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Abstract

In two-way contingency tables analysis, a popular class of models for describing the structure of the association between the two
categorical variables are the so-called “association” models. Such models assign scores to the classification variables which can be
either fixed and prespecified or unknown parameters to be estimated. Under the row–column (RC) association model, both row and
column scores are unknown parameters without any restriction concerning their ordinality. It is natural to impose order restrictions
on the scores when the classification variables are ordinal. The Bayesian approach for the RC (unrestricted and restricted) model is
adopted. MCMC methods are facilitated in order the parameters to be estimated. Furthermore, an alternative parametrization of the
association models is proposed. This new parametrization simplifies computation in the MCMC procedure and leads to a natural
parameter space for the order constrained model. The proposed methodology is illustrated via a popular dataset.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Let y = (yij ) be a frequency table, produced by the cross-classification of two categorical variables X and Y with I
and J categories, respectively. The sampling scheme can be either multinomial or independent Poisson for each cell of
the table. The total sample size of this table is denoted by n = y·· = ∑I

i=1
∑J

j=1 yij while � = (�ij ) stands for the
underlying probability table. Considering scores μ = (�1, �2, . . . , �I ) and � = (�1, �2, . . . , �J ) for the categories of
the row and column classification variables, respectively, and replacing the interaction parameter �XY

ij of the saturated
log-linear model (hereby denoted by S) by the product �i�j , the family of association models (Goodman, 1979, 1981)
is generated. More formally, association models are expressed as

log �ij = � + �X
i + �Y

j + �i�j for i = 1, . . . , I, j = 1, . . . , J . (1)
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For identifiability purposes, the sum-to-zero constraints are imposed on row and column main effects �X
i and �Y

j , i.e.,

I∑
i=1

�X
i =

J∑
j=1

�Y
j = 0, (2)

as well as on the row and column scores, as stated below

I∑
i=1

�i =
J∑

j=1

�j = 0. (3)

Moreover, an additional constraint is needed in order to identify the scores’ estimates (due to the fact that (1) is not
linear in its parameters). Association models were initially introduced by (1) but later on (cf. Goodman, 1985) they
were defined through the equivalent expression

log �ij = � + �X
i + �Y

j + ��̃i �̃j for i = 1, . . . , I, j = 1, . . . , J , (4)

which reveals the analogies of the RC model to the classical correspondence analysis (CA) or canonical correlation
model. The parameter � is an intrinsic association parameter and is redundant. Its introduction to the RC model definition
serves interpretation purposes and results to the introduction of an extra constraint on the scores’ parameters �̃i and �̃j .
This leads to the symmetric treatment of the row and column scores. In this case, the usual imposed constraints on the
scores’ parameters of model (4) are

I∑
i=1

w1i �̃i =
J∑

j=1

w2j �̃j = 0 and
I∑

i=1

w1i �̃
2
i =

J∑
j=1

w2j �̃
2
j = 1, (5)

where w1i , w2j are some positive weights. Common values of the weights are w1i = w2j = 1, for all i, j or w1i = �i·
and w2j =�·j , i = 1, . . . , I , j = 1, . . . , J . Arguments for the appropriate choice of the weights can be found in Becker
and Clogg (1989). The use of marginal weights reveals analogies of association to canonical correlation models.

According to the assumptions made concerning the row and column scores, alternative association models are
obtained. Hence, if both row and column scores are known and fixed then model (4) degenerates to the linear by linear
(LL) association model which has one parameter (namely �) additional to the independence model (denoted by I).
When only the row or the column scores are parametric then we end up with the row (R) or the column (C) model,
respectively. Finally, when both row and column scores are parameters under estimation, then the multiplicative RC
association model is achieved. The models LL, R and C are special cases of log-linear models while RC is not.

The association models (1) can equivalently be expressed in terms of the (I − 1)(J − 1) odds ratios of the adjacent
categories as

log

(
�ij�i+1,j+1

�i,j+1�i+1,j

)
= (�i+1 − �i )(�j+1 − �j ) for i = 1, . . . , I − 1, j = 1, . . . , J − 1, (6)

offering an insight concerning the meaning of the association parameters. To be more specific, this expression clarifies
that the difference between scores of successive categories is important for the association structure rather than their
values themselves. When the scores are known and fixed, a natural and usual choice is to consider them equidistant
for successive categories, unless other information is available. Hence, known scores are monotonic, which is not
necessarily the case for parametric ones. Consequently, in the case of an ordinal classification variable, the estimated
parametric scores may violate the natural underlying ordering. Such cases rise the necessity of setting up a model using
an order-restricted score estimation.

