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ά
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d

m
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A
ck

n
o
w
le
d
g
e
m

e
n
ts

I
am

m
ost

gratefu
l
to

m
y
su
p
erv

isor,
P
rofessor

P
etros

D
ellap

ortas,
for

h
is

acad
em

ic

gu
id
an
ce,

m
oral

su
p
p
ort

an
d
fi
n
an
cial

assistan
ce

th
rou

gh
ou
t
th
e
last

th
ree

years.
I
w
ou
ld

also
like

to
th
an
k
h
im

for
en
cou

ragin
g
m
e
to

u
se

T
E
X

an
d
S
+
,
w
h
ich

p
roved

in
valu

ab
le
to
ols

for
m
y
research

.
I
sh
ou
ld

n
ot

forget
to

th
an
k
D
r.

J
on

F
orster

w
h
o
in
tro

d
u
ced

m
e
in

th
e

w
orld

of
B
ayesian

th
eory

an
d
M
arkov

ch
ain

M
on
te

C
arlo

(M
C
M
C
)
m
eth

o
d
s
an
d
h
elp

ed
m
e

to
con

tin
u
e
m
y
stu

d
ies

in
statistics.

I
gratefu

lly
ack

n
ow

led
ge

all
facu

lty
m
em

b
ers

in
th
e
D
ep
artm

en
t
of

S
tatistics

at
A
th
en
s

U
n
iversity

of
E
con

om
ics

an
d
B
u
sin

ess
an
d
esp

ecially
P
rofessor

E
u
d
ok
ia

X
ekalak

i
an
d
P
ro-

fessor
Ioan

n
is
P
an
aretos

for
th
eir

eff
orts

to
im

p
rove

con
d
ition

s
of

th
e
p
ostgrad

u
ate

stu
d
ies

in
th
e
D
ep
artm

en
t
an
d
P
rofessor

N
ikos

F
ran

gos
for

b
oth

in
tro

d
u
cin

g
m
e
to

th
e
p
rob

lem
an
d

p
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id
in
g
th
e
d
ata

for
th
e
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stu
d
y
of

S
ection

1.4.
I
w
ou
ld

also
like
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k
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d
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d
en
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p
p
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d
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d
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s
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e
an
d
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e
ou
r
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p
u
ter

lab
an
d
p
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itris
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a
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arak
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n
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S
p
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s
to

T
h
elx

i
V
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h
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ab
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assis-
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ce
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e
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p
u
ter
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.

F
in
ally,
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d
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m
y
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ts,
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y
b
roth

er
an
d
Ioan

n
a
M
arkak

i
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en
cou

ragin
g

m
e
to
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tin

u
e
m
y
stu

d
ies,

h
elp
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g
m
e
to

overcom
e
d
iffi

cu
lties

w
h
en

th
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gs

seem
ed

fu
zzy

an
d
b
ein

g
p
atien

t
w
h
en

I
w
as

n
ervou

s
d
u
e
to

research
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tractab

ilities.
W
ith

ou
t
th
em

th
is

th
esis

w
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ld

n
ot

h
ave

b
een

com
p
leted

.
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S
y
n
o
p
sis

M
o
d
el

selection
is

on
e
of

th
e
m
ost

im
p
ortan

t
p
rob

lem
s
in

scien
ce.

T
h
e
d
evelop

m
en
t

of
a
scien

tifi
c
th
eory

takes
th
e
form

of
a
m
ath

em
atical

m
o
d
el.

M
o
d
el

selection
refers

to

th
e
p
ro
ced

u
re

th
at

selects
h
y
p
oth

esized
m
o
d
els

w
h
ich

d
escrib

e
b
est

th
e
p
h
en
om

en
on

u
n
d
er

stu
d
y.

T
rad

ition
al

statistical
th
eory

in
volves

th
e
selection

of
a
sin

gle
m
o
d
el

u
sin

g
variou

s

p
ro
ced

u
res

in
clu

d
in
g
step

w
ise

seq
u
en
tial

ap
p
lication

of
sign

ifi
can

ce
tests

or
m
ax
im

im
iza-

tion
of

a
sp
ecifi

ed
criterion

w
h
ich

is
op
tim

al
u
n
d
er

certain
con

d
ition

s.
O
n
th
e
oth

er
h
an
d
,

B
ayesian

m
o
d
el
selection

in
volves

th
e
calcu

lation
of

p
osterior

m
o
d
el
p
rob

ab
ilities

(w
eigh

ts).

T
h
e
fu
ll
B
ayesian

m
o
d
el

selection
m
eth

o
d
s
h
as,

in
th
e
p
ast,

b
een

restricted
b
y
d
iffi

cu
lties

in
th
e
com

p
u
tation

of
th
e
in
tegrals

req
u
ired

.
T
h
e
recen

t
ad
van

ces
in

M
arkov

ch
ain

M
on
te

C
arlo

m
eth

o
d
s
(M

C
M
C
)
h
ave

ex
ten

d
ed

th
e
p
ossib

ility
to

ap
p
ly

B
ayesian

m
o
d
el

selection

tech
n
iq
u
es

to
h
igh

d
im

en
sion

al
p
rob

lem
s
w
h
ere

a
large

n
u
m
b
er

of
m
o
d
els

m
ay

b
e
con

sid
-

ered
.
F
or

ex
am

p
le,

in
an

eigh
t
w
ay

con
tin

gen
cy

tab
le

th
e
n
u
m
b
er

of
h
ierarch

ical
m
o
d
els

is

ap
p
rox

im
ately

eq
u
al

to
5.6×

10
2
2
(D

ellap
ortas

an
d
F
orster,

1999).

T
h
e
w
ork

p
resen

ted
in

th
is

th
esis

con
sid

ers
M
C
M
C

m
eth

o
d
s
for

m
o
d
el

d
eterm

in
ation

,

w
ith

a
gen

eral
em

p
h
asis

given
in

th
e
p
op
u
lar

gen
eralised

lin
ear

m
o
d
el

form
u
lation

.
R
e-

cen
t
ad
van

ces
are

critically
rev
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ed

an
d
som

e
n
ew

easy
-to-u

se
an
d
fl
ex
ib
le

sam
p
lers

are

p
resen

ted
.
A
sso

ciation
s
an
d
con

n
ection

s
b
etw

een
all

ex
istin

g
M
C
M
C

algorith
m
s
for

m
o
d
el

selection
are

in
vestigated

.
M
oreover,

a
gen

eral
fram

ew
ork

for
variab

le
selection

in
gen

eralised

lin
ear

m
o
d
els

is
p
resen

ted
in

d
etail

w
ith

som
e
asso

ciated
ex
am

p
les.

