3 we work on the choice
of λ providing reasonable interpretation and insight about
which values are sensible for the variable selection proce-
dure.
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3 Specification of the shrinkage parameter based on
Bayes factors and practical significance values

3.1 Bayes factors for simple lasso regression and Pearson
correlations

In this section, we focus on the Bayes factors comparing
two simple models: the null (or constant) model m0 versus a
model mj , which includes in the linear predictor only the co-
variate Xj . We will call these Bayes factors “unicovariate”
and facilitate results based on these simple comparisons to
identify reasonable values for the choice of λ.

Definition 1 (Unicovariate Bayes Factor BFun
j ) The unico-

variate Bayes factor BFun
j for covariate Xj is defined as the

Bayes factor that evaluates the evidence of model mj versus
m0 with

Y|β, τ,mj ∼ Nn

(

Xj βj , τ
−1In

)

and Y|β, τ,m0 ∼ Nn

(

0, τ−1In

)

.

Under the prior setup described in the general model for-
mulation (2), the Bayes factor of model mj against m0 is
given by

BFun
j = f (y|mj)

f (y|m0)

= λ

√

π

‖Xj‖2

�(
df
2 )

�(
df −1

2 )

× C
− df

2
j− P(βj− < 0) + C

− df
2

j+ P(βj+ > 0)

(‖y‖2 + 2d)−( n
2 +a)

, (9)

where

Cj− = (

Cj − M2
j−

)‖Xj‖2,

Cj+ = (

Cj − M2
j+

)‖Xj‖2,

Cj = ‖y‖2 + 2d

‖Xj‖2
,

βj− ∼ tdf

(

Mj−,
Cj−

‖Xj‖2df

)

, Mj− = yT Xj + λ

‖Xj‖2
,

df = n + 2a + 1,

βj+ ∼ tdf

(

Mj+,
Cj+

‖Xj‖2df

)

, Mj+ = yT Xj − λ

‖Xj‖2
,

where T ∼ tν(μ,σ 2) is a random variable such that (T −
μ)/σ follows the Student’s t distribution with ν degrees of
freedom.

Assuming that all data are standardized and d → 0, a
simplified version of BFun

j can be expressed in terms of the

shrinkage parameter λ and ρj , i.e. the sample estimate of the
Pearson correlation coefficient between Y and the candidate
predictor Xj :

BFun
j = λ

n − 1

√
π

�(
df
2 )

�(
df −1

2 )

{(

1 + t2
j−
df

)
df
2

Ftdf (tj−)

+
(

1 + t2
j+
df

)
df
2

Ftdf (tj+)

}

= λ

n − 1

df − 1

2
√

df

{(

1 + t2
j−
df

)− 1
2 Ftdf (tj−)

ftdf (tj−)

+
(

1 + t2
j+
df

)− 1
2 Ftdf (tj+)

ftdf (tj+)

}

(10)

where Ftν , ftdf is the cdf and the density function of a Stu-
dent’s t random variable with ν degrees of freedom and

tj− = − Mj−
√

df
√

1 − M2
j−

, tj+ = Mj+
√

df
√

1 − M2
j+

,

Mj− = ρj + λ

n − 1
, Mj+ = ρj − λ

n − 1
.

In the above computations, without loss of generality, we as-
sume that ρj is positive. Moreover, the Bayes factor in (10)
is available only when 0 < λ < (n−1)(1−ρj ) since quanti-
ties (1 −M2

j−) and (1 −M2
j+) appearing in the square roots

of tj− and tj+ respectively, should be non-negative. Em-
pirical examination of the corresponding Bayes factors for
values λ > (n − 1)(1 − ρj ) using MCMC has revealed a de-
creasing behavior of BF as λ increases, converging to one
(as expected) for large λ since, in such case, both models
assume that β is equal or very close to zero.

In order to interpret the behavior of the unicovariate
Bayes factors, we present their logarithms in Fig. 4 as a
function of the shrinkage parameter λ for different values of
the Pearson correlation coefficient ρj and fixed sample size
n = 50. The sensitivity of such Bayes factors on different
values of λ is clearly depicted.

As expected, the Bayes factors provide stronger evidence
against the null model as the Pearson correlation between
the response and the candidate variable increases. We focus
on the thick dark horizontal line (BFun

j = 3), which, accord-
ing to the interpretation tables of Kass and Raftery (1995) in-
dicates the boundary between covariates for which the BFun

j

provides or not evidence strong enough in favour of their in-
clusion in the model. We clearly see that the log BFun

j never
overcomes this threshold for Pearson correlation equal to
0.31 or lower. For these values, as the correlation increases,
the overall values of BFun

j increase; however, it is always
smaller than 3, implying that there is only weak evidence in
favour of mj for any value of λ.
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For ρ > 0.31, the Bayes factor increases substantially,
providing stronger evidence against the null model for some
values of λ. For high correlations (ρ > 0.6), the unicovari-
ate BF provides very strong evidence in favour of mj for all
values of λ. Furthermore, the shrinkage value that provides
the strongest evidence against m0 (i.e. maximizes BFun

j ) de-
creases when ρ increases. Similar figures can come up for
samples of different size.

3.2 Specification of the shrinkage parameter λ using Bayes
factors and correlations

Several approaches for tuning the shrinkage levels have been
proposed, based on the generalized cross-validation tech-
niques (Tibshirani 1996) or the Cp selection criterion (Efron
et al. 2004). Here, we use the unicovariate Bayes factor
(see (9)), its relation to the Pearson’s sample correlation and
its behavior as illustrated in Sect. 3.1 to specify a reasonable
value for the shrinkage parameter λ.

3.2.1 Identifying the set of “non-important” covariates
under all shrinkage values

Starting from Fig. 4, we observe that, for specific values of
ρ, the BFun

j is lower than 3 for all the values of λ. In par-
ticular, for n = 50, the unicovariate Bayes factor will never
support strongly enough models including any covariate cor-
related with the response with ρ = 0.316 or lower. Thus, we
can identify a range of sample correlations corresponding to
covariates that will never be considered as “important” de-
terminants of the response for all values of λ and fixed n.

A graphical representation of the BFun
j against the values

of ρ and λ will reveal the range of “non-important” correla-
tions corresponding to covariates that will not be supported
in the simple regression model for all the shrinkage levels.

Fig. 4 Logarithm BFun
j against λ for several values of the Pearson

correlation coefficient ρ

Thus, we define the non-important set of correlations using
Definition 2.

Definition 2 (Non-important set of correlations Iα) The
“non-important” set of correlations is the set of correla-
tions that corresponds to covariates with unicovariate Bayes
factors less than α for all possible shrinkage values λ, i.e.
I = {ρ : BFun

j ≤ α for all λ > 0}; where α ≥ 1.

Moreover, we specify the benchmark correlation using
the following definition.

Definition 3 (Benchmark correlation ρbα ) The benchmark
correlation ρbα is defined as the maximum value in the “non-
important” set of correlations Iα . All the covariates with
correlation less than this ρbα will not be supported strongly
enough with Bayes factor bounded at the value of α for all
shrinkage values λ.

An obvious selection would have been α = 1, indicating
that ρb1 is the level of correlation, where the Bayes factor
does not support the inclusion of covariate with such corre-
lation, for all possible values of λ. That is, the corresponding
posterior probability of mj will be ≤0.5 for all λ when com-
paring the constant and the simple regression model with
covariate Xj (m0 and mj respectively).

Nevertheless, this choice is rather conservative, leading
to benchmark correlations that are rather low. Moreover,
since for important covariates we expect this posterior prob-
ability to be close to one (if not exactly equal to one) for a
wide range of λ values, it seems intuitively appropriate to
increase this value up to a reasonable level. We propose to
use α = 3 based on the rule of thumb of Kass and Raftery
(1995), which also corresponds to pairwise posterior prob-
ability equal to 0.75. Moreover, simulations and empirical
results show that this value seems to be quite a good trade-
off between shrinkage and selection leading to parsimonious
models without loosing predictive ability or overshrinking
important coefficients.

3.2.2 Specifying λ via levels of practical significance for
the Pearson correlation

In Sect. 3.2.1, we identified which covariates will never be
supported strongly enough using Bayes factors that compare
a simple regression model with the null model. Here, we
specify λ via setting up the levels of practical significance
for the Pearson correlation.