Association models can be implemented through standard frequentists’ approach either by the Newton’s unidimen-
sional algorithm (Goodman, 1979; Becker, 1990) or the Newton–Raphson algorithm (Haberman, 1995; Ait-Sidi-Allal
et al., 2004). The algorithms proposed by these authors is for the general association model of order K, denoted as
RC(K), and defined by

log �ij = � + �X
i + �Y

j +
K∑

k=1

�k�ik�jk ,
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for i = 1, . . . , I, j = 1, . . . , J, and 1�K �M = min(I, J ) − 1. For K = 1 it is reduced to the RC model while for
K = M , the RC(M) model is an equivalent expression of the saturated model. Order-restricted estimation of the C
model (and consequently of the R) is provided by Agresti et al. (1987) through the pooled adjacent violation algorithm
while for the general RC model the order-restricted maximum likelihood estimation is due to Ritov and Gilula (1991,
1993). They also provided the order-restricted maximum likelihood estimation for the correlation model (cf. Goodman,
1981).

From the Bayesian point of view, an empirical Bayes analysis of the RC model has been considered by Chuang
(1982) and Evans et al. (1993). They set a prior distribution for the parameters of the saturated log-linear model and
estimated the posterior distribution of the parameters of the RC through minimization of the Euclidean squared distance
between the interaction terms of the two models. Further on, a smoothing of the cell probabilities based on the LL model
has been suggested by Agresti and Chuang (1989), while Albert (1997) worked also the Bayesian estimation of the LL
model. However, the above approaches do not allow for the implementation of the full Bayesian inference, which is
provided for the general RC(K) model by Kateri et al. (2005). The algorithm provided by the latter work can be directly
applied for the simple RC model by setting K = 1. In the following we propose an alternative parametrization for
the RC model which considerably simplifies the parametric space and helps us to construct simpler MCMC samplers.
Moreover, the Bayesian inference concerning the order-restricted RC model has not been treated yet. This constitutes
the main contribution of our paper.

The parametrization used in Kateri et al. (2005) serves the needs of the more complex RC(K) model and since it
could be simplified in the context of the simple RC model, we first propose in Section 2 an alternative approach for
the Bayesian estimation of the RC model. Of course, variations of this algorithm can be used for the simpler R and
C models. Next, we proceed in Section 3 with the estimation of the RC model with order constraints applied on one
or both set of scores. The evaluation of the model adequacy through information based criteria (AIC, BIC and DIC)
is provided in Section 4. In Section 5, the proposed algorithms and evaluation procedure are illustrated on a classical
data set. Results are summarized and topics for further research are introduced in the final section.

2. Bayesian analysis of the RC model

2.1. Scores’ parametrization and prior distributions

Although the usual form of the RC model (4) and its parametrization is convenient for interpretation, it complicates
the corresponding Bayesian analysis. Constraints (5) need to be obeyed by the prior distributions of the parameters, a
fact that leads to complicated posterior distributions. As a result, sophisticated and complex MCMC algorithms need
to be constructed in order to estimate such posterior distributions. For details on this procedure in the context of the
RC(K) model, see in Kateri et al. (2005).

Here, we shall adopt the alternative parametrization of the RC model in (1). Hence the constraints (3) lead to

�1 = −
I∑

i=2

�i and �1 = −
J∑

j=2

�j . (7)

As already argued in Section 1, an additional constraint is needed for identifiability purposes. Without loss of generality
we set

�2 = 1. (8)

Alternatively, we could set a similar constraint on �2 or any other row or column category score. This reparametrization
is feasible for I �3 (for the row scores) and for J �3 (for the column scores). In different case (I = 2 or J = 2) the
RC model is saturated and equivalent to the C or R model, respectively, and will be fitted through the corresponding
procedures (presented later on).

In this framework, the resulting posterior distributions (and the corresponding MCMC scheme) are simpler and easier
to work, since we avoid the unit constraints on the I- and J-dimensional spheres. Moreover, it can be used directly
for the ordered RC model which is the main objective of this paper. Since the cells probabilities’ estimates under an
association model are not affected by linear transformations of the scores, one could find the sample posterior means of
the scores and rescale them in order to obey the desired constraints. Hence, a sample from the standard parametrization
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(5) can be easily obtained by transforming the generated values of the MCMC output in each iteration (see Viele and
Srinivasan, 2000, for similar practice in the analysis of variance framework).

Concerning the prior structure of the parameters, we facilitate the usual normal priors for �X and �Y given by

�X
i ∼ Normal(0, �2

�X
i

), i = 2, . . . , I ,

and

�Y
j ∼ Normal(0, �2

�Y
j

), j = 2, . . . , J .

No prior is needed for �X
1 and �Y

1 since they are simply functions of the rest of the parameters (�X
1 =−∑I

i=2 �X
i and �Y

1 =
−∑J

j=2 �Y
j ). Similarly, since �1, �1 and �2 are specified via (7) and (8), we need to assign prior distributions only for

the remaining row and column scores. Moreover, these constraints simplify the parameter space and allow the use of
normal prior distributions of the form

�i ∼ Normal(0, �2
�i

), i = 2, . . . , I ,

and

�j ∼ Normal(0, �2
�j

), j = 3, . . . , J .

When no information is available we use large prior variances �2
�X

i

, �2
�Y

j

, �2
�i

and �2
�j

(for example 103) to represent

prior ignorance.