M
eth

o
d
s
for

selection

of
lin

k
fu
n
ction

or
oth

er
stru

ctu
ral

p
rop

erties
are

also
d
evelop

ed
an
d
gu
id
an
ce

of
h
ow

to

im
p
lem

en
t
a
n
ew

m
eth

o
d
,
called

G
ib
b
s
variab

le
selection

,
u
sin

g
B
U
G
S
is

p
resen

ted
.
T
h
e

con
n
ection

of
p
osterior

o
d
d
s
w
ith

th
e
in
form

ation
criteria,

th
e
rob

u
stn

ess
of
p
osterior

w
eigh

ts

u
n
d
er

d
iff
eren

t
p
rior

setu
p
s,
an
d
th
e
p
resen

ce
of

collin
earity

are
in
vestigated

an
d
d
iscu

ssed

in
d
etail.

F
in
ally,

som
e
calib

ratin
g
m
eth

o
d
s,
w
h
ich

elim
in
ate

th
e
eff
ect

of
p
rior

varian
ce

on

th
e
p
osterior

o
d
d
s
are

p
rop

osed
.
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Ü
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ì
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ò

ì
á
è
ç
ì
á
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ï
ý
õ
ð
ï
ä
åßãì

á
ôï
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¸
í
á
á
ð
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ó
ç
ì
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í
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ü
ôåñ

á
ð
ñ
ï
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ë
Þ
ì
á
ôá

ôç
ò
åð
éó
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ì
ç
ò

åßí
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ó
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åð
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ò
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ð
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è
åôéê

ï
ý
õ
ð
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ò
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õ
ð
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Ü
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ê
á
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ý
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õ
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ì
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Ýôç

ö
á
éí
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ì
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Ç
ó
ôá
ôéó

ôéê
Þ

åð
éó
ôÞ
ì
ç

ó
÷åôßæåôá

é

ð
á
ñ
á
ä
ï
ó
éá
ê
Ü
ì
å
ôç
í
åð
éë
ï
ãÞ

åí
ü
ò
õ
ð
ï
ä
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á
ôï
ò
÷ñ
ç
ó
éì
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ð
ï
éþ
íôá

ò
ì
éá

ð
ï
éê
éë
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á
ð
ü
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éá
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éê
á
ó
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ó
ôéò

ï
ð
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ßåò

ð
åñ
éë
á
ì
â
Ü
í
åôá

é
ç

ê
ë
éì
á
ê
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ä
éá
ä
ï
÷éê

Þ
åö
á
ñ
ì
ï
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ó
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ôéó

ôéê
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í
ä
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ê
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á
ó
éþ
í
ó
ç
ì
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í
ôéê

ü
ôç
ôá
ò
ê
á
é
ç
ì
åãéó

ôï
ð
ï
ßç
ó
ç
åíü

ò
ð
ñ
ï
åð
éë
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õ

ê
ñ
éôç
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ôï

ï
ð
ï
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á
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Ü
ñ
éó
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ì
Ýí
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ó
õ
í
è
Þ
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åò.

Á
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åôá
,
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ð
åû
æéá
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åð
éë
ï
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õ
ð
ï
ä
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Ü
ôù

í
åì
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ë
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ôï
í
õ
ð
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ë
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ãéó

ì
ü
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í
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ù
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á
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Ç
ð
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Þ
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Ü
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Ü
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Ü
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ôá
é
ãéá

ôç
í
õ
ë
ï
ð
ï
ßç
ó
ç
ôï
õ
è
åù

ñ
Þ
ì
á
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Ì
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Ç
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á
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÷ñ
Þ
ó
ç

Ì
á
ñ
ê
ï
â
éá
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í
á
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ó
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Ü
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Ã
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ð
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Ü
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ó
å
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á
ï
÷ôá

ð
ë
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÷éê
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ë
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ì
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þ
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õ
ð
ï
ä
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Ü
ôù

í
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á
é
ð
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ßð
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õ
ßó
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ò
ì
å
5
.6

×
1
0
2
2
(D

ellap
o
rtas

an
d
F
o
rster,

1
9
9
9
).

Ç
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Ü
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Ü

ì
ï
íôÝë

á
.

Ð
á
ñ
ï
õ
ó
éÜ
æåôá

é
ì
å
ë
åð
ôï
ì
Ýñ
åéá

ì
éá

ê
ñ
éôéê

Þ
á
í
á
ó
ê
ü
ð
ç
ó
ç
ôù

í
ð
ñ
ü
ó
ö
á
ôù

í
åîåë

ßîåù
í

ê
á
é

åð
éð
ë
Ýï
í

ð
åñ
éãñ

Ü
ö
åôá

é
ç

á
í
Ü
ð
ôõ
îç

ê
á
é

ç
åö
á
ñ
ì
ï
ãÞ

åõ
ê
ï
ë
ü
÷ñ
ç
ó
ôù

í

ä
åéãì

á
ôï
ë
ç
ð
ôþ

í
ãéá

ôï
í

õ
ð
ï
ë
ï
ãéó

ì
ü

ôù
í

åê
ôù

í
õ
ó
ôÝñ
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Ü
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Ü
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Ü
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á
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vector

ȳ
S
am

p
le
m
ean

of
Y

Υ
ı

In
fl
ation

ad
ju
sted

claim
am

ou
n
ts

for
ı
accid

en
t
an
d

d
elay

year

Z
V
ector

of
valu

es
for

laten
t
variab

les
u
sed

in
p
rob

it
regression

z
R
ep
licated

d
ata

u
sed

in
p
red

ictive
criteria

z
q

q
q
u
an
tile

of
stan

d
ard

ised
n
orm

al
d
istrib

u
tion

V
S
et

of
all

term
s/variab

les
u
n
d
er

con
sid

eration

V
(j)

S
et

of
all

variab
les

in
clu

d
ed

in
term

j

V
(m

)
S
et

of
all

term
s/variab

les
in
clu

d
ed

in
m
o
d
el

m

V
(m

)
P
rior

m
atrix

u
sed

in
covaarian

ce
(Σ

(m
)
=

c
2V

(m
) )

v
N
egative

b
in
om

ial
in
d
icator

variab
le

v
V
ector

of
v
i
ou
tlier

in
d
icator

variab
les

v
i

O
u
tlier

in
d
icator

variab
le

of
i
ob
servation

v
m

B
in
ary

in
d
icator

variab
le

for
m
o
d
el

m

w
i

E
x
p
on
en
tial

fam
ily

w
eigh

ts
(a

i (φ
)
=

φ
/w

i )

w
∗i

W
eigh

ts
u
sed

in
im

p
ortan

ce
sam

p
lin

g

Ω
ı

P
aram

eter
u
sed

in
G
ib
b
s
sam

p
lin

g
of

S
ection

1.4

x
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In
tro

d
u
ctio

n

O
n
e
of

th
e
m
ost

im
p
ortan

t
issu

es
in

statistical
scien

ce
is

th
e
con

stru
ction

of
p
rob

ab
ilis-

tic
m
o
d
els

th
at

rep
resen

t,
or

su
ffi
cien

tly
ap
p
rox

im
ate,

th
e
tru

e
gen

eratin
g
m
ech

an
ism

of
a

p
h
en
om

en
on
.
T
h
e
arb

itrary
con

stru
ction

of
su
ch

m
o
d
els

m
ay

p
ossib

ly
in
clu

d
e
u
seless

in
for-

m
ation

for
th
e
d
escrip

tion
of

th
e
p
h
en
om

en
on

u
n
d
er

stu
d
y.