Returning back to (10), for any given value of λ, we can
identify a specific ρ for which BFun

j takes a particular value.
Specifically, we seek the combination of λ and ρ that pro-
duces a unicovariate Bayes factor equal to one. Covariates
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Table 1 Shrinkage levels that correspond to BF = 1 for various values of ρ and n

Specification of λ n = 50
ρb3 = 0.316

n = 100
ρb3 = 0.225

n = 500
ρb3 = 0.101

{λ : ρ = ρt ,BFun
j = 1} ρt = 0.316, λ = 0.446 ρt = 0.226, λ = 0.656 ρt = 0.102, λ = 1.514

{λ : ρ = ρt ,BFun
j = 1} ρt = 0.350, λ = 0.217 ρt = 0.250, λ = 0.333 ρt = 0.150, λ = 0.060

{λ : ρ = ρt ,BFun
j = 1} ρt = 0.400, λ = 0.067 ρt = 0.300, λ = 0.069 ρt = 0.200, λ = 4.5 × 10−4

{λ : ρ = 0.01,BFun
j = 1

150 } ρt = 0.423, λ = 0.037 ρt = 0.308, λ = 0.053 ρt = 0.141, λ = 0.116

with such correlations will be at the limits between signifi-
cance and insignificance, since the Bayes factor cannot sep-
arate the competing models. This correlation will be called
the threshold value ρt and its formal definition follows.

Definition 4 (Threshold correlation ρt ) Threshold correla-
tion ρt is the correlation that produces a unicovariate Bayes
factor equal to one, i.e. ρt = {ρ : BFun

j = 1} for a given λ.

We can now work backwards and specify a threshold
level of practical significance ρt ≥ ρbα for α > 1 and ob-
tain the corresponding shrinkage level λ. The choice of λ =
λ(ρt ) implements a variable selection procedure in which
covariates with Pearson correlation lower than ρt will never
be supported in unicovariate comparisons.

Therefore, the threshold correlations can be used to spec-
ify the shrinkage parameter. This value of λ results in a
Bayes factor that gives posterior weight of 50% to the model
with a covariate with correlation equal to ρt and 50% to the
constant model, i.e. it will not be able to separate between
these two models. The choice of different threshold corre-
lations, where the Bayes factor cannot decide which model
is (even slightly) better, controls the shrinkage parameter λ

and the sparsity of our finally selected model.
For example, for n = 50, the benchmark values are ρb1 =

0.148 and ρb3 = 0.316. If we set ρt = 0.316, any model in-
cluding a covariate correlated with Y with ρ = 0.316 will be
a posteriori supported with 50% probability while this value
will be increased as ρ increases. Selecting ρt = 0.25 will be
less strict, supporting models of slightly higher dimension,
or ρt = 0.35 will be more strict supporting more parsimo-
nious models. Table 1 presents λ for n = 50,100 and 500
and various threshold correlation values.

Finally, an alternative way to exploit the relation be-
tween λ and ρ through the unicovariate Bayes factors is
to specify the shrinkage parameter in such way that covari-
ates with very low correlations are strongly not supported.
Thus, we may specify λ such that a covariate with, for ex-
ample, ρ = 0.01 will result in a Bayes factor equal to 1/150
in favour of the constant model. The shrinkage values, as
well as the corresponding threshold correlation values for
this setup for n ∈ {50,100,500} are provided in the last row
of Table 1.

3.3 Bayes factors for multiple lasso regression

In this section, we examine the sensitivity of the Bayes fac-
tors on the choice of the shrinkage parameters when per-
forming multiple lasso regression. In particular, we investi-
gate which is the level of the lasso partial correlation that
corresponds to Bayes factor equal to one (i.e. which are
the levels of partial correlation that correspond to the limits
between significance and insignificance) for nested model
comparisons and for any given level of shrinkage λ. In this
way, we have a more general overview of the effect of the
selected shrinkage level on our variable selection procedure.
Before proceeding, we need to introduce some measures for
lasso regression that are equivalent to the ones used in the
ordinary regression analysis.

3.3.1 Preliminaries: lasso regression measures

Here, we follow the approach and the notation of Whittaker
(1990, Chap. 5), in order to introduce some preliminary
lasso measures. Therefore, we consider Y to be a n × 1 vec-
tor of random responses, X a n × p to be matrix of random
variables that correspond to the explanatory variables and β

to be fixed to a given value. Following this approach, the or-
dinary least squares prediction coefficient βols arises when
we minimize the residual variance var(ε) = var(Y − Xβ)

giving βols = [var(X)]−1 cov(X,Y) assuming that E(X) and
E(Y) are zero for simplicity. In the same analogy, the lasso
prediction coefficient β lasso arises when we minimize a pe-
nalized version of the residual variance var(Y − Xβ)+ k‖β‖
resulting in β lasso = [var(X)]−1(cov(X,Y) − ksβ); where sβ

is the sign vector of β lasso and k is the shrinkage level when
working with the variances and expectations of the random
variables Y and X.

We denote by var(Y|X) = var(Y − Xβols) the residual
variance for the ordinary least squares regression model,
which will be called the partial variance of Y with regres-
sors defined by the columns of X; see Sect. 5.5 in Whittaker
(1990) for a formal definition. In a similar way, we can intro-
duce the lasso partial variance, denoted by varlasso(Y|X) =
var(Y − Xβ lasso), which can be written as a function of the
ordinary partial variance by the following expression

varlasso(Y|X) = var(Y|X) + k2sT
β var(X)−1sβ . (11)
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Following the definition in Whittaker (1990, p. 132), we
introduce the lasso version of R2 coefficient.

Definition 5 (Lasso R2) The lasso R2 is the coefficient de-
termination of a lasso regression model, measuring the pro-
portion of the variability of the response explained by the
fitted lasso model and is given by

R
(lasso)2
Y|X = var(Xβ lasso)

var(Y)
,

where Xβ lasso provides the vector of the fitted lasso values.

The above defined lasso multiple correlation coefficient
can now be rewritten in terms of the lasso partial variance
and the ordinary least squares R2 via the expressions

R
(lasso)2
Y|X = 1 − varlasso(Y|X) + 2k‖β lasso‖

var(Y)
(12)

= R
(ols)2
Y|X − 2k

‖β lasso‖
var(Y)

− k2
sT
β var(X)−1sβ

var(Y)
, (13)

where ‖ · ‖ is the L1 norm of the corresponding vector.

Corollary 1 The lasso multiple correlation is always less
than the ordinary multiple correlation, i.e. R

(lasso)2
Y|X ≤

R
(ols)2
Y|X ≤ 1.

For any model m with covariates X� ∈ Vm, we may define
the model m−

j with covariates in X� ∈ Vm \ {Xj }, which is

nested to model m+
j with covariates X� ∈ Vm ∪ {Xj }. Hence,

covariate Xj is included in the linear predictor of model m+
j

and excluded from the linear predictor of model m−
j . There-

fore, for any model configuration m (and the corresponding
m−

j and m+
j ) we can define the lasso version of the partial

correlation coefficient using the following definition.

Definition 6 (Lasso Partial Correlation Coefficient) For any
pair (Y,Xj ), we define the lasso partial correlation coeffi-
cient given a set of regressors Xm−

j
as the decrease of the per-

centage of unexplained response variability between model
m+

j and m−
j expressed as a proportion of the corresponding

variability of the latter model. Therefore, the lasso partial
correlation coefficient is given by

corr(lasso)(Y,Xj |Xm−
j
) =

√

√

√

√

√

√

(1 − R
(lasso)2
Y|X

m
−
j

) − (1 − R
(lasso)2
Y|X

m
+
j

)

1 − R
(lasso)2
Y|X

m
−
j

=

√

√

√

√

√

√

1 −
1 − R

(lasso)2
Y|X

m
+
j

1 − R
(lasso)2
Y|X

m
−
j

. (14)

The above definition of the lasso partial correlation is
based on a property of the ordinary partial correlation (see
Whittaker 1990, p. 140). From (13) we see that for k → 0
then the above defined lasso partial correlation tends to the
ordinary partial correlation. Moreover, for the range of val-
ues of the shrinkage parameter we use in practise and in the
illustrated examples here, the differences between the two
measures are minor. As we will see in Sect. 3.3.2, the sam-
ple estimate of corr(lasso)(Y,Xj |Xm−

j
) appears in the Bayes

factors when comparing two models that differ by a covari-
ate Xj and we will use this property to identify the shrinkage
levels separating important and non-important covariates in
such pairwise model comparisons.

3.3.2 Bayes factors as functions of lasso regression
measures

We now focus on the comparison of any two nested models
that differ by a covariate Xj . For any given model structure
m, this comparison is evaluated by BFmu

m,j , which is defined
as follows.