2.2. MCMC

The vector of the non-redundant model parameters involved in the posterior distribution are

� = (�X\{1}, �Y\{1}, μ\{1}, �\{1,2})
= (�X

2 , . . . , �X
I , �Y

2 , . . . , �Y
J , �2, . . . , �I , �3 . . . , �J ).

The remaining parameters are functions of � given by constraints (2), (7) and (8). Similarly, the constant term � is
evaluated by

� = �(�) = − log
I∑

i=1

J∑
j=1

exp{�X
i + �Y

j + �i�j }.

The likelihood is given by

f (y|�) = n!∏
i,j yij ! exp

⎧⎨
⎩n�(�) +

I∑
i=1

yi.�
X
i +

J∑
j=1

y.j�
Y
j +

I∑
i=1

J∑
j=1

yij�i�j

⎫⎬
⎭ ,

while the posterior distribution

f (�|y) ∝ f (y|�)

I∏
i=2

f (�X
i )

J∏
j=2

f (�Y
j )

J∏
i=2

f (�i )

J∏
j=3

f (�i )

is estimated using MCMC. The conditional posterior distributions used in the Gibbs sampler are given by

f (�X
i |�\�X

i
, y) ∝ exp{n�(�) + (yi. − y1.)�

X
i }f (�X

i ) for i = 2, . . . , I , (9)

f (�Y
j |�\�Y

j
, y) ∝ exp{n�(�) + (y.j − y.1)�

Y
j }f (�Y

j ) for j = 2, . . . , J , (10)

f (�i |�\�i
, y) ∝ exp

⎧⎨
⎩n�(�) + �i

J∑
j=1

(yij − y1j )�j

⎫⎬
⎭ f (�i ), (11)
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for i = 2, . . . , I , and

f (�j |�\�j
, y) ∝ exp

{
n�(�) + �j

I∑
i=1

(yij − yi1)�i

}
f (�i ), (12)

for j = 3, . . . , J . We use the above equations to construct a Metropolis within Gibbs sampler. All the parameters are
generated using the random walk Metropolis approach.

In case we would like to have estimates for the parameters of the (4) version of the RC model, we could rescale the

posterior mean estimates of the row and column scores by �̃i = �i/

√∑I
i=1�

2
i and �̃j = �j /

√∑J
j=1�

2
j , respectively, in

order to harmonize them completely with the constraint (5) with unit weights. The transformed scores are in agreement

with model (4) with � =
√∑I

i=1 �2
i

√∑J
j=1 �2

j . If a different weighting system is used, the scores are transformed
analogously.

3. The ordered RC model

3.1. Prior distributions and ordered constraints

As it is argued in Section 1, in case of estimating scores of an ordinal variable, the ordering of the categories is not
necessarily reflected in the simple RC model, giving ground for the development of the order-restricted estimation of
the scores. Thus, the order constrainted RC model requires for the row scores to have ascending (�1 < �2 < · · · < �I )

or descending (�1 > �2 > · · · > �I ) order and/or the same argument holds for the column scores �1, . . . , �J . If this
is the case, in order to simplify the estimation procedure, we always consider the ascending order for the scores
(�1 < �2 < · · · < �I and �1 < �2 < · · · < �J ) and multiply their product term in model (1) by 1 or −1 according to
whether the association is assumed positive or negative.

Since the crucial quantity is the difference between two successive scores and not the individual scores (see (6)), we
shall focus on these differences. Hence, we define the differences between two subsequent row and column scores,

��1
= �1, ��i

= �i − �i−1, i = 2, . . . , I ,

and

��1 = �1, ��j
= �j − �j−1, j = 2, . . . , J .

From the above we have that the row and column scores, �i and �j , respectively, for i �= 1 and j �= 1 are provided by

�i =
i∑

k=1

��k
, i = 2, . . . , I, �j =

j∑
k=1

��k
, j = 3, . . . , J ,

while �1 and �1 are given by

�1 = ��1
= −I−1

I∑
k=2

(I − k + 1)��k
(13)

and

�1 = ��1 = −
J∑

k=3

(J − k + 1)��k
− (J − 1), (14)

respectively. Note that constraint (8) implies that ��2 = 1 +∑J
k=3(J − k + 1)��k

+ (J − 1). Hence we need to specify
priors directly on ��i

for i = 2, . . . , I and ��j
for j = 3, . . . , J . Additionally, the prior distributions for ��i

and ��j

are defined in the range of positive numbers, so that the ascending nature of the row and column scores is assumed.
In order to retain a prior similar to the normal one used in the simple (unordered) RC model, we may use a truncated
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normal prior, for example ��i
∼ N(0, �2

��i

)I (��i
> 0). Another alternative is the lognormal distribution of the type

��i
∼ LN(0, �2

log ��i

). The main disadvantage of both the above prior setups is that the resulting prior means E(��i
) will

depend on the prior scale parameters �2
��i

and �2
log ��i

, respectively. Thus, for the cases where we need to express low

prior information using large values of �2
��i

or �2
log ��i

this will result to large prior means that may finally influence the

posterior distributions or cause computational problems. For this reason, we prefer to adopt a gamma prior distribution
for positive parameters, i.e.,

��i
∼ Gamma(a�i

, b�i
), i = 2 . . . I ,

and

��j
∼ Gamma(a�j

, b�j
), j = 3, . . . , J .