M
o
d
el
selection

is
th
e
p
ro
ced

u
re

th
at

d
ecid

es
w
h
ich

p
rob

ab
ilistic

stru
ctu

re
w
e
sh
ou
ld

fi
n
ally

select
from

a
sp
ecifi

ed
set

of

m
o
d
els.

A
ll
m
o
d
el
selection

p
ro
ced

u
res

try
to

b
alan

ce
tw
o
d
iff
eren

t
n
otion

s:
go
o
d
n
ess

of
fi
t

an
d
p
arsim

on
y.

T
h
e
fi
rst

n
otion

refers
to

th
e
p
ro
ced

u
re

of
selectin

g
m
o
d
els

th
at

d
escrib

e
th
e

availab
le
d
ata

as
go
o
d
as

p
ossib

le
w
h
ile

th
e
secon

d
n
otion

refers
to

th
e
p
ro
ced

u
re

of
avoid

in
g

u
n
ecessary

com
p
lication

of
th
e
m
o
d
el.

A
lth

ou
gh

a
m
o
d
el

selection
p
ro
ced

u
re

seem
s
to

b
e
d
efi
n
ed

clearly,
th
e
id
en
tifi

cation
of

a
m
ath

em
atical

p
ro
ced

u
re

for
th
e
selection

of
‘go

o
d
’
m
o
d
els

is
still

p
rob

lem
atic

even
in

th
e

sim
p
le

case
of

covariate
selection

,
th
at

is,
selection

of
variab

les
th
at

in
fl
u
en
ce

a
resp

on
se

variab
le

Y
u
n
d
er

stu
d
y.

P
articu

larly
in

variab
le

selection
th
e
m
ost

b
road

ly
u
sed

m
eth

o
d
s

are
th
e
step

w
ize

p
ro
ced

u
res

w
h
ich

con
sist

of
a
seq

u
en
tial

ap
p
lication

of
sin

gle
sign

ifi
can

ce

tests.
T
h
e
sim

p
lest

argu
em

en
t
again

st
step

w
ize

m
eth

o
d
s
is
th
at

th
eir

d
istrib

u
tion

can
n
ot

b
e

id
en
tifi

ed
an
d
is
b
y
n
o
m
ean

s
th
e
sam

e
to

th
e
d
istrib

u
tion

of
th
e
sin

gle
sign

ifi
can

ce
test

u
sed

(see,
for

ex
am

p
le,

M
iller,

1984).
M
oreover,

sign
ifi
can

ce
tests

can
n
ot

d
iscrim

in
ate

b
etw

een

n
on
-n
ested

m
o
d
els

an
d
th
erefore

b
etw

een
m
o
d
els

w
ith

d
iff
eren

t
d
istrib

u
tion

al
stru

ctu
res.

A
variety

of
altern

ative
m
o
d
el

selection
criteria

h
ave

b
een

p
resen

ted
in

statistical
liter-

atu
re.

T
h
ese

criteria
select

th
e
m
o
d
el

w
h
ich

m
ax
im

izes
a
q
u
an
tity

u
su
ally

ex
p
ressed

as
th
e

m
ax
im

u
m

log-likelih
o
o
d
m
in
u
s
a
p
en
alty

fu
n
ction

w
h
ich

d
ep
en
d
s
on

th
e
d
im

en
sion

ality
of

th
e
m
o
d
el.

T
h
e
m
ost

p
op
u
lar

criteria
w
ere

in
tro

cu
d
ed

b
y
A
kaike

(A
IC

,
1973),

M
allow

s
(C

p ,

1973)
an
d
S
ch
w
arz

(B
IC

,
1978).

T
h
e
large

variety
of

d
iff
eren

t
p
en
alty

fu
n
ction

s
(w

h
ich

are

op
tim

al
u
n
d
er

certain
con

d
ition

s)
h
ave

m
ad
e
p
ractition

ers
to

w
on
d
er

w
h
ich

of
th
ese

criteria

1

2
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

sh
ou
ld

con
sid

er
u
n
d
er

d
iff
eren

t
circu

m
stan

ces.
E
ven

if
w
e
lim

it
ou
rselves

to
th
e
p
op
u
lar

A
IC

or
B
IC

,
th
e
m
o
d
el
selection

p
ro
ccess

w
ill

u
su
ally

resu
lt
to

d
iff
eren

t
m
o
d
els

(B
IC

selects

m
ore

p
arsim

on
iou

s
m
o
d
els).

A
fu
rth

er
p
rob

lem
th
at

w
e
face

w
h
en

u
sin

g
an
y
m
o
d
el
selection

criterion
is
th
e
large

n
u
m
b
er

of
m
o
d
els

th
at

w
e
n
eed

to
con

sid
er.

F
or

ex
am

p
le

if
w
e
h
ave

a

n
orm

al
lin

ear
regression

m
o
d
el

w
ith

15
covariates

th
en

th
e
m
o
d
els

u
n
d
er

con
sid

eration
are

2
1
5.

C
alcu

latin
g
th
e
selected

criterion
over

all
th
ese

m
o
d
els

is
h
igh

ly
in
effi

cien
t.

A
ltern

ative

p
ro
ced

u
res,

su
ch

as
step

w
ize

ty
p
e
m
eth

o
d
s,
m
ay

n
ot

trace
th
e
m
o
d
el

w
h
ich

m
ax
im

izes
th
e

criterion
u
sed

sin
ce,

in
collin

ear
cases,

som
e
‘go

o
d
’
m
o
d
els

w
ill

n
ot

b
e
v
isited

at
all.

O
n
th
e
oth

er
h
an
d
,
B
ayesian

m
o
d
el
selection

off
ers

solu
tion

s
to

th
e
ab

ove
p
rob

lem
s
w
ith

th
e
u
se

of
m
o
d
ern

com
p
u
tin

g
to
ols

su
ch

as
M
arkov

ch
ain

M
on
te

C
arlo

(M
C
M
C
)
tech

n
iq
u
es

w
h
ich

ex
p
lore

th
e
m
o
d
el

sp
ace,

trace
‘go

o
d
’
w
ork

in
g
m
o
d
els

an
d
estim

ate
th
eir

p
rosterior

p
rob

ab
ility

(or
m
ore

ap
p
rop

riate
th
eir

p
osterior

w
eigh

t)
b
ased

on
b
oth

assign
ed

p
rior

b
eliefs

an
d
ob
served

d
ata.