Definition 7 (Nested Multiple Lasso Bayes Factor BFmu
m,j )

For any model m with included covariates X� ∈ Vm, the
nested multiple lasso Bayes factor BFmu

m,j is defined as the

Bayes factor that evaluates the evidence of model m+
j with

covariates X� ∈ Vm ∪ {Xj } versus model m−
j with covariates

X� ∈ Vm \ {Xj }

In the following, y is the n × 1 vector of observed re-
sponses, Xj is the n × 1 vector of observed values for co-
variate Xj and Xm is the data matrix with columns X� for
X� ∈ Vm. The variances, correlations and R2 for y, Xj and
Xm refer to the corresponding sample estimates.

We use the Laplace approximation to integrate out β and,
for d → 0, the corresponding BFmu

m,j is approximately given
by

BFmu
m,j ≈ λcmu

( |XT

m+
j

Xm+
j
|

|XT

m−
j

Xm−
j
|
)−1/2

×
(‖y − Xm+

j

̂β
lasso
m+

j
‖2 + 2λ||̂β lasso

m+
j

‖)−dfmu/2

(‖y − Xm−
j

̂β
lasso
m−

j
‖2 + 2λ‖̂β lasso

m−
j

‖)−(dfmu−1)/2

= kcmu

(varlasso(y|Xm+
j
) + 2k‖̂β lasso

m+
j

‖1

varlasso(y|Xm−
j
) + 2k‖̂β lasso

m−
j

‖1

)−dfmu/2

× [

var(Xj |Xm−
j
)
(

varlasso(y|Xm−
j
)

+ 2k‖̂β lasso
m−

j
‖)]−1/2

,
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where cmu = √
π

�(
dfmu

2 )

�(
dfmu−1

2 )
, dfmu = n + 2α + p, ̂β

lasso
m+

j
and

̂β
lasso
m−

j
are the lasso estimates when regressing y on Xm+

j
,

and Xm−
j

respectively; var(y|X) and varlasso(y|X) are the

sample estimates of the partial variances for the ordinary
and the lasso (respectively) regression model with response
y and data matrix X. Moreover, k, which is the shrinkage
level referring to the penalized minimization of the variance
as described in Sect. 3.3.1, is set equal to λ/(n − 1), since
λ is the shrinkage level when working with the usual lasso
representation (1).

Therefore, using (12) and (14), the BFmu
m,j can be ex-

pressed in terms of the lasso partial correlation by the ex-
pression

BFmu
m,j ≈ kcmu

[

1 − corr(lasso)2(y,Xj |Xm−
j
)
]−dfmu/2

× 1
√

(1 − R
(ols)2
Xj |X

m
−
j

)(1 − R
(lasso)2
y|X

m
−
j

)

. (15)

According to our proposed method, we define the shrink-
age level by setting the unicovariate BFun

j equal to one for a
given level of threshold correlation. Using (15) we can iden-
tify the corresponding threshold partial correlation level im-
posed by any selected level of λ. In this way, we can examine
the behavior of the proposed variable selection procedure
and why covariates with low Pearson correlations are finally
included in the a posteriori most probable models.

Theorem 1 For any selected λ and for large n, LBFun
j =

LBFmu
m,j ⇒ corr(lasso)2(y,Xj |Xm−

j
) ≤ (ρj −ks); where LBF

is the Laplace approximation of the corresponding Bayes
factor.

The proof of the theorem can be found in the Appendix.

Corollary 2 The threshold value for the lasso partial cor-
relation is upper-bounded by a penalized expression of the
corresponding value of the Pearson correlation.

Corollary 3 For large sample size n and for any λ/(n −
1) → 0, the threshold partial lasso correlation is approx-
imately equal to the corresponding values for the Pearson
correlation.

Corollary 3 helps us to approximately identify the thresh-
old levels imposed on the comparison of multiple regression
models. For large sample sizes, the threshold values of the
partial correlations will be the same as the ones imposed
on the Pearson correlation, while for small sample sizes it
will be lower and bounded by a penalized version of the
threshold value of the Pearson correlation. Moreover, this

behavior justifies why covariates with low Pearson corre-
lation are finally added in the most probable a posteriori
models, since, for responses that depend on a large num-
ber of covariates, the partial correlations will increase as
more important covariates are included in the model formu-
lation. The shrinkage value λ that corresponds to ρt = ρbα

makes BFun
j = 1 for covariates with correlation equal to

ρbα . Hence, for α > 1, we have that 0 < λ < λmax, where
λmax corresponds to BFun

j = α for covariates with correla-
tion equal to ρbα (i.e. it is the value that maximizes the BFun

j

for ρbα ). The value of λmax can be obtained by maximiz-
ing the Laplace approximation BFun

j and it turns out that
0 < λ/(n − 1) < λmax/(n − 1) → 0 and thus, our proposed
λ has the approximating behavior (and the corresponding at-
tributes) described in Corollary 3.

To sum up, in this section we have illustrated the effect
of any chosen level of λ on BFmu

m,j . To describe and interpret
this result, we have identified the value of (lasso) partial cor-
relation which separates important and non-important co-
variates for any nested model comparison. In this way, we
can understand how the method works in more compli-
cated model comparisons and justify why covariates with
low (or high) Pearson correlations are included in (or ex-
cluded from) models with high posterior probabilities.

4 Final recommendations for the specification of λ

4.1 Subjective selection of λ

The proposed approach offers a full understanding of the be-
havior of the unicovariate Bayes factors for different values
of the shrinkage parameter λ. This approach can be useful in
cases where practitioners have preferences or clear recom-
mendations about the levels of practical significance. In such
cases, the practitioner can select a desirable level of practi-
cal significance for the Pearson correlation (which is widely
understood) and set λ such as the lasso-based Bayes factor
gives equal posterior probabilities for both the constant and
the corresponding simple regression model. Moreover, the
benchmark values offer reasonable lower acceptable bounds
for the selection of such values for λ.

If there is no preference about the chosen levels of prac-
tical significance, we suggest to set the threshold correlation
equal to the benchmark correlation ρb3 as a reference value
based on the rule of thumb of Kass and Raftery (1995). Sim-
ple regression models with ρb3 correlation between the re-
sponse and the included covariate will have posterior prob-
ability against the null model that will not exceed the 75%
for any value of λ.

We suggest to specify λ such that, the threshold correla-
tion is equal to ρb3 , that is, ρt = ρb3 . Therefore, covariates
with correlation equal to ρb3 will be supported with posterior
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probabilities equal to 50% in pairwise comparisons of mod-
els m0 and mj . Covariates with higher or lower correlations
will have higher or lower than 50% posterior probabilities
respectively, in similar pairwise model comparisons.

4.2 Using a gamma hyperprior for λ

In Sect. 4.1, we described how we can specify λ using sub-
jective preferences on the level of practical significance. In
this section, we propose the use of a gamma hyperprior for
the shrinkage parameter λ with the parameters specified by
the threshold and benchmark correlations. The specification
of this hyperprior avoids the prior support of extremely low
and large values of λ that activate the Lindley-Bartlett para-
dox or overshrink model coefficient. In the first case, poste-
rior inclusion probabilities degenerate to zero (for any avail-
able dataset), while in the latter they converge towards 0.5.
Both cases give nonsensical results for the variable selec-
tion procedure and should be excluded from the hyperprior.
Moreover, the hyperprior described in this section is rela-
tively robust to different hyperparameter values following
the same logic described below; see Sect. 5 for details.

The Gamma(cλ, dλ) is a natural choice as a hyperprior
here, since, it is conditional conjugate for the likelihood
of the lasso regression model. Hence, this choice results in
adding a simple step in the Gibbs algorithm described in
Sect. 2.2, where we update λ from a gamma full conditional
posterior distribution given by

λ|β,γ , τ,y ∼ Gamma

(

p + cλ, τ

p
∑

j=1

|βj | + dλ

)

.

The specification of cλ and dλ will be based on the
benchmark and threshold correlations and their correspond-
ing λ values. In particular, for a given α > 1 we set the hy-
perprior mean equal to the value of λ that corresponds to
ρt = ρbα . The prior variance depends on the choice of u > α

and is set equal to (Rα,u/4)2 such that P(μα − Rα,u <

λ < μα + Rα,u) ≥ 0.9375 from the Chebyshev inequality.
Hence, Rα,u will be the half-range of an at least 93.75%
probability interval of the prior distribution. To specify
Rα,u, we select u large enough to represent the lower bound
of an at least 93.75% probability interval that will be a pri-
ori supported by our hyperprior. The choice of u controls the
range of values of the prior distribution, since higher values
of u will correspond to greater Rα,u. Hence, we set

μα = {λ : ρt = ρbα } and Rα,u = μα − {λ : ρt = ρbu},
and the corresponding hyperparameters cλ and dλ are given
by

cλ =
(

μα

Rα,u/4

)2

and dλ = μα

(Rα,u/4)2
.