We remind that ��1
, ��1 and ��2 will be specified directly via Eqs. (13) and (14).

3.2. MCMC sampler

To facilitate notation, we denote the vector of all model parameters of the order-restricted model by

ϑ = (�X\{1}, �Y\{1}, ��\{1}, ��\{1,2})
= (�X

2 , . . . , �X
I , �Y

2 , . . . , �Y
J , ��2

, . . . , ��I
, ��3 , . . . , ��J

).

Note that for every set of the ordinal parameters ϑ we can calculate a corresponding set of � parameters using the
equations above (13) and (14). Hence, in the order-restricted model, the row and column parameters �i and �j are
simply functions of their corresponding differences ��i

and ��j
denoted by �i (��) and �j (��). Moreover, the constant

term � is a function of the whole parameter vector ϑ and is given in a similar way as in the simple RC model by

�(ϑ) = − log
I∑

i=1

J∑
j=1

exp{�X
i + �Y

j + �i (��)�j (��)}.

The conditional posterior distributions of �X
i and �Y

j will remain the same as in the unordered case, hence f (�X
i |ϑ\�X

i
)

and f (�Y
j |ϑ\�Y

j
) are given by (9) and (10). The row and column parameters are functions of �� and �� resulting in the

following posterior distributions of row and column score differences:

f (��i
|ϑ\��i

, y) ∝ exp

⎧⎨
⎩n�(ϑ) +

⎛
⎝ J∑

j=3

	ij��j

⎞
⎠ ��i

⎫⎬
⎭ f (��i

)

and

f (��j
|ϑ\��j

, y) ∝ exp

{
n�(ϑ) +

(
I∑

i=3

	ij��i

)
��j

}
f (��j

),

where

	ij = (I − i + 1)(J − j + 1)y11 − (J − j + 1)Yi+,1 − (I − i + 1)Y1,j+ + Yi+,j+

for Yi+,j =∑I
k=iykj , Yi,j+=∑J

�=j yi� and Yi+,j+=∑I
k=i

∑J
�=j yk�. We construct a Metropolis within Gibbs algorithm.

We use symmetric proposals for updating �X and �Y resulting to simple random walk Metropolis steps. For the
differences ��\{1} and ��\{1,2} we use multiplicative random walks (symmetric normal proposals on their logarithms)
in order to propose positive values. In all steps, the variances of the proposals have been tuned to achieve acceptance
rate equal to 30–50%.
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4. Model evaluation using AIC, BIC and DIC

In order to compare the RC unrestricted and ordered-restricted models proposed above and evaluate their performance,
we facilitate the DIC (Spiegelhalter et al., 2002) and versions of the AIC/BIC (see Brooks, 2002) measures. Hence we
consider models

m ∈ M = {I, LL, R, C, RC, S, Rord, Cord, RCord},
with corresponding parameter vector �m, where Rord, Cord and RCord stand for the order constrained R, C and RC
models, respectively.

DIC has been introduced by Spiegelhalter et al. (2002) as a measure of model adequacy and is given by

DIC(m) = 2D(�m, m) − D(�m, m) = D(�m, m) + 2pm,

where pm = D(�m, m) − D(�m, m) can be interpreted as the number of “effective” parameters for model m, �m is the
posterior mean of the parameters involved in model m, D(�m, m) = −2 log f (y|�m, m) is the deviance measure of a
model m and D(�m, m) is its posterior mean. Note that assuming multinomial sampling, the above measure becomes

D(�m, m) = C − 2
I∑

i=1

J∑
j=1

yij log �ij ,

where C is a constant common across all models that depends only on y. To simplify computations, we use the
unnormalized version of the likelihood in the deviance term.

An important problem with DIC is that, in some cases, pm might take negative values hence inflating the log-
likelihood by providing an additional positive bonus (instead of penalizing it) for some particular models. Moreover,
in some models with complicated parameter structure the mean of the parameters may not provide a stable estimate of
the minimum deviance and hence it may be more efficient to use the posterior means of �m for each cell probability
(see for an example in Kateri et al., 2005). Hence, in our setting we propose to use

DIC(m) = D(�m, m) + 2pm,

with

pm = D(�m, m) − D(�m, m).