T
h
e
m
ain

p
rob

lem
w
h
ich

h
as

p
reven

ted
B
ayesian

m
o
d
el

selection
tech

-

n
iq
u
es

from
b
ein

g
a
b
road

ly
accep

ted
solu

tion
for

m
o
d
el
selection

p
rob

lem
s
is
th
e
sen

sitiv
ity

of
p
osterior

w
eigh

ts
to

d
iff
eren

t
p
rior

d
istrib

u
tion

s.
N
o
p
rior

d
istrib

u
tion

can
b
e
th
ou
gh
t
as

en
tirely

n
on
-in

form
ative

sin
ce

p
rop

er
ap
p
rox

im
ately

fl
at

p
riors

(th
ou
gh
t
to

b
e
ap
p
rox

im
ately

n
on
-in

form
ative

for
a
given

m
o
d
el)

fu
lly

su
p
p
ort

th
e
sim

p
lest,

in
term

s
of

d
im

en
sion

ality,

m
o
d
el.

T
h
is

th
esis

attem
p
ts

to
en
ligh

ten
som

e
asp

ects
of

B
ayesian

m
o
d
el

selection
in
clu

d
in
g

M
C
M
C
m
eth

o
d
s
an
d
p
rob

lem
s
cau

sed
b
y
p
rior

m
issp

ecifi
cation

.
T
h
e
th
esis

is
organ

ized
in
to

eigh
t
ch
ap
ters.

T
h
e
fi
rst

p
rov

id
es

in
tro

d
u
ctory

d
etails

for
B
ayesian

m
o
d
el
in
feren

ce
th
rou

gh

M
C
M
C

algorith
m
s
an
d
a
case

stu
d
y
in

an
actu

arial
p
rob

lem
.

T
h
e
secon

d
ch
ap
ter

gives

a
gen

eral
overv

iew
an
d
d
iscu

ssion
of

m
o
d
el

selection
tech

n
iq
u
es

in
clu

d
in
g
step

w
ize

m
eth

-

o
d
s,
in
form

ation
b
ased

criteria
an
d
B
ayesian

tech
n
iq
u
es.

A
critical

rev
iew

of
availab

le
p
rior

d
istrib

u
tion

s
an
d
M
C
M
C

tech
n
iq
u
es

u
sed

in
B
ayesian

m
o
d
el

selection
are

p
resen

ted
in

th
e

th
ird

ch
ap
ter.

S
om

e
easy

-to-u
se

sam
p
lers

for
variab

le
selection

are
d
evelop

ed
in

C
h
ap
ter

4.

C
on
n
ection

s
b
etw

een
w
id
ely

u
sed

sam
p
lers

for
m
o
d
el

selection
are

also
p
resen

ted
,
as

w
ell

as
a
gen

eral
im

p
lem

en
tation

fram
ew

ork
for

covariate
selection

in
gen

eralised
lin

ear
m
o
d
els.

A
d
van

ced
sam

p
lers

for
th
e
selection

of
stru

ctu
ral

p
rop

erties
su
ch

as
resp

on
se

d
istrib

u
tion

,

lin
k
fu
n
ction

an
d
resid

u
al

id
en
tifi

cation
are

d
evelop

ed
in

C
h
ap
ter

5
w
h
ile

fu
rth

er
top

ics
of

B
ayesian

m
o
d
el

selection
,
su
ch

as
th
e
eff
ect

of
d
iff
eren

t
p
rior

d
istrib

u
tion

s
on

th
e
p
osterior



In
tro

d
u
ction

3

w
eigh

ts
or

th
e
p
rob

lem
s
cau

sed
b
y
collin

ear
covariates,

are
ex
am

in
ed

in
C
h
ap
ter

6.
A
sso

cia-

tion
s
b
etw

een
B
ayesian

m
o
d
el
selection

m
eth

o
d
s
an
d
in
form

ation
criteria

are
also

p
resen

ted

togeth
er

w
ith

som
e
p
rop

osed
m
eth

o
d
s
for

sp
ecifi

cation
of

p
rior

d
istrib

u
tion

s
v
ia

d
eterm

i-

n
ation

of
a
p
refi

x
ed

p
en
alty

fu
n
ction

.
T
h
e
th
esis

is
con

clu
d
ed

w
ith

a
d
etailed

gu
id
e
an
d

illu
strated

ex
am

p
les

for
th
e
im

p
lem

en
tation

of
th
e
variab

le
selection

sam
p
ler

in
tro

d
u
ced

in

th
is
th
esis

an
d
a
d
iscu

ssion
in
clu

d
in
g
th
e
d
irection

s
for

fu
rth

er
research

in
C
h
ap
ters

7
an
d

8.

4
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C
h
a
p
te

r
1

M
o
d
e
l
B
a
se

d
B
a
y
e
sia

n
In

fe
re

n
ce

v
ia

M
a
rk

o
v

C
h
a
in

M
o
n
te

C
a
rlo

1
.1

D
e
fi
n
itio

n
o
f
S
ta

tistica
l
M

o
d
e
ls

A
ssu

m
e
th
at

a
ran

d
om

variab
le

Y
,
u
su
ally

called
resp

on
se,

follow
s
a
p
rob

ab
ilistic

ru
le

f
(y|θ

),

w
h
ere

θ
is
th
e
p
aram

eter
vector.

C
on
sid

er
an

i.i.d
.
sam

p
le

y
T
=

[y
1 ,...,y

n ]
of

size
n
of

th
is

variab
le.

T
h
e
join

t
d
istrib

u
tion

f
(y|θ

)
=

n∏i=
1

f
(y

i |θ
)

is
called

th
e
likelih

o
o
d
of

th
e
m
o
d
el

an
d
con

tain
s
all

th
e
availab

le
in
form

ation
p
rov

id
ed

b
y

th
e
sam

p
le.

U
su
ally

m
o
d
els

are
con

stru
cted

in
ord

er
to

assess
or

in
terp

ret
cau

sal
realation

sh
ip
s
of

th
e
resp

on
se

variab
le

Y
w
ith

oth
er

ch
aracteristics

ex
p
ressed

in
variab

les
X

j ,
j∈

V
,
u
su
ally

called
covariates;

j
in
d
icates

a
covariate

or
m
o
d
el

term
an
d
V

th
e
set

of
all

term
s
u
n
d
er

con
sid

eration
.
In

su
ch

cases
th
ese

ex
p
lan

atory
variab

les
are

lin
ked

w
ith

th
e
resp

on
se

variab
les

v
ia

a
d
eterm

in
istic

fu
n
ction

an
d
p
art

of
th
e
p
aram

eter
vector

is
su
b
stitu

ted
b
y
altern

ative

p
aram

eters
(n
oted

b
y

β
)
th
at

u
su
ally

en
cap

su
late

th
e
eff
ect

of
each

covariate
on

th
e
resp

on
se

variab
le.