Fig. 5 Densities of the gamma hyperprior for a variety of u values and
α = 3

When λ is equal to the prior mean μα , the lasso based
Bayes factor assigns, in pairwise comparisons of m0 and mj ,
50% posterior probability to the model including a covariate
Xj with correlation ρbα . The value of Rα,u expresses the
prior uncertainty around this shrinkage value μα (and the
corresponding level of practical significance is expressed by
ρbα ). By setting Rα,u as defined above, we allow λ to take
values which assign levels of practical significance higher
than ρbu with very low prior probability (lower than 0.0625).

We suggest as default choices α = 3 and u = 10 and per-
form sensitivity analysis around these values. This choice
specifies that the threshold between significance and in-
significance will take values in an interval (ρb�

, ρb10) with
ρb�

being the threshold correlation when λ = μ3 + R3,10

and therefore ρb�
< ρb3 and 1 < � < 3. These values of λ

correspond to covariates that are supported with posterior
probabilities less than �

�+1 and 0.91 respectively for all val-

ues of λ with �
�+1 ∈ (0.5,0.75). For example, for n = 50,

α = 3 and u = 10 the prior mean is set μ3 = 0.446 and as-
signs 50% chance to covariates with correlation 0.316. The
interval λ ∈ (0.086,0.806) corresponds to threshold correla-
tions taking values in the interval (0.287,0.390). Hence, the
threshold correlation between important and non-important
covariates will take values from 0.287 to 0.39 with at least
93% prior probability.

Details for the hyperparameters specified by setting
α = 3 and u = 5, 10, 15 when n = 50 are presented in
Table 2. The corresponding prior densities are depicted in
Fig. 5 with all of them having similar shape but differ-
ent variances. Detailed sensitivity analysis for the simu-
lation study of Sect. 5.1 is presented in Sect. 5.1.3. Get-
ting a quick preview of the posterior results, we observe
that all averages (over 50 generated datasets) of poste-
rior inclusion probabilities are similar for the three differ-
ent choices of u; see Fig. 7(c). Moreover, the correspond-
ing average posterior inclusion probabilities for the “low-
information” Gamma(0.01,0.01) hyperprior are also pre-
sented for reference. From this comparison it is evident that
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Table 2 Prior values for gamma hyperprior on λ for α = 3 and u = 5, 10, 15

u ρbα μα σ 2
α μα − Rα,u μα + Rα,u P (|λ − μα | < Rα,u) cλ dλ

5 0.316 0.446 0.014 0.212 0.680 0.958 14.551 32.610

10 0.316 0.446 0.032 0.086 0.806 0.959 6.144 13.768

15 0.316 0.446 0.039 0.052 0.840 0.959 5.131 11.499

μα and σ 2
α = (Rα,u/4)2: prior mean and variance of λ for α = 3; μα − Rα,u: lower bound used to define the variance; cλ and dλ: shape and rate

parameters of the gamma hyperprior

our approach provides similar posterior inclusion proba-
bilities for important covariates and much lower posterior
inclusion probabilities for the non-important covariates re-
moving redundant model uncertainty introduced when using
the Gamma(0.01,0.01) due to the support of unnecessarily
large values of λ making the latter posterior probabilities to
shrink towards 0.5. For a thorough robustness analysis see
Sect. 5.1.3.

5 Illustrations

In this section, we present extensive results from two simu-
lation studies and from a real dataset. The section is divided
into two main sub-sections. In the first one, we present re-
sults for the first simulation study for a variety of λ values
coming from different threshold correlations, as well as a
robustness analysis concerning the gamma hyperprior using
different prior means and variances, while in Sect. 5.2, we
perform an extensive comparison of our proposed methods
with a variety lasso methods that are available in the bibli-
ography.

5.1 Simulation study 1: results for different prior set-ups
of λ

We start our illustrations concerning the performance of the
proposed Bayesian lasso by presenting results for a variety
of values for λ specified from different threshold correla-
tions in Sect. 5.1.2 for the simulation study described in
Sect. 5.1.1. A robustness analysis over different parameter
values of the gamma hyperprior follows in Sect. 5.1.3.

5.1.1 The design of the simulation study 1

In this illustration, we adopt the simulation design of Nott
and Kohn (2005), which consists of 15 variables of 50 obser-
vations each. Specifically, the first 10 variables follow inde-
pendent standard normal distribution and the last 5 variables
are generated as follows,

(X11, . . . ,X15) = (X1, . . . ,X5) × (0.3,0.5,0.7,0.9,1.1)T

× (1,1,1,1,1) + E,

where E consists of 5 independent N(0,1). Under this de-
sign, the last five variables are highly correlated, whereas,
they are moderately correlated with the first five variables.
The response is generated as

Y = 2X1 − X5 + 1.5X7 + X11 + 0.5X13 + ε,

where ε ∼ N(0,2.52). This set of simulated data comprises
of covariates that are correlated with each other and there-
fore, variable selection is not straightforward since some
true effects are covered by the effects of collinear covari-
ates. The signal-to-noise ratio (SNR) is equal to 2.15; where
SNR is defined as the ratio of the variance of the linear pre-
dictor over the error variance. The resulting pairwise true
correlations between the covariates are:

corr(X1,Xj ) = 0.15, corr(X2,Xj ) = 0.26,

corr(X3,Xj ) = 0.36, corr(X4,Xj ) = 0.46,

corr(X5,Xj ) = 0.56 and

corr(Xl,Xj ) = 0.74 for l, j = 11, . . . ,15 and l �= j.

5.1.2 Results using different threshold correlation values

Here, we present results using different threshold corre-
lation values. Specifically, we use the shrinkage values
presented in Table 1 for n = 50. Each MCMC was up-
dated using 10,000 iterations after discarding 1,000 ad-
ditional observations. All results are evaluated over 100
datasets generated using the sampling scheme described in
Sect. 5.1.1. Figure 6 depicts the boxplots (over the 100 simu-
lated datasets) of the posterior inclusion probabilities for co-
variates X1,X5,X7,X11,X13, which are actually used to gen-
erate Y. Covariates X1,X7 and X11 are indicated as impor-
tant ones (with posterior inclusion probabilities > 0.5) with
very high frequency for all the shrinkage levels, whereas,
the remaining covariates are less frequently picked as im-
portant ones. The inclusion probabilities for these two vari-
ables naturally become smaller as the shrinkage parame-
ter decreases, while another characteristic is the large vari-
ability of the inclusion probabilities over the generated
datasets. The posterior inclusion probabilities for the re-
maining variables are considerable lower ranging from 0.15
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Fig. 6 Boxplots of the posterior inclusion probabilities for covariates with true non-zero effects over 100 generated datasets for simulated study 1
described in Sect. 5.1.1

Table 3 True values of the Pearson and the partial correlation coefficients (in absolute values) for Example 5.1.1

X1 X2 X3 X4 X5 X6,X8,X9,X10 X7 X11 X12,X14,X15 X13

corr(y,Xj ) 0.56 0.17 0.24 0.31 0.15 0.00 0.34 0.56 0.44 0.50

corr(y,Xj |X\j ) 0.55 0.00 0.00 0.00 0.15 0.00 0.52 0.37 0.00 0.20

to 0.22 for λ = 0.446, from 0.06 to 0.13 for λ = 0.217,
from 0.03 to 0.10 for λ = 0.067 and from 0.19 to 0.27 for
λ = 0.037.

Table 3 presents the true Pearson correlation and partial
correlations for this structure of simulated dataset. Covari-
ates X1,X7 and X11, which have the highest posterior prob-
abilities, are the ones with the highest partial correlations
with the response conditional on all the remaining variables.
While the covariates X5 and X13 have been used to generate
the response, their corresponding partial correlations are low
due to the high correlations among the variables X5,X11 and
X13. Our proposed Bayesian lasso procedure tends to select
only one of the three highly correlated covariates and thus,

the inclusion probabilities of X5 and X13 are as expected
low.

All illustrated results presented in this short section sug-
gest that our proposed Bayesian lasso method works effi-
ciently and according to the behavior examined previously
in this manuscript. Important covariates X1,X7 and X11 are
identified by both the maximum a posteriori (MAP) model
and the posterior inclusion probabilities. Covariates X5 and
X13 with non-zero true effects cannot be traced by our pro-
posed method due to the collinearities. In particular, X5 has
low Pearson and partial with the response while X13 has not
supported by our procedure although it is highly correlated
with the response (Pearson correlation = 0.5) due to its high
correlation with the covariate X11 ( corr(X11,X13) = 0.74)
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resulting to low partial correlation (equal to 0.2) when the
latter in included in the model.