Furthermore, we use BIC which can be thought as a rough approximation of the Bayes factor (for details, see Raftery,
1995). In its original form it is defined as

BIC(m) = D(�̂m, m) + dm log n,

where �̂m denotes the maximum likelihood estimate of model’s m parameter vector �m and dm is its dimension.
Alternatively, in the calculation of BIC we may use the posterior mode or the posterior mean �m (Raftery, 1996) or
even BICs whole posterior distribution (see Brooks, 2002). Following the same arguments as in DIC, we propose
to use in the calculation of BIC the estimated posterior means of the multinomial probabilities which will provide a
more accurate and stable estimate of the minimum deviance measure, especially when the parametric space is very
complicated. Hence, we may estimate the minimum value of BIC,

BIC(m) = D(�m, m) + dm log n.

Similarly, we may also use the corresponding versions of AIC (Akaike, 1973) given by

AIC(m) = D(�m, m) + 2 dm.

When fixed effects models and strict equality constraints are considered, then dm and pm (used in DIC) are approximately
equal resulting to similar AIC and DIC values.

All the criteria described above have similar structure since they are composed by two components. The first one is
the deviance term D(�m, m) (evaluated in the posterior mean or mode) and can be thought as a measure of fit while
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the second one is a penalty term which accounts for the complexity of the model. A major disadvantage when using
AIC and BIC for the comparison between the unrestricted and order-restricted versions of the same model is that the
penalty term depends only on the dimension of the corresponding parameter space and hence it will not account for
any inequality constraints. Therefore, when comparing a model to an order-restricted version of it, for example models
RC and RCord, then the penalty of both AIC and BIC will be the same although the complexity of the order-restricted
model will be lower (see for similar arguments Myung et al., 2005). Hence, these measures will always support the
unrestricted model. This is not the case for the DIC which penalizes the deviance term with the number of the “effective”
parameters pm, accounting also for the imposed order-restriction constraints (see for details Spiegelhalter et al., 2002).
In the limited case where the posterior distributions of the scoring parameters of RC have a strict hierarchy (which
means that P(�1 < · · · < �I |y) = 1) then the order restrictions do not imply additional information (or constraints) for
the fitted model. As a result the fit as well as the number of “effective” estimated parameters will be the same for the
RC and RCord models. Consequently, viewing the problem from the reverse standpoint, equal or close DIC values for
the RC and RCord models indicate that the data themselves provide information for the ordinal structure of the scoring
parameters and therefore no additional order constraints are needed. When ordering violations exist then the inequality
constraints will force the posterior distributions of the corresponding parameters to be close, indirectly reducing the
parameter space by this way. Hence, the difference in the number of “effective” parameters between RC and RCord
provide valuable information for the number of ordering violations. Similar arguments have been used by Myung et
al. (2005) in order to implement DIC for the comparison of order-restricted axiomatic statements. However, AIC and
BIC can still be used for comparing models of different dimension but with the same ordering structure.

5. Illustration

In this section we implement our proposed analysis on a classical dataset introduced by Maxwell (1961), concerning
the severity of dreams’ disturbance for boys aged 5 to 15. The data, provided in Table 1, form a 5 × 4 contingency
table cross-tabulating two variables: the age of the child participating in the study (divided in five categories: 5–7, 8–9,
10–11, 12–13, 14–15) and the severity of his dreams disturbance (levels 1–4 from low to high). Among others, these
data have been analyzed by Agresti et al. (1987) using the order-restricted column association model and by Ritov
and Gilula (1993) applying maximum likelihood estimated correlation models. Both identified negative association
between age and severity of disturbances. To be more specific, Agresti et al. (1987) proposed an order-restricted C
model under which �̂1 < �̂2 = �̂3 < �̂4. Ritov and Gilula (1993) suggested order restriction on the age classification
variable as well. Thus, they concluded to the correlation model with �̂1 < �̂2 = �̂3 < �̂4 and �̂1 = �̂2 < �̂3 = �̂4 < �̂5.

To illustrate our proposed methodology we have fitted a large variety of models including LL, R, C and RC and
the corresponding order-restricted models. The independence (I) and saturated/full (S) models are also provided
for comparative purposes. In order to compare these models we have used the BIC, AIC and DIC, described in

Table 1
Cross-classification of 223 boys by severity of disturbances of dreams and age. Means of the predicted values for the frequencies yij under the
models RC, RCord and RCord with ��2

= ��4
= ��3 = 0, respectively, are provided in parentheses

Age group Disturbance (from low to high) Total

1 2 3 4

5–7 7 4 3 7 21
(6.8/ 4.3/ 5.2) (5.0/ 5.1/ 5.0) (4.3/ 5.4/ 4.9) (4.9/ 6.2/ 5.9)

8– 9 10 15 11 13 49
(10.9/ 12.8/ 12.0) (14.2/ 11.6/ 11.8) (10.5/ 11.9/ 11.5) (13.3/ 12.9/ 13.8)

10–11 23 9 11 7 50
(23.3/ 21.3/ 23.4) (8.8/ 10.0/ 9.4) (9.4/ 9.6/ 9.2) (8.4/ 9.0/ 8.0)