F
or

ex
am

p
le

in
a
regression

m
o
d
el

w
ith

y
∼

N
(X

β
,σ

2I
)
th
e
p
aram

eter
vector

is

given
b
y

θ
T
=

[β
T
,σ

2].

5

6
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

1
.2

M
o
d
e
l
B
a
se

d
B
a
y
e
sia

n
In

fe
re

n
ce

B
ayesian

th
eory

d
iff
ers

from
classical

statistical
th
eory

sin
ce

it
con

sid
ers

an
y
u
n
k
n
ow

n
p
a-

ram
eter

as
ran

d
om

variab
le

an
d
,
for

th
is

reason
,
each

of
th
ese

p
aram

eters
sh
ou
ld

h
ave

a

p
rior

d
istrib

u
tion

.
T
h
erefore,

in
terest

lies
in

calcu
latin

g
th
e
p
osterior

d
istrib

u
tion

f
(θ|y

)∝
f
(y|θ

)f
(θ
)
of
th
e
u
n
k
n
ow

n
p
aram

eters
w
h
ich

in
corp

orate
b
oth

p
rior

[f
(θ
)]
an
d
d
ata

[f
(y|θ

)]

in
form

ation
.
W
h
en

covariates
are

in
corp

orated
in

th
e
m
o
d
el

form
u
lation

,
in
terest

u
su
ally

lies
in

calcu
latin

g
th
e
p
osterior

d
istrib

u
tion

f
(β|y

)
rath

er
th
an

f
(θ|y

).

T
h
e
m
om

en
ts

of
th
e
p
osterior

d
istrib

u
tion

m
ay

b
e
u
sed

as
su
m
m
ary

d
escrip

tive
m
easu

res

for
in
feren

ce.
If

n
o
p
rior

in
form

ation
is

availab
le

a
w
id
e
ran

ge
of

‘n
on
-in

form
ative’

vagu
e

p
riors

m
ay

b
e
u
sed

;
for

d
etails

see
K
ass

an
d
W
asserm

an
(1996)

an
d
Y
an
g
an
d
B
erger

(1996).

In
m
an
y
cases

th
e
p
osterior

d
istrib

u
tion

is
in
tractab

le.
In

th
e
p
ast,

in
tractab

ility
w
as

avoid
ed

v
ia

‘con
ju
gate’

p
rior

d
istrib

u
tion

s.
T
h
ese

d
istrib

u
tion

s
h
ave

th
e
n
ice

p
rop

erty
of

resu
ltin

g

to
p
osteriors

of
th
e
sam

e
d
istrib

u
tion

fam
ily.

E
x
ten

sive
illu

stration
of

con
ju
gate

p
riors

is

p
rov

id
ed

b
y
B
ern

an
d
o
an
d
S
m
ith

(1994).
In

cases
th
at

con
ju
gate

p
riors

are
con

sid
ered

to

b
e
u
n
realistic

or
are

u
n
availab

le,
asy

m
p
totic

ap
p
rox

im
ation

s
su
ch

as
L
ap
lace

ap
p
rox

im
ation

m
ay

b
e
u
sed

(see,
for

ex
am

p
le,

T
iern

ey
an
d
K
ad
an
e,
1986,

T
iern

ey
et

a
l.
,
1989

an
d
E
rkan

li,

1994)
or

n
u
m
erical

in
tegration

tech
n
iq
u
es

(see,
for

ex
am

p
le,

E
van

s
an
d
S
w
artz,

1996).
In

recen
t
years,

m
assive

d
evelop

m
en
t
of

com
p
u
tin

g
facilities

h
as

m
ad
e
M
C
M
C
tech

n
iq
u
es

p
op
-

u
lar.

T
h
ese

tech
n
iq
u
es

gen
erate

sam
p
les

from
th
e
p
osterior

d
istrib

u
tion

.
M
C
M
C

en
ab
led

B
ayesian

s
to

u
se

h
igh

ly
com

p
licated

m
o
d
els

an
d
estim

ate
th
e
p
osterior

d
en
sities

w
ith

accu
-

racy.
T
h
ese

m
eth

o
d
ologies

are
b
riefl

y
d
escrib

ed
in

th
e
n
ex
t
section

.

1
.3

M
a
rk

o
v

C
h
a
in

M
o
n
te

C
a
rlo

M
e
th

o
d
s

M
C
M
C
m
eth

o
d
ology

is
a
very

p
ow

erfu
l
com

p
u
tation

al
to
ol

w
h
ich

h
as

recen
tly

b
ecom

e
p
op
-

u
lar

in
th
e
statistical

com
m
u
n
ity.

T
h
e
m
ain

reason
for

its
p
op
u
larity

is
its

ab
ility

to
evalu

ate

(in
d
irectly

)
h
igh

d
im

en
sion

al
in
tegrals

in
volved

in
th
e
B
ayesian

im
p
lem

en
tation

of
statistical

m
o
d
els

d
escrib

in
g
com

m
on

real
life

p
rob

lem
s.

M
C
M
C
m
eth

o
d
s
w
ere

in
itially

in
tro

d
u
ced

b
y

M
etrop

olis
et

a
l.
(1953),

b
u
t
w
ere

m
ad
e
p
op
u
lar

in
statistical

scien
ce

after
th
e
p
u
b
lication

s
of

G
elfan

d
an
d
S
m
ith

(1990)
an
d
G
elfan

d
et

a
l.
(1990).

E
x
ten

sive
d
etails

of
th
e
u
se

of
M
C
M
C
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m
eth

o
d
s
are

given
b
y
G
ilk

s
et

a
l.
(1996).

F
in
ally,

th
e
B
U
G
S
softw

are
d
evelop

ed
b
y
S
p
iegel-

h
alter

et
a
l.
(1996a,b

,c)
p
rov

id
es

an
easy

-to-u
se

p
rogram

for
ap
p
ly
in
g
M
C
M
C

m
eth

o
d
s
in

B
ayesian

m
o
d
ellin

g.

A
M
arkov

ch
ain

is
a
sto

ch
astic

p
ro
cess{θ

(1
),θ

(2
),···,θ

(t)}
su
ch

th
at

f
(θ

(t+
1
)|θ

(t),···,
θ

(1
))

=
f
(θ

(t+
1
)|θ

(t)).
T
h
at

is,
th
e
d
istrib

u
tion

of
θ
in

tim
e
t
+
1
given

all
th
e
p
reced

in
g

θ

(for
tim

es
t,

t−
1,

...,
1)

d
ep
en
d
s
on
ly

on
θ

(t).
M
oreover,

f
(θ

(t+
1
)|θ

(t))
is
in
d
ep
en
d
en
t
of

tim
e
t.