5.1.3 Robustness analysis for the gamma hyperprior

Before proceeding with the comparison of the proposed
methods with similar methods available in the lasso litera-
ture, we present a sensitivity analysis for a variety of hy-
perparameter values of the gamma hierarchical model intro-
duced in Sect. 4.2.

As reference we consider the choices α = 3 and u = 10
and we present two sensitivity analyses. In the first one we
fix the mean equal to the λ obtained using threshold corre-
lation equal to ρb3 and we change the variance using u = 5,
10 and 15 while in the second we fix the variance and we
change the mean value using λ values obtained from dif-
ferent threshold correlations. We also present the results
from the prior distribution Gamma(0.01,0.01), which can
be considered as a low-information prior (LIP) since its vari-
ance is high (equal to 100). Figures 7 and 8 present re-
sults from these two sensitivity analyses. More specifically,
each figure presents boxplots of (a) the root mean square
errors (RMSEs) of the fitted values (with respect to the ac-
tual responses) and (b) the RMSEs of the estimates of β

(with respect to the actual β), (c) the averages (over 50
simulated datasets) of the posterior inclusion probabilities
f (γj = 1|y) with j = 1, . . . ,15 as well as (d) boxplots of
the posterior means of the shrinkage parameter for the gen-
erated datasets.

RMSEs are calculated using the following expressions

RMSE(ŷ) =
√

√

√

√

1

n

n
∑

i=1

(yi − ŷi )2 and

RMSE(̂β) =
√

√

√

√

1

n

p
∑

j=1

(βj − ̂βj )2

(16)

for the fitted values and the estimated β respectively; ̂βj

are set equal to the posterior medians of β∗
j while ŷi =

∑p

j=1 Xij
̂βj .

From the results of the first analysis (Fig. 7), we observe
that RMSEs are similarly distributed for all different choices
of u. Posterior inclusion probabilities present only minor
differences while some differences are observed in the dis-
tribution of the posterior means of λ which eventually do
not have a dominant effect on posterior inclusion probabili-
ties and RMSEs.

For the second sensitivity analysis (Fig. 8), the prior
mean is set equal to the λ values that correspond to the
threshold correlation ρbα with α = 2,3,5,7, whereas the
prior variance remains constant to the one computed for
the default values suggested in Sect. 4.2. The picture of

the results presented in Fig. 8 is similar to the first sensi-
tivity analysis with RMSEs and posterior inclusion proba-
bilities to be quite robust for all values of α. Differences
are again observed in the distribution of posterior means
of λ with more striking the one for α = 2. This latter hy-
perprior setup also influences mildly the posterior inclusion
probabilities inflating them slightly towards larger values,
especially for the non-important covariates. This might be
an indication of overshrinkage which is also confirmed by
the higher posterior means of λs in the corresponding box-
plots. Finally, the posterior medians of coefficients β∗

j are
quite robust for the hyperparameters values illustrated in
Fig. 8(b).

Finally, we close this section with a short compari-
son of the above results with the ones obtained by a
Gamma(0.01,0.01) hyperprior. Using this hyperprior, RM-
SEs are of equivalent scale with the ones presented in
Figs. 7 and 8 but posterior inclusion probabilities of the non-
important covariates are all inflated towards 0.5 with an per-
centage increase ranging from 7%–10% (average posterior
inclusion probabilities range: 0.32–0.43 versus 0.23–0.36
for the default values of our approach). This is due to
the unnecessary prior support of λ values that cause over-
shrinkage and convergence of the corresponding Bayes fac-
tors towards one (posterior means of λ are ranging from
0.56 to 5.95 with median value 1.49 in contrast to 0.48–
0.70 and 0.63 respectively, for the default values of our ap-
proach).

5.2 Comparison with different lasso methods

In this section, we proceed with extended comparisons of
our proposed methods with a variety of lasso methods pre-
sented in related literature. All methods are presented in the
simulation study 1 of Sect. 5.1.1 and additionally in a second
simulation study and a real dataset presented in Sects. 5.2.2
and 5.2.3 respectively.

In all illustrations, which follow, we present results for
our Bayesian lasso approach with λ specified by the thresh-
old correlation value equal to ρb3 and using gamma hyper-
prior at the default values (α = 3, u = 10) denoted as BLVS
and BLVS-G respectively with the normal mixture of in-
verse gamma (NMIG) prior (Scheipl 2010), the Normal-
gamma (NG) prior (Griffin and Brown 2010), the horse-
shoe (HS) prior (Carvalho et al. 2010), the Lars-lasso algo-
rithm (Efron et al. 2004) with a 10-fold cross validation
(CV) method to tune the shrinkage parameter. Lars was
implemented using the homonym R package (R Develop-
ment Core Team 2011), NMIG using the spikeSlabGAM
R package (Scheipl 2011), and NG and HS using the
monomvn package (Gramacy 2010) in two versions: us-
ing the full model only (i.e. as a purely shrinkage method
with no direct variable selection) and in combination with
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Fig. 7 Results for the first sensitivity analysis for simulation study 1 of Sect. 5.1.1 [three different prior set-ups were considered with fixed mean
and different variances (α = 3 for all analyses, u ∈ {5,10,15}); 50 generated datasets for each prior set-up]

reversible jump MCMC (i.e. implementing also direct vari-
able selection). NG has been implemented using the prior
values suggested by Griffin and Brown (2010), while all
the remaining methods have been applied using the default
values of their corresponding R functions. For each com-
parison, we have used 100 generated datasets. All methods
are compared using RMSEs of the fitted values and esti-
mated βs as described in Sect. 5.1.3. For ̂β we have used the
posterior medians for our methods and the reversible jump
versions of NG and HS while for the rest of the Bayesian
methods we have used the posterior means. For the ordi-
nary lasso, we use the estimates obtained by the Lars al-
gorithm. All fitted values were calculated as in Sect. 5.1.3.
All details and acronyms are also summarized in Table 4
and are used as reference for all tables and figures of this
section.

5.2.1 Simulation study 1 (cont.)

The distribution of RMSEs for the fitted values and the es-
timated β over 100 generated datasets using the simulation
scheme of Sect. 5.1.1 is presented in Fig. 9 for all methods
summarized in Table 4. The first five boxplots in each fig-
ure correspond to the methods that perform direct variable
selection. Moreover, Lars (last boxplot) implements direct
variable selection in the sense that non-important covari-
ates are constrained to zero; nevertheless, no variable inclu-
sion or model probabilities are available for this method and
therefore model uncertainty cannot be evaluated. All RM-
SEs seem to be of similar scale with small differences (tak-
ing into consideration the overall variability). Nevertheless,
the original HS and (especially) NG methods, which are im-
plemented on the full model and do not implement direct
variable selection but shrinkage, have the lowest RMSEs of
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Fig. 8 Results for the second sensitivity analysis for simulation study
1 of Sect. 5.1.1 [four different prior set-ups were considered with fixed
variances and different means: mean is set for α ∈ {2,3,5,7} and the

variance is fixed to the one using the default values (α = 3, u = 10) for
all analyses; 50 generated datasets for each prior set-up]

Table 4 Acronyms and details for the implemented methods

Acronym Method

1 BLVS Bayesian lasso variable selection with λ corresponding to ρt = ρb3

2 BLVS-G Bayesian lasso variable selection with gamma hyperprior with α = 3 and u = 10

3 NMIG Normal mixture of inverse gamma (NMIG) prior (Scheipl 2010)

4 NG-RJ Reversible jump with Normal-gamma (NG) prior (Griffin and Brown 2010)

5 HS-RJ Reversible jump with the horseshoe (HS) prior (Carvalho et al. 2010)

6 NG Full model using the Normal-gamma (NG) prior (Griffin and Brown 2010)

7 HS Full model using the Horseshoe (HS) prior (Carvalho et al. 2010)

8 Lars Lars-lasso algorithm with a 10-fold cross validation (CV) method to tune the shrinkage parameter

3 was implemented using spikeSlabGAM, 4–7 using monomvn, 8 using Lars packages in R

̂βj : Posterior medians for methods 1,2, 4 and 5; Posterior means for 3,6 and 7

ŷi = ∑p

j=1 Xij
̂βj
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Fig. 9 Boxplots of the root mean square errors (RMSEs) of the fitted values and the estimates of β over 100 generated datasets in simulation
study 1 of Sect. 5.1.1

Fig. 10 Summaries of posterior inclusion probabilities f (γj = 1|y) with j = 1, . . . ,15 over 100 generated datasets in simulation study 1 of
Sect. 5.1.1

the fitted values in contrast to their reversible jump versions
which have the highest. In terms of RMSEs of the estimated
β , NG now performs worse than the rest methods for which
all RMSEs are almost indistinguishable.