12–13 28 9 12 10 59
(28.0/ 29.6/ 27.6) (10.2/ 10.6/ 11.1) (11.1/ 10.0/ 10.8) (9.9/ 8.8/ 9.4)

14–15 32 5 4 3 44
(30.9/ 32.0/ 31.8) (3.7/ 4.8/ 4.7) (5.6/ 4.2/ 4.6) (3.7/ 3.1/ 2.8)

Total 100 42 41 40 223
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Table 2
Unnormalized versions of model selection criteria for association models

Model dm pm DIC AIC BIC

AIC(�m) (2.5–97.5%) BIC(�m) (2.5–97.5%)

Independence 7 7.0 1288.0 1288.0 1289.6–1303.8 1311.8 1313.5–1327.7
Saturated 19 19.5 1280.5 1279.5 1289.0–1313.0 1344.2 1353.0–1378.0

LL 8 8.2 1272.0 1271.5 1273.8–1289.5 1298.8 1301.0–1316.8
Row 11 11.3 1273.2 1272.5 1276.5–1295.1 1310.0 1314.0–1332.6
Column 10 10.1 1270.8 1270.6 1273.9–1291.5 1304.7 1308.0–1325.6
RC 13 12.8 1270.6 1271.0 1275.8–1295.9 1315.3 1320.1–1340.2

Negative association
Ordered models
Row 11 9.7 1271.5 1274.2 1276.8–1294.6 1311.7 1314.2–1332.0
Column 10 8.8 1269.7 1272.0 1274.2–1291.2 1306.1 1308.3–1325.3
RC 13 10.0 1268.1 1274.0 1276.6–1294.3 1318.3 1320.9–1338.6

Row ��2
= 0 10 9.4 1270.2 1273.4 1276.1–1293.2 1310.8 1313.5–1330.6

Row ��4
= 0 10 9.4 1270.4 1273.5 1276.2–1293.3 1310.9 1313.7–1370.8

Row ��2
= ��4

= 0 9 9.1 1268.8 1272.6 1275.4–1291.7 1310.1 1312.9–1329.2
Column ��3 = 0 9 8.7 1268.4 1271.0 1273.5–1289.6 1305.0 1307.6–1323.7
RC ��2

= 0 12 9.8 1266.6 1270.9 1273.8–1290.9 1311.8 1314.6–1331.7
RC ��3 = 0 12 10.1 1267.9 1271.7 1274.3–1292.6 1312.6 1315.2–1333.5
RC ��2

= ��3 = 0 11 9.8 1265.9 1268.4 1271.4–1288.8 1305.9 1308.9–1326.3
RC ��2

= ��4
= ��3 = 0 10 9.9 1265.7 1265.8 1269.0–1986.0 1299.9 1303.1–1320.1

Section 4. Detailed results of these measures are provided in Table 2. The association models presented in Table 2
assume negative association (�=−1). The corresponding positive association models are not listed since their criteria
values indicated much worse fit. For example, the RCord for positive association gave DIC = 1295.4, which is even
worse than the independence model.

All models considered here are implemented in R and Fortran. The R routine is available at http://stat-athens.aueb.gr/
jbn/papers/paper15.htm. In R we have used univariate random walks for all parameters with acceptance rates between
30% and 50% while in Fortran, multivariate random walks with similar acceptance rate. Results presented in this section
have been reproduced using 10,000 iterations and additional burn-in period of 1000 iterations with the exception of the
RCord model with ��2

= ��4
= ��3 = 0, for which the iterations were increased to 20,000 in order to reduce the Monte

Carlo error. Convergence has been checked graphically (using ergodic means) and by CODA diagnostics (Best et al.,
1995). Furthermore, we observed stability of the posterior summaries when increasing the number of iterations.

Starting from the unrestricted models, we observe for Table 2 that both DIC and AIC support C and RC models with
identical values. BIC is more strict and supports the simpler uniform association model. Posterior summaries of row
and column scores are given in Table 3 while Boxplots of the rescaled parameters are provided in Fig. 1.

In order to assess the ordinality of the row and column scores of the RC model and to be guided toward a certain
order-restricted model (if there is evidence for it), we calculate the posterior probabilities of ordering violations for the
scores of the unrestricted RC model. Thus, without loss of generality, let preassume the strict ordering �1 < · · · < �I

and �1 < · · · < �J for the row and column scores, respectively. In this case, P(��i
< 0|y)=P(�i < �i−1|y), i=2, . . . , I ,

and P(��j
< 0|y)=P(�j < �j−1|y), j =2, . . . , J , are the posterior probabilities of order violations between successive

categories. If all these probabilities corresponding to row (column) scores are low, then this is considered as evidence
in favour of the assumed ordering for the corresponding classification variable. On the other hand, if all of them are
high, then this is also evidence of ordering but of the inverse direction. Otherwise, when only some ordering violations
occur with high posterior probabilities, then this is considered as indication of violation of the assumed ordering for
the corresponding scores and an equality constraint for these scores in the order restricted model is imposed.