F
in
ally,

w
h
en

th
e
M
arkov

ch
ain

is
irred

u
cib

le,
ap

erio
d
ic

an
d
p
ositive

recu
rren

t,
as

t→
∞

th
e
d
istrib

u
tion

of
θ

(t)
ten

d
s
to

its
eq
u
ilib

riu
m

d
istrib

u
tion

w
h
ich

is
in
d
ep
en
d
en
t
of

th
e
in
itial

θ
(0

);
for

d
etails

see
G
ilk

s
et

a
l.
(1996).

In
ord

er
to

gen
erate

a
sam

p
le

from
f
(θ|y

)
w
e
m
u
st

con
stru

ct
a
M
arkov

ch
ain

w
ith

tw
o
d
esired

p
rop

erties.
F
irst,

f
(θ

(t+
1
)|θ

(t))
sh
ou
ld

b
e
‘easy

to
gen

erate
from

’
an
d
,
secon

d
,

th
e
eq
u
ilib

riu
m

d
istrib

u
tion

of
th
e
selected

M
arkov

ch
ain

sh
ou
ld

b
e
ou
r
target

p
osterior

d
istrib

u
tion

f
(θ|y

).

W
e
con

stru
ct

a
M
arkov

ch
ain

w
ith

th
e
ab

ove
req

u
irem

en
ts,

th
en

w
e
select

an
in
itial

valu
e

θ
(0

)
an
d
gen

erate
valu

es
u
n
til

th
e
eq
u
ilib

riu
m

d
istrib

u
tion

is
reach

ed
.
T
h
e
n
ex
t
step

is
to

cu
t

off
th
e
fi
rst

t
0
ob
servation

s
an
d
take

as
a
sam

p
le{θ

(t
0
+

1
),θ

(t
0
+

2
),···,θ

(t
0
+
t)}.

C
on
vergen

ce
of

th
e
M
C
M
C
can

b
e
ch
ecked

b
y
variou

s
m
eth

o
d
s;
for

d
etails

see
C
ow

les
an
d
C
arlin

(1996)
an
d

B
ro
ok
s
an
d
R
ob

erts
(1997).

C
O
D
A

softw
are,

w
h
ich

ap
p
lies

certain
tests

to
ch
eck

M
C
M
C

con
vergen

ce,
is
p
rov

id
ed

b
y
B
est

et
a
l.
(1995).

T
w
o
are

th
e
m
ost

p
op
u
lar

M
C
M
C
m
eth

o
d
s:

M
etrop

olis-H
astin

gs
algorith

m
(M

etrop
olis

et
a
l.
,
1953,

H
astin

gs,
1970)

an
d
th
e
G
ib
b
s
sam

p
ler

(G
em

an
an
d
G
em

an
,
1984).

1
.3
.1

T
h
e

M
e
tro

p
o
lis-H

a
stin

g
s
A
lg
o
rith

m

M
etrop

olis
et

a
l.
(1953)

in
tro

d
u
ced

M
C
M
C

m
eth

o
d
s
w
ith

M
etropolis

algorith
m
.
S
even

teen

years
later,

H
astin

gs
(1970)

gen
eralised

th
e
origin

al
m
eth

o
d
in

w
h
at

is
k
n
ow

n
as

M
etropo-

lis-H
astin

gs
algorith

m
.
T
h
e
latter

is
con

sid
ered

as
th
e
gen

eral
form

of
an
y
M
C
M
C
m
eth

o
d
.

G
reen

(1995)
fu
rth

er
gen

eralised
M
etrop

olis-H
astin

gs
algorith

m
b
y
in
tro

d
u
cin

g
reversible

ju
m

p
M

etropolis-H
astin

gs
algorith

m
s
for

sam
p
lin

g
from

p
aram

eter
sp
aces

w
ith

d
iff
eren

t
d
i-

m
en
sion

.

In
M
etrop

olis-H
astin

gs
algorith

m
w
e
follow

iteratively
th
ree

step
s:

8
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

1.
G
en
erate

θ
′
from

a
p
rop

osal
d
istrib

u
tion

q(θ|θ
(t)).

2.
C
alcu

late

α
=

m
in (

1,
f
(θ

′|y
)q(θ

(t)|θ
′)

f
(θ

(t)|y
)q(θ

′|θ
(t)) )

.

[B
oth

f
(.)

an
d
q(.)

d
o
n
ot

req
u
ire

th
eir

n
orm

alisin
g
con

stan
ts

b
ecau

se
th
ey

can
cel

ou
t].

3.
U
p
d
ate

θ
(t+

1
)
=

θ
′
w
ith

p
rob

ab
ility

α
,
oth

erw
ise

set
θ

(t+
1
)
=

θ
(t).

S
p
ecial

cases
of

M
etrop

olis-H
astin

gs
are

th
e
M

etropolis
algorith

m
,
ran

dom
w
alk

M
etropo-

lis,
In

depen
den

ce
S
am

pler,
sin

gle
com

pon
en

t
M

etropolis-H
astin

gs
an

d
th
e

G
ibbs

sam
pler.

In
M
etrop

olis
algorith

m
,
M
etrop

olis
et

a
l.

(1953),
on
ly

sy
m
m
etric

p
rop

osals
w
ere

con
-

sid
ered

,
th
at

is
q(θ

′|θ
(t))

=
q(θ

(t)|θ
′).

R
an
d
om

w
alk

M
etrop

olis
is

a
sp
ecial

case
w
ith

q(θ
′|θ

(t))
=

q(|θ
′−

θ
(t)|).

B
oth

cases
resu

lt
in

α
=

m
in (

1,
f
(θ

′|y
)

f
(θ

(t)|y
) )

.

A
u
su
al

p
rop

osal
of

th
is
ty
p
e
is

q(θ
′|θ

(t))≡
N
(θ

(t),S
).

T
h
e
covarian

ce
m
atrix

S
con

trols
th
e

con
vergen

ce
sp
eed

of
th
e
algorith

m
.

In
d
ep
en
d
en
ce

sam
p
ler

is
a
M
etrop

olis
H
astin

gs
algorith

m
w
h
ere

th
e
p
rop

osal
d
istrib

u
tion

d
o
es

n
ot

d
ep
en
d
on

th
e
cu
rren

t
state

θ
(t)

of
th
e
ch
ain

.
T
h
is
sam

p
ler

can
b
e
u
sed

w
h
en

a
go
o
d

ap
p
rox

im
ation

of
th
e
p
osterior

d
istrib

u
tion

is
k
n
ow

n
.
In

m
an
y
cases

a
go
o
d
in
d
ep
en
d
en
t

p
rop

osal
m
ay

b
e
given

b
y
L
ap
lace

ap
p
rox

im
ation

(T
iern

ey
an
d
K
ad
an
e,
1986,

T
iern

ey
et

a
l.
,

1989,
E
rkan

li,
1994).