Figure 10 displays (a) the averages (over the 100 gen-
erated datasets) of the posterior inclusion probabilities of
each variable and (b) the proportion of datasets with pos-
terior inclusion probabilities of each Xj greater than 0.5.
From Fig. 10(a) we observe the following:

• Variables X1,X7,X11 are clearly identified as important
ones by all implemented methods. The posterior inclu-

sion probabilities for these covariates are identical for all
methods (except for NMIG which are slightly lower).

• The posterior inclusion probabilities of NMIG are sys-
tematically lower than the rest of the methods for all co-
variates except for X1 which is picked as the most impor-
tant by all methods. For this reason this method systemat-
ically supports more parsimonious models.

• The posterior inclusion probabilities of NG-RJ are sys-
tematically higher than the rest of the methods. The dif-
ference seems to decrease with the importance of each co-
variate and is diminished for the three covariates that are
indicated as important by all methods. Specifically, for the
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non-important covariates, all posterior inclusion probabil-
ities are close to 0.5, which considerably increase model
uncertainty and force the method to support unnecessarily
complicated models including redundant covariates.

• The proposed methods (BLVS and BLVS-G) and HS-RJ
produce similar posterior inclusion probabilities (on aver-
age) for all covariates.

Similar is the picture and the conclusions from the propor-
tions of datasets with posterior inclusion probabilities higher
than 0.5. Differences between methods for all methods are
minor for less important covariates (X6,X8,X9 and X10) and
are growing for the rest of the non-important covariates.
In this figure, we also present the proportion of generated
datasets with non-zero effects in Lars method. As we can
observe, Lars included much more frequently non-important
covariates in the model structure (in approximately 50%
of the datasets) supporting models much more complicated
than needed.

Concerning our proposed methods, both BLVS and
BLVS-G identify correctly both the important covariates
with posterior inclusion probabilities similar to the rest of
the methods (except NMIG) and the non-important ones
with low posterior probabilities (away from 0.5). With this
behavior, both proposed methods support models of appro-
priate dimension including only the important covariates and
identifying the best model with increased precision.

Finally, Table 5 presents the average number of correctly
identified covariates using the criterion of the posterior in-
clusion probabilities being higher than 0.5. All methods
identify on average 12–13 covariates correctly. More dif-
ferences are observed on the false negative and positive se-
lections with NMIG missing on average two covariates that
should have been included in the model, while the rest of

Table 5 Averages (over 100 generated samples) of the number of co-
variates that are correctly and falsely included and excluded from the
linear predictor for the simulation study 1 of Sect. 5.1.1

Correct False
Positive

False
Negative

BLVS 12.72 0.91 1.37

BLVS-G 12.63 1.05 1.32

NMIG 12.52 0.29 2.19

NG-RJ 12.45 1.28 1.27

HS-RJ 12.73 0.90 1.37

Covariates are included in the model if the corresponding posterior in-
clusion probabilities > 0.5

False positive: a covariate is included in the model although its true
effect is zero
False negative: a covariate is not included in the model although its true
effect is non-zero
All acronyms are available in Table 4

the methods select, on average, one additional covariate and
miss one important one.

To sum up, both BLVS and BLVS-G perform satisfacto-
rily achieving RMSEs equivalent to the rest of the methods
under consideration. Both approaches select parsimonious
models of appropriate dimension by setting the posterior in-
clusion for the non-important covariates low (around 0.30)
and for the important covariates high (similarly to the rest of
the methods).

5.2.2 Simulation study 2

Here, we illustrate and compare the implemented methods
using a different (in perspective) simulation study. We use
the simulation design of Scheipl (2010) where all 10 co-
variates have non-zero effects. Nevertheless, some of these
effects are negligible not offering much in the model pre-
diction. Therefore, all methods here are examined not for
their ability to trace non-zero effects, but for their effective-
ness in tracing ‘well-fitted’ parsimonious models that de-
scribe sufficiently the true generating mechanism. In partic-
ular, following Scheipl (2010), we generate ten independent
covariates from Uniform(−2,2), which are then standard-
ized to have zero mean and standard deviation of 0.5. The
linear predictor η = Xβ is then calculated using true effects
from 0.1 to 1 changing with a step equal to 0.1; that is β =
(0.1,0.2, . . . ,1). Finally, the response is generated through
Yi ∼ N(ηi, sd2

η/SNR), where SNR is a selected signal-to-

noise ratio and sd2
η = 1

n−1

∑n
i=1(ηi − η) is the sample vari-

ance of the linear predictor with η = 1
n

∑n
i=1 ηi denoting the

corresponding sample mean. Following Scheipl (2010), we
present results for two SNR values: 0.5 and 2 and three dif-
ferent sample sized n = 20,50 and 100 observations.

Figures 11 and 12 present the boxplots of the RMSEs
of the fitted values and the β estimates over 100 of simu-
lated datasets. For RMSEs of the fitted values, we generally
observe that our proposed methods (BLVS and BLVS-G)
perform really well providing RMSEs of similar scale with
most of the methods. Their RMSEs seem to improve when
the signal is stronger and the size of the data grows big-
ger. NG and NG-RJ seem to perform systematically worst
than the rest of the methods (surprisingly when the signal is
strong and the size of the data bigger), while HS and Lars
slightly better than the rest of them (which is expected due
to the support of less parsimonious models).

In Fig. 12, the picture is less clear with more varying re-
sults between different methods especially, when informa-
tion regarding the association of the covariates and the re-
sponse is low due to small sample size and SNR. In par-
ticular, BLVS and BLVS-G seem to have higher RMSEs of
̂β than the rest of the methods, which is natural, since, the
method is supporting more parsimonious models setting a
large number of coefficients equal to zero (which here are
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Fig. 11 Root mean square error of the fitted values over 100 datasets for simulation study 2 of Sect. 5.2.2

non-zero). Nevertheless, this behavior is desirable for vari-
able selection methods since, when no information is avail-
able (as here both SNR and sample size is small) less com-
plicated theories (i.e. more parsimonious models) should be

adopted. Note, that both these methods provide results close
to the original Lars-lasso methodology. Moreover, due to the
large variability of their RMSEs across different data (which
is expected when low amount of information is available)
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Fig. 12 Root mean square error of the β estimates over 100 datasets for simulation study 2 of Sect. 5.2.2

we cannot clearly discriminate the performance of the meth-
ods (except for NG). On the contrary, NG seems to achieve
clearly lower levels of RMSE than, at least, some of the re-
maining methods. This is due to the fact that this method

considers non-zero values for all βj even when informa-
tion is low as here; see also Fig. 12(a). As the SNR and
the sample size increase, differences between the methods
are diminished with the exception of NG (in both versions)
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that do not perform as efficiently as the remaining meth-
ods.

Figure 13 displays the medians (over 100 generated
datasets) of the posterior estimates of βj for all implemented
methods along with the true βj . The behavior of NG is strik-
ingly different than the rest of the methods which, for low
SNR and sample size, overshrink all coefficients. This be-
havior is expected since the overall information about the
association of each covariate with the response is negligible.
All methods converge towards the true effects (with differ-
ent rate) as SNR and n increases. Especially, for n = 100
and SNR = 2 all methods (except NG) provide similar esti-
mates and close to the true effects (also NG-RJ gives slightly
smaller estimates than the rest of the methods). Generally,
Lars-lasso seems to converge faster to the true coefficients
when n or SNR increases. This can be also confirmed by
previous analysis where we observed that Lars-lasso sup-
ports more complicated models than the rest of the methods.
Hence, in this simulation study where all effects are non-
zero, Lars-lasso moves faster towards the true model. On
the other hand, the posterior estimates of βj using NMIG
converge slower towards the true effects indicating possi-
bly that more shrinkage than necessary is implemented. Fi-
nally, our proposed methods (BLVS and BLVS-G) perform
coherently setting small coefficients equal to zero and im-
plementing small or negligible shrinkage on large effects
(depending on information available and the size of the co-
efficient); see Figs. 13(d) and (f) for a clear picture of this
behavior.