For our example, these probabilities are provided in Table 4 from which we observe high posterior probability (> 0.5)

for the ordering violation of �1, �2 and �3, �4 in model R. For the C model, there is evidence only for one violation
(between �2 and �3) with posterior probability greater than 0.7. When considering the RC model, clear evidence of

http://stat-athens.aueb.gr/jbn/papers/paper15.htm
http://stat-athens.aueb.gr/jbn/papers/paper15.htm
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Table 3
Posterior summaries for RC(1), RC(1)

ord and RC(2)
ord with ��2

= ��4
= ��3 = 0 model parameters (burn-in = 1000 iterations; total iterations kept: (1)

10,000 iterations, (2) 20,000 iterations)

Parameters Posterior summaries Rescaled summariesa Summaries of rescaled parametersb MLE

Mean Median St. dev. Mean Median Mean Median St. dev.

RC
� 1.00 1.00 −1.87 −1.43 −1.67 −1.66 0.34 −1.56
�1 0.18 0.15 0.16 −0.30 −0.28 −0.28 −0.30 0.20 −0.30
�2 0.36 0.34 0.19 −0.61 −0.60 −0.58 −0.58 0.13 −0.61
�3 −0.05 −0.04 0.11 0.08 0.07 0.08 0.08 0.15 −0.09
�4 −0.06 −0.05 0.10 0.10 0.09 0.10 0.10 0.15 0.11
�5 −0.43 −0.42 0.21 0.72 0.74 0.68 0.69 0.10 0.72
�1 −2.62 −2.09 1.62 −0.84 −0.82 −0.79 −0.81 0.07 −0.84
�2 1.00 1.00 0.00 0.32 0.40 0.38 0.38 0.15 −0.30
�3 0.26 0.09 0.88 0.08 0.04 0.04 0.04 0.20 0.09
�4 1.36 1.02 1.22 0.44 0.40 0.37 0.39 0.18 0.44

RCord

� −1.00 −1.00 −2.37 −1.59 −1.72 −1.70 0.34 −1.61
�1 −0.13 −0.12 0.07 −0.55 −0.55 −0.53 −0.53 0.08 −0.47
�2 −0.09 −0.08 0.05 −0.38 −0.37 −0.37 −0.38 0.08 −0.47
�3 0.00 0.00 0.03 0.02 0.01 0.01 0.02 0.11 0.10
�4 0.04 0.04 0.04 0.19 0.17 0.18 0.18 0.11 0.10
�5 0.17 0.17 0.09 0.72 0.73 0.71 0.72 0.09 0.73
�1 −8.26 −5.92 8.06 −0.83 −0.84 −0.84 −0.84 0.02 −0.83
�2 1.00 1.00 0.00 0.10 0.14 0.14 0.14 0.06 0.16
�3 2.34 1.54 2.75 0.24 0.22 0.24 0.25 0.07 0.16
�4 4.92 3.28 5.71 0.49 0.47 0.45 0.45 0.08 0.51

RCord with ��2
= ��4

= ��3 = 0
� −1.00 −1.00 0.00 −3.30 −1.57 −1.67 −1.66 0.34 −1.61
�1 −0.11 −0.10 0.06 −0.47 −0.47 −0.46 −0.47 0.05 −0.47
�2 −0.11 −0.10 0.06 −0.47 −0.47 −0.46 −0.47 0.05 −0.47
�3 0.02 0.02 0.03 0.10 0.08 0.09 0.10 0.09 0.10
�4 0.02 0.02 0.03 0.10 0.08 0.09 0.10 0.09 0.10
�5 0.17 0.16 0.09 0.73 0.74 0.73 0.74 0.09 0.73
�1 −11.04 −5.82 18.09 −0.77 −0.82 −0.81 −0.82 0.04 −0.83
�2 1.00 1.00 0.00 0.07 0.14 0.14 0.14 0.08 0.16
�3 1.00 1.00 0.00 0.07 0.14 0.14 0.14 0.08 0.16
�4 9.04 3.82 18.09 0.63 0.54 0.53 0.54 0.11 0.51

aPosterior summaries of row and column scores are rescaled in order to satisfy the sum of squares equal to one constraint.
bPosterior summaries of the rescaled sample resulted by transforming the original sample so that (in each iteration) row and column scores satisfy

the sum of squares equal to one constraint.

ordering violation is observed between �1, �2 and �2, �3 (posterior probability > 0.8). Weaker evidence of ordering
violation is provided for �3, �4 (posterior probability about 0.4). Additionally, the marginal posterior probabilities of
the number of positive score differences in the unrestricted models are provided in Table 5. These probabilities suggest
for the R model the consideration of four or three distinct ordered scores (i.e. one or two equality constraints) with
posterior probabilities 0.5 and 0.33, respectively.Analogously, three distinct ordered scores (i.e. one equality constraint)
with posterior probability 0.75 could be suggested for the column scores of the C model. Similar are the conclusions
for the RC model based on the corresponding marginal probabilities. Note that also the joint posterior probabilities
of scores’ ordering violations (not shown) are higher for the model with three row and three column distinct ordered
scores (equal to 0.44) followed by the model with four row and three column distinct ordered scores (with posterior
probability equal to 0.31). Thus, possible score equalities are �1 =�2 (��2

=0), �3 =�4 (��4
=0) and �2 =�3 (��3 =0).