F
in
ally,

in
sin

gle
com

p
on
en
t
M
etrop

olis-H
astin

gs
on
ly

on
e
com

p
on
en
t
at

each
tim

e
is

u
p
d
ated

.
In

each
step

,
a
can

d
id
ate

valu
e
of
th
e
jth

com
p
on
en
t
of
th
e
vector

θ
,
θ ′j ,

is
p
rop

osed

b
y
q
j (θ ′j |θ

(t)).
G
ib
b
s
sam

p
ler

is
a
sp
ecial

case
of

th
is
algorith

m
an
d
w
ill

b
e
d
iscu

ssed
in

d
etail

in
th
e
follow

in
g
section

.
O
th
er

variation
s
of

M
etrop

olis
H
astin

gs
h
ave

b
een

d
evelop

ed
;
for

a

d
etailed

d
escrip

tion
see

C
h
ib

an
d
G
reen

b
erg

(1995)
an
d
G
ilk

s
et

a
l.
(1996).

1
.3
.2

G
ib

b
s
S
a
m

p
le
r

G
ib
b
s
sam

p
ler

w
as

in
tro

d
u
ced

b
y
G
em

an
an
d
G
em

an
(1984).

In
th
is
algorith

m
w
e
u
p
d
ate

on
e
com

p
on
en
t
in

each
step

from
th
e
corresp

on
d
in
g
con

d
ition

al
p
osterior.

G
iven

a
p
articu

lar

state
of

th
e
ch
ain

θ
(t)

w
e
w
e
h
ave

th
e
follow

in
g
step

s
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θ
(t+

1
)

1
from

f
(θ

1 |θ
(t)
2
,θ

(t)
3
,···,θ

(t)
p
,y

),

θ
(t+

1
)

2
from

f
(θ

2 |θ
(t+

1
)

1
,θ

(t)
3
,···,θ

(t)
p
,y

),

θ
(t+

1
)

3
from

f
(θ

3 |θ
(t+

1
)

1
,θ

(t+
1
)

2
,···,θ

(t)
p
,y

),
...
...
...

...
...

...
...

...
...

θ
(t+

1
)

p
from

f
(θ

p |θ
(t+

1
)

1
,θ

(t+
1
)

2
,···,θ

(t+
1
)

p−
1
,y

),

w
h
ere

p
is

th
e
n
u
m
b
er

of
com

p
on
en
ts

of
th
e
p
aram

eter
vector

θ
.

T
h
e
gen

eration
from

f
(θ

j |θ
\
j ,y

)
=

f
(θ

j |θ
(t+

1
)

1
,···,θ

(t+
1
)

j−
1
,θ

(t)
j+

1 ,···,θ
(t)
p
,y

)
is
relatively

easy
sin

ce
it
is
a
u
n
ivariate

d
istrib

u
tion

an
d
can

b
e
w
ritten

as
f
(θ

j |θ
\
j ,y

)∝
f
(θ|y

)
w
h
ere

all
th
e
variab

les
ex
cep

t
θ
j

are
h
eld

con
stan

t
at

th
eir

given
valu

es.
G
ib
b
s
sam

p
ler

is
a
sp
ecial

case
of

sin
gle

com
p
on
en
t

M
etrop

olis-H
astin

gs
algorith

m
sin

ce,
w
h
en

th
e
p
rop

osal
d
en
sity

q(θ
′|θ

(t))
eq
u
als

to
th
e
fu
ll

con
d
ition

al
p
osterior

d
istrib

u
tion

f
(θ

j |θ
\
j ,y

),
w
e
h
ave

α
=

1
an
d
th
erefore

w
e
alw

ay
s
accep

t

th
e
p
rop

osed
m
ove.

M
ore

d
etailed

d
escrip

tion
of

th
e
G
ib
b
s
sam

p
ler

is
given

b
y
C
asella

an
d

G
eorge

(1992)
an
d
G
ilk

s
et

a
l.
(1996)

w
h
ile

ap
p
lication

s
of

G
ib
b
s
sam

p
lin

g
are

given
b
y

G
elfan

d
an
d
S
m
ith

(1990),
G
elfan

d
et

a
l.
(1990)

an
d
S
m
ith

an
d
R
ob

erts
(1993).

1
.4

C
a
se

S
tu

d
y
:

B
a
y
e
sia

n
M

o
d
e
llin

g
o
f
O
u
tsta

n
d
in

g

L
ia
b
ilitie

s
In

co
rp

o
ra

tin
g
C
la
im

C
o
u
n
t
U
n
ce

rta
in

ty

H
ere

w
e
p
resen

t
a
com

p
lete

an
d
d
etailed

actu
arial

case
stu

d
y
in

ord
er

to
illu

strate
h
ow

w
e
can

ex
p
loit

th
e
p
ossib

ilities
an
d
solu

tion
s
off

ered
b
y
B
ayesian

in
feren

ce
an
d
M
C
M
C

tech
n
iq
u
es.

S
u
m
m
ary

of
th
e
im

p
lem

en
tation

of
th
is
case

stu
d
y
is
also

availab
le

in
th
e
form

of
research

p
ap

er;
see

N
tzou

fras
an
d
D
ellap

ortas
(1998).

1
.4
.1

B
a
ck

g
ro

u
n
d

o
f
th

e
C
a
se

S
tu

d
y

In
su
ran

ce
com

p
an
ies

often
d
o
n
ot

p
ay

th
e
ou
tstan

d
in
g
claim

s
as

so
on

as
th
ey

o
ccu

r.
In
stead

,

claim
s
are

settled
w
ith

a
tim

e
d
elay

w
h
ich

m
ay

b
e
years

or,
in

som
e
ex
trem

e
cases,

d
ecad

es.

R
eserv

in
g
for

ou
tstan

d
in
g
claim

s
is
of

cen
tral

in
terest

in
actu

arial
p
ractice

an
d
h
as

attracted

th
e
atten

tion
of
m
an
y
research

ers
b
ecau

se
of
th
e
ch
allen

gin
g
sto

ch
astic

u
n
certain

ties
in
volved

.

In
th
is

section
,
w
e
in
vestigate

p
ossib

le
ex
ten

sion
s
of

m
o
d
els

w
h
ich

d
eal

w
ith

ou
tstan

d
in
g

liab
ilities.

W
e
fo
cu
s
in

cases
for

w
h
ich

th
e
ou
tstan

d
in
g
claim

s
w
ill

b
e
con

sid
ered

to
b
e
on
ly

10
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

th
e
‘rep

orted
b
u
t
n
ot

settled
’
claim

s.
T
h
u
s,

oth
er

im
p
ortan

t
cases

su
ch

as
claim

s
settled

w
ith

su
b
-p
ay
m
en
ts

or
‘in

cu
rred

b
u
t
n
ot

rep
orted

’
claim

s
(in

clu
d
in
g
claim

s
th
at

h
ave

b
een

alread
y
settled

b
u
t
m
ay

b
e
reop

en
ed
)
are

n
ot

con
sid

ered
.

M
ath

em
atically,

th
e
p
rob

lem
can

b
e
form

u
lated

as
follow

s.
T
h
ere

ex
ist

d
ata

w
ith

a

stru
ctu

re
given

b
y
T
ab
le
1.1.