From Fig. 14 we can study the averages (over the simu-
lated datasets) of the posterior inclusion probabilities for the
methods implementing Bayesian variable selection. A first
clear conclusion is that the posterior inclusion probabilities
for NG-RJ and HS-RJ are very close (on average) on each
other. Moreover, it is striking that for n = 20 and SNR = 0.5
(where low information about the model structure is avail-
able) these two methods give posterior probabilities around
0.5 for all covariates (with small deviations) while the re-
maining methods support more parsimonious models with-
out suggesting the inclusion of any covariate. This behavior
is retained also in the remaining of the graphs (where more
information becomes available) for each covariate that is not
supported with high posterior inclusion probabilities; see for
example Fig. 14(f) with n = 100 and SNR = 2 where X1 and
X2 with coefficients 0.1 and 0.2 respectively are not sup-
ported by any method but they have probabilities around 0.5
for NG-RJ and HS-RJ and much lower (<0.4) for BLVS,
BLVS-G and NMIG. When sufficient information is avail-
able, all methods seem to converge (on average) on the same
posterior inclusion probabilities for the important non-zero
effects.

Another characteristic of our proposed methods (BLVS
and BLVS-G) and of NMIG is that the averages of the pos-
terior inclusion probabilities have bigger dispersion than

the corresponding values of HS-RJ and NG-RJ making
the discrimination of non-important and important covari-
ates clearer. In particular, the increase in the standard de-
viation of the average posterior inclusion probabilities for
BLVS and BLVS-G varies from ≈100% for Fig. 14(a), to
≈50% for 14(d) and ≈30% for 14(f) with all ranges be-
ing systematically higher for the proposed methods in all
cases examined; for example, for Fig. 14(b) BLVS and
BLVS-G ranges are 0.26–0.69 and 0.29–0.71 in contrast
to 0.47–0.63 and 0.47–0.69 for HS-RJ and NG-RJ respec-
tively.

To conclude, our methods perform satisfactorily as vari-
able selection methods identifying parsimonious “well-
fitted” models. Covariates are not included in the model
structure, unless enough information is provided by the data,
overshrinkage and inflation (towards 0.5) of posterior inclu-
sion probabilities for non-important or negligible covariate
effects is avoided without loosing much in terms of RMSEs.
Moreover, our methods seem to provide a clearer distinction
between important and non-important covariates giving high
probabilities to the first and low probabilities (much lower
than 0.5) to the latter.

5.2.3 Real example—diabetes dataset

The diabetes dataset was previously used in lasso literature
to illustrate the efficiency of the related methods and algo-
rithms; see, for an example, in Efron et al. (2004). The re-
sponse is a one year measurement of disease progression for
442 diabetes patients. The dataset also contains 10 baseline
covariates: age, sex, body mass index (bmi), average blood
pressure (bp) and six blood serum measurements (tc, ldl,
hdl, tch, ltg, glu). Fitting linear regression models in data
from such diagnostic studies is desirable for revealing the
important determinants of the response as well as obtaining
accurate predictions, as noted by Efron et al. (2004).

For BLVS we use λ corresponding to threshold correla-
tion equal to ρb3 which here, for n = 442, is equal to 0.108.
The hyperparameters in BLVS-G have been set at their de-
fault proposed values (i.e. α = 3 and u = 10). We compare
the performance of these methods with NMIG, NG, HS, and
Lars using 20,000 updates after discarding 1,000 additional
iterations as burn-in period for each MCMC. Posterior in-
clusion probabilities for all covariates are summarized in Ta-
ble 6. From this table we observe that:

• “Age” as well the second, fourth and sixth blood serum
measurements (ldl, thc and glu) have very low posterior
inclusion probabilities in all the methods apart from some
distinct cases (glu has probability equal to 0.79 in NG-RJ,
ldl and tch have probabilities ≈ 0.55 in HS-RJ). These co-
variates were also indicated as the weakest predictors by
Hans (2010). The sixth blood serum measurement (glu)
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Fig. 13 Medians, over 100 simulated datasets, of the posterior estimates of βj for simulation study 2 of Sect. 5.2.2
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Fig. 14 Averages, over 100 simulated datasets, of the posterior inclusion probabilities f (γj = 1|y) for simulation study 2 of Sect. 5.2.2

picked by NG-RJ to be of relevant significance (probabil-

ity 0.79) was also supported in Park and Casella (2008),

Balakrishnan and Madigan (2010) and Li and Lin (2010).

• Covariates sex, body mass index, blood pressure and ltg

are highly supported by all methods (posterior inclusion

probabilities > 0.93).

Author's personal copy



386 Stat Comput (2013) 23:361–390

Table 6 Posterior variable inclusion probabilities for the covariates of the diabetes dataset of Sect. 5.2.3

age sex bmi bp Blood serum measurements

tc ldl hdl tch ltg glu

BLVS 0.106 0.993 1.000 1.000 0.665 0.421 0.679 0.394 1.000 0.193

BLVS-G 0.121 0.990 1.000 1.000 0.680 0.459 0.682 0.413 1.000 0.222

NMIG 0.044 0.930 1.000 0.996 0.515 0.335 0.650 0.201 0.973 0.084

NG-RJ 0.370 0.980 1.000 1.000 0.448 0.428 0.995 0.484 1.000 0.786

HS-RJ 0.361 0.981 1.000 1.000 0.685 0.550 0.834 0.549 1.000 0.458

All method acronyms are available in Table 4; bmi: body mass index; bp: average blood pressure

Fig. 15 Boxplots of root mean
square errors of the fitted values
for the diabetes dataset
(Sect. 5.2.3) using 50 splits into
training and test samples
comprised by 70% and 30%
respectively, of the total sample
size

• The first and third blood measurements (tc and hdl) are
relatively significant ranging from 0.45–0.68 and 0.65–
0.99 respectively.

• BLVS and BLVS-G behave in a similar manner as NMIG
but their probabilities are systematically higher. Non-
important covariates are excluded with probabilities rang-
ing from 0.10 (for age) to 0.46 (for ldl). Important covari-
ates (sex, bmi, bp and ltg) are highly supported with pos-
terior inclusion probabilities higher than 0.99 while the
remaining two covariates (lc and hdl) are supported with
probabilities around 0.68.

• HS-RJ is attributing posterior inclusion probabilities at
the important covariates similar to BLVS and BLVS-G,
while the non-important covariates are inflated towards
0.5 ranging from 0.36 (for age) to 0.55 (for ldl and tch).

• NG-RJ has different behavior than the rest of the methods
confirming previous results. It assigns high posterior in-
clusion probabilities to covariates picked as important by
the remaining methods and it additionally supports the in-
clusion of glu measurement (attributing probability 0.79).
It supports more complicated models than the rest of the
methods with the posterior inclusion probabilities of all
non-important covariates inflated towards 0.5 (as in HS-

RJ) and their values ranging from 0.37 (for age) to 0.48
(for tch).

Figure 15 displays boxplots of the RMSEs of the fitted
values computed for 50 different splits of the original data
into training and test sub-samples. Each training set consists
of 309 patients (70% of the total sample) used to implement
all methods under comparison while the remaining set of
observation is used to estimate the prediction error. All RM-
SEs are notably close for all the methods, apart from NG
that performs worse than the rest methods.

Table 7 shows the Pearson correlations between the re-
sponse and the available covariates, as well as the corre-
sponding partial correlations given that all the remaining co-
variates are included in the model and, in the third row, the
partial correlations given the remaining covariates included
in the MAP model of BLVS and BLVS-G. All covariates
supported by these two methods have partial correlations
higher than the selected threshold correlation (ρt = 0.108)
or the corresponding range (0.086,0.125) of threshold cor-
relations a posteriori supported by the BLVS-G approach us-
ing a gamma hyperprior for λ. Blood serum measurements
tc and hdl have lasso partial correlation 0.09 and 0.02 re-
spectively which are lower than the selected threshold corre-
lation. However, they are finally included in the model since
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Table 7 Absolute values of the observed Pearson and partial correlation coefficients for Diabetes dataset (Example 5.2.3)

age sex bmi bp Blood serum measurements

tc ldl hdl tch ltg glu

corr(y,Xj ) 0.19 0.04 0.59 0.44 0.21 0.17 0.40 0.43 0.57 0.38

corr(lasso)(y,Xj |X\j ) 0.01 0.19 0.35 0.23 0.09 0.07 0.02 0.05 0.21 0.05

corr(lasso)(y,Xj |Xm−
j
)a 0.18 0.37 0.24 0.10 0.16 0.33

aModel m corresponds to the MAP model here and m−
j to the model with covariates the ones included in the MAP except Xj

bmi: body mass index; bp: average blood pressure

their lasso partial correlations in the MAP model are 0.10
and 0.16 respectively.