These order violations are in agreement with the maximum likelihood analysis of Agresti et al. (1987) and Ritov and
Gilula (1993).
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Fig. 1. Boxplots of the rescaled row and column scores for RC, RCord and RCord with ��2 = ��4 = ��3 = 0 models.

So, we have proceeded by fitting the strictly ordered restricted versions of R, C and RC, denoted by Rord, Cord and
RCord, respectively, as well as, models using row and column score equalities, as indicated by the above analysis. For
the comparison of these models we base our inference mainly on DIC which also penalizes the deviance measure for
the additional ordering constraints (see Section 4 for more details). The number of effective parameters of the RC and
RCord models differ by almost three (12.8 vs. 10). This is an indication that three violations exist in the ordering of row
and column scores and is in concordance with the posterior probabilities of ordering violation, which indicated two
possible violations for row scores and one for the column scores. Similar are the conclusions when we compare the
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Table 4
Posterior probabilities of ordering violations (negative score differences ��i

, ��j
) in unrestricted models

Model Row scores’ differences Column scores’ differences

P(��2
< 0) P (��3

< 0) P (��4
< 0) P (��5

< 0) P (��2 < 0) P (��3 < 0) P (��4 < 0)

R 0.5829 0.0170 0.5513 0.0025
C 0.0001 0.7323 0.0974
RC 0.8190 0.0029 0.4427 0.0075 0.0000 0.8874 0.1928

Table 5
Marginal posterior probabilities of the number of positive score differences in the unrestricted models

Model Distribution of {#�� > 0} Distribution of {#�� > 0}
4 3 2 1 0 3 2 1 0

R 0.1748 0.4968 0.3282 0.0002 0.0000
C 0.2063 0.7576 0.0361 0.0000
RC 0.1104 0.5501 0.3390 0.0004 0.0000 0.1309 0.7794 0.0897 0.0000

dimension and the number of “effective” parameters in the rest of the order constrained models. Moreover, DIC values
indicate the RCord model with �1 = �2 (��2

= 0), �3 = �4 (��4
= 0) and �2 = �3 (��3 = 0) as the best fitted model,

closed followed by the RCord model with �1 = �2 (��2
= 0) and �2 = �3 (��3 = 0). Note that the best DIC model is

also supported by AIC and is the second best according to BIC. This model was indicated by Ritov and Gilula (1993)
as well. They proceeded further by collapsing the categories of equal scores and concluded thus to a 3 × 3 table. In
general, whether we adopt the collapsing of the corresponding categories is a matter of policy (Kateri and Iliopoulos,
2003). Posterior summaries of the association parameters for the finally selected model and the general RCord model
are listed in Table 3. The means of the predicted cell frequencies under this model as well as under the RC and RCord
are also provided in Table 1.

Summarizing, we conclude that there exist a negative association between age and severity of the dreams’disturbance.
Further on, the first two age categories as well as the next two are indistinguishable in terms of their association to
the disturbance severity. Also the two middle categories of the severity scale are indistinguishable with respect to their
interaction with age. This means that provided we are restricted to the two first age categories, age and severity of
dreams’ disturbance seem to be independent (conditionally). The interpretation of the other two equality constraints on
the scores is analogue. From the boxplots of the RCord model as well as the corresponding scores’ estimates in Table
3, it is obvious that the distinct row scores are close to be equidistant while the column scores are not, with the first
column category (low disturbance) being far apart from the rest of them. From the scores’ estimates of the RCord model
(see Table 3) and through (6) we could formulate conclusions of the form: the odds of having dreams’ disturbance of
middle instead of low severity is 4.78 times higher for boys aged 5–9 than aged 10–13.

6. Discussion

In this work, we have considered a different parametrization for the scores of the standard RC association model,
which simplifies the Bayesian estimation procedure. Moreover, we imposed strictly order constraints on the scores.
In order to allow scores of successive categories to be equal, we developed a procedure based on the order violation
probabilities of the unrestricted models. Of course a more realistic choice would be to incorporate the non-strict ordering
of the scores in the choice of priors. The consideration of such ordering restriction is the subject of our current research.

For the comparison of different model formulations, we have used the AIC, BIC and DIC, that can be directly
computed via the MCMC output of each model. Within the above framework, an attractive approach involves building
a single-chain transdimensional MCMC chain (see Sisson, 2005, for a review) to directly estimate the posterior model
probabilities and the corresponding posterior model odds (Iliopoulos et al., 2006). Such an approach might be based
directly on a RJMCMC sampler (Green, 1995) or on Gibbs based samplers (see for example Dellaportas et al., 2000).
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