6 Discussion

In this article, we presented a Bayesian lasso based model
formulation which exploits the advantages of both shrink-
age and variable selection methods. Shrinkage is attained via
the use of a product of independent double exponential prior
distributions for the regression coefficients while variable
selection is achieved via the usual binary variable inclusion
indicators included in the linear predictor. Estimation of the
posterior distributions (including posterior model and vari-
able inclusion probabilities) is achieved via a simple MCMC
scheme. We also investigated the value of new regularization
plots, which depict the behavior of the BMA based posterior
summaries of regression coefficients, the Bayes factors and
the variable inclusion probabilities for different values of the
shrinkage parameter λ. These plots have motivated us to ex-
amine the behavior of unicovariate Bayes factors (which are
available in closed form) and their relation with Pearson cor-
relation measures. Following this lead, we have concluded to
the definition of “benchmark” correlations. These measures
identify the covariates that will never be supported strongly
by the Bayes factor, evaluating evidence in favour of a sim-
ple regression versus the null model, whatever is the level of
λ. We proceeded further, by defining the threshold correla-
tion which identifies, for any given λ, the level or correlation
at the limit between significant and insignificant covariates
for this unicovariate Bayes factor. Then, we exploited this
relation to define λ by specifying the desired level of thresh-
old correlation. In this way, we achieve a simple and clear
way to define the level of the shrinkage parameter λ. We
have further examined which is the effect of this choice on
nested multiple regression model comparisons, which evalu-
ate the inclusion of a single covariate obtaining similar argu-
ments based on partial correlations. We used these findings
to interpret and understand the effect of our choice in nested
multiple regression model comparisons or even specify λ.

We additionally constructed a gamma hyperprior with pa-
rameter values based on the threshold and benchmark corre-
lations investigated in this article. This hyperprior eliminates
any prior support to values of λ of no practical use such
as the ones that activate Lindley-Bartlett paradox or over-
shrink important effects towards zero causing at the same
time the posterior inclusion probabilities to be inflated to-
wards 0.5 for the non-important effects. Results of our pro-
posed methods (using fixed or varying λ values based on
the methodology proposed in this article) are presented us-
ing two simulation studies and a real dataset. All results
are compared with a variety of related methods previously
introduced in lasso literature. Our Bayesian lasso meth-
ods work effectively in all examples tracing important ef-
fects with high posterior probabilities and eliminating non-
important covariates with low posterior probabilities avoid-
ing the Lindley-Bartlett paradox, overshrinkage of effects
and inflation towards 0.5 of posterior inclusion probabilities
of non-important effects without loosing in terms RMSEs.

The ideas presented in this work are more general and can
be implemented in any Bayesian variable selection method.
For example, it is interesting to see how ridge regression
method (and its Bayesian analog) behaves and how we can
specify prior parameters using similar arguments based on
benchmark and threshold correlations. Another intriguing
research direction, is to link the classical method of lasso
with the Pearson and partial correlation limits between sig-
nificance and insignificance. The existence of a relation
between these values and the corresponding ones in the
Bayesian approach may lead to the use of the simple lasso
method for indirectly finding the MAP model or even pro-
duce reasonable approximations for posterior variable inclu-
sion probabilities.

Extensions of this approach for generalized linear mod-
els, models for categorical data or for ANOVA models are
also open issues that the authors intend to investigate in the
near future.
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Appendix

A.1 Details for the derivation of (11)

varlasso(Y|X)

= varlasso
(

Y − Xβ lasso)

= var(Y) + var
(

Xβ lasso) − 2cov
(

Y,Xβ lasso)

= var(Y) + β lassovar(X)β lasso − 2cov(Y,X)β lasso

= var(Y) + (

β lassovar(X) − 2 cov(Y,X)
)

β lasso

= var(Y) − (

cov(Y,X) + ksT
β

)

var(X)−1( cov(X,Y) − ksβ

)

= var(Y) − cov(Y,X)var(X)−1cov(X,Y)

+ cov(Y,X)var(X)−1ksβ

− ksT
β var(X)−1cov(X,Y) + k2sT

β var(X)−1sβ

= var(Y|X) + k2sT
β var(X)−1sβ .

A.2 Details for the derivation of (12) and (13)

From Definition 5 we can write

1 − R
(lasso)2
Y|X = var(Y) − var(Xβ lasso)

var(Y)

= var(Y) − (cov(Y,X) − ksT
β )var(X)−1var(X) var(X)−1(cov(X,Y) − ksβ)

var(Y)

= var(Y) − cov(Y,X)var(X)−1cov(X,Y) + 2ksT
β var(X)−1cov(X,Y) − k2sT

β var(X)−1sβ

var(Y)

From Corollary 5.5.2 of Whittaker (1990, p. 136), we have that var(Y|X) = var(Y) − cov(Y,X)var(X)−1 cov(X,Y) resulting
in

R
(lasso)2
Y|X = 1 − var(Y|X) + ksT

β var(X)−1(2 cov(X,Y ) − ksβ)

var(Y)

= 1 − var(Y|X) + k2sT
β var(X)−1sβ + 2ksT

β var(X)−1(cov(X,Y) − ksβ)

var(Y)

= 1 − var(Y|X) + k2sT
β var(X)−1sβ + 2ksT

β β lasso

var(Y)

= 1 − var(Y|X) + k2sT
β var(X)−1sβ + 2k‖β lasso‖

var(Y)
. (17)

From (11) we have that

R
(lasso)2
Y|X = 1 − varlasso(Y|X) + 2k‖β lasso‖

var(Y)
,

which is the expression (12).
Finally, substituting R2

Y|X = 1 − var(Y|X)
var(Y)

back in (17) gives us the result of (13).

Proof of Corollary 1 The R2
Y|X of the lasso regression is re-

lated with the ordinary multiple correlation through

R
(lasso)2
Y|X = 1 − varlasso(Y|X) − 2k

∥

∥β lasso
∥

∥

1

= 1 − var(Y|X) − k2sT
β var(X)−1sβ − 2k

∥

∥β lasso
∥

∥

1

= R
(ols)2
Y|X − k2sT

β var(X)−1sβ − 2k
∥

∥β lasso
∥

∥

1.

Hence, R
(lasso)2
Y|X ≤ R

(ols)2
Y|X ≤ 1, which also implies that

R
(lasso)2
Y|X cannot exceed 1. �

Proof of Theorem 1 We consider the Laplace approximation
of the unicovariate BF, which gives

LBFun
j = ck

[

1 − (ρj − ks
̂β)2]−df/2

, (18)
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where ρj is sample Pearson correlation between Y and Xj .
Equating (15) and (18), the threshold values of the Pearson
and partial correlations satisfy the following

c
[

1 − (ρj − ks
̂β)2]−df/2

= cmu
(

1 − ρ2
y,Xj |X

m
−
j

)−dfmu/2

× [(

1 − R
(ols)2
Xj |X

m
−
j

)(

1 − R
(lasso)2
y|X

m
−
j

)]−1/2

1 − (ρj − ks
̂β)2

=
(

c

cmu

)2/df
(

1 − ρ2
y,Xj |X

m
−
j

)dfmu/df

× [(

1 − R
(ols)2
Xj |X

m
−
j

)(

1 − R
(lasso)2
y|X

m
−
j

)]1/df (19)

where ρy,Xj |X
m

−
j

= corr(lasso)(y,Xj |Xm−
j
).

The ratio c
cmu

is approximately equal to ( n
n+p−1 )1/2 ≤ 1

for large n and thus, ( c
cmu

)2/df ≤ 1. Moreover,

[(

1 − R
(ols)2
Xj |X

m
−
j

)(

1 − R
(lasso)2
y|X

m
−
j

)]1/df

≤ (

1 − R
(ols)2
Xj |X

m
−
j

)(

1 − R
(lasso)2
y|X

m
−
j

) ≤ 1,

since R
(ols)2
Xj |X

m
−
j

and R
(lasso)2
y|X

m
−
j

lie in the [0,1] interval. Us-

ing these two inequalities in (19), we obtain that (1 −
ρ2

y,Xj |X
m

−
j

)dfmu/df ≤ 1 − ρ2
y,Xj |X

m
−
j

finally concluding to

ρ2
y,Xj |X

m
−
j

≤ (ρj − ks
̂β)2. �

Proof of Corollary 2 The proof of Corollary 2, immediately
follows Theorem 1 if we set LBFun

j = LBFmu
m,j = 1. �

Proof of Corollary 3 For n → ∞, in (19) we have that k =
λ/(n − 1) → 0, (ρj − ks

̂β) → ρj , df → ∞, dfmu/df → 1

and ( c
cmu

)2/df → 1. Returning back to (19), for large n we

obtain that ρ2
y,Xj |X

m
−
j

≈ ρ2
j . �
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