A
ı ,
ı
=

1,2,...,r
d
en
ote

th
e
accid

en
t
years

an
d
B
 ,

=

1,2,...,r

d
en
ote

th
e
years

th
at

th
e
claim

w
as

settled
.
F
or

ex
am

p
le,

th
e
cell

ı
con

tain
s
th
e
am

ou
n
t

Y
ı
th
at

th
e
com

p
an
y
p
aid

w
ith

a
d
elay

of
−

1
years

for
accid

en
ts

h
ap
p
en
ed

d
u
rin

g
th
e

year
ı.

M
oreover,

th
e
cou

n
ts

of
claim

s
for

each
cell

are
also

given
for

certain
in
su
ran

ce

claim
s.

T
h
e
claim

cou
n
ts

h
ave

th
e
sam

e
trian

gu
lar

form
as

th
e
claim

am
ou
n
ts;

in
T
ab
le

1.2,
n
ı
rep

resen
ts

claim
cou

n
ts

th
at

an
in
su
ran

ce
com

p
an
y
p
aid

w
ith

a
d
elay

of
−

1
years

for
accid

en
ts

origin
ated

at
year

ı
an
d

T
ı
d
en
otes

th
e
total

n
u
m
b
er

of
accid

en
ts.

F
in
ally,

th
e
in
fl
ation

factor
for

each
cell

in
f
ı
w
h
ich

is
u
sed

to
d
ein

fl
ate

th
e
claim

am
ou
n
ts,

is
also

assu
m
ed

to
b
e
k
n
ow

n
.

B

B
1

B
2

···
B
r−

1
B
r

A
1

Y
1
1

Y
1
2

···
Y

1
,r−

1
Y

1
r

A
2

Y
2
1

Y
2
2

···
Y

2
,r−

1

A
...

...
...

A
r−

1
Y
r−

1
,1

Y
r−

1
,2

A
r

Y
r
1

T
ab
le
1.1:

S
tru

ctu
re

of
O
u
tstan

d
in
g
C
laim

A
m
ou
n
ts

D
ata.

M
an
y
m
o
d
els

an
d
tech

n
iq
u
es

h
ave

b
een

p
rop

osed
for

th
e
p
red

iction
of

th
e
low

er
trian

gles

of
T
ab
les

1.1
an
d
1.2.

T
w
o
of

th
e
m
ost

b
road

ly
u
sed

m
o
d
els

are
th
e
log-lin

ear
an
d
th
e

log-n
orm

al
an
ova-ty

p
e
m
o
d
els;

see
T
ay
lor

an
d
A
sh
e
(1983),

R
en
sh
aw

an
d
V
errall

(1994),

R
en
sh
aw

(1989)
an
d
V
errall

(1991,
1993,

1996).
R
en
sh
aw

(1994)
fou

n
d
accu

rate
ap
p
rox

im
a-

tion
s
of

th
e
sq
u
are

ro
ot

p
red

iction
error

for
th
e
log-n

orm
al

m
o
d
el.

A
sh
ort

rev
iew

of
m
ore

ad
van

ced
m
o
d
els

for
th
is

p
rob

lem
is

given
b
y
H
ab

erm
an

an
d
R
en
sh
aw

(1996).
R
ecen

tly,

V
errall

(1996)
in
vestigated

gen
eralised

ad
d
itive

m
o
d
els.

D
y
n
am

ic
m
o
d
els

(also
called

state

sp
ace

m
o
d
els)

w
ere

also
p
rop

osed
;
D
e
J
on
g
an
d
Z
eh
n
w
irth

(1983)
m
ad
e
a
gen

eral
in
vestiga-
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B

B
1

B
2

···
B
r−

1
B
r

A
1

n
1
1

n
1
2

···
n

1
,r−

1
n

1
r

T
1

A
2

n
2
1

n
2
2

···
n

2
,r−

1
T

2

A
...

...
...

...

A
r−

1
n
r−

1
,1

n
r−

1
,2

T
r−

1

A
r

n
r
1

T
r

T
ab
le
1.2:

S
tru

ctu
re

of
O
u
tstan

d
in
g
C
laim

C
ou
n
ts

D
ata.

tion
of

state
sp
ace

m
o
d
els

in
reserv

in
g
claim

s
p
rob

lem
an
d
V
errall

(1989,
1994)

in
vestigated

a
state

sp
ace

m
o
d
el
w
h
ich

can
b
e
v
iew

ed
as

an
ex
ten

sion
to

th
e
log-n

orm
al

m
o
d
els.

F
rom

a

B
ayesian

p
oin

t
of

v
iew

,
V
errall

(1990)
p
ro
d
u
ced

B
ayes

estim
ates

for
th
e
log-n

orm
al

m
o
d
el.

M
akov

et
a
l.
(1996)

p
rov

id
e
a
sh
ort

rev
iew

of
B
ayesian

m
eth

o
d
s
an
d
d
escrip

tion
of

ap
p
ly
in
g

M
C
M
C

in
th
e
p
rob

lem
of

ou
tstan

d
in
g
claim

s.
B
ayesian

m
eth

o
d
s
w
ere

also
u
sed

b
y
H
aas-

tru
p
an
d
A
rjas

(1996)
for

estim
atin

g
claim

cou
n
ts

an
d
am

ou
n
ts

in
in
d
iv
id
u
al

claim
d
ata,

J
ew

ell
(1989)

an
d
A
lb
a
et

a
l.
(1997)

for
estim

atin
g
claim

cou
n
ts.

E
m
p
irical

B
ayes

estim
ates

w
ere

also
ob
tain

ed
b
y
V
errall

(1989,
1990).

F
u
rth

er
w
ork

in
estim

atin
g
claim

am
ou
n
ts

or

claim
cou

n
ts
is
p
u
b
lish

ed
b
y
N
orb

erg
(1986),

H
esselager

(1991),
N
eu
h
au
s
(1992)

an
d
L
aw

less

(1994).

In
th
is

case
stu

d
y
w
e
p
rop

ose
a
B
ayesian

ap
p
roach

to
in
vestigate

variou
s
m
o
d
els

for

th
e
ou
tstan

d
in
g
claim

s
p
rob

lem
.
T
h
e
u
se

of
th
e
B
ayesian

p
arad

igm
d
id

n
ot

em
an
ate

from

th
e
n
eed

to
u
se

p
rior

in
form

ation
as

in
V
errall

(1990)
b
u
t,

rath
er,

from
its

com
p
u
tation

fl
ex
ib
ility

th
at

allow
s
u
s
to

h
an
d
le
com

p
lex

m
o
d
els.

M
C
M
C
sam

p
lin

g
strategies

are
u
sed

to

gen
erate

sam
p
les

for
each

p
osterior

d
istrib

u
tion

of
in
terest.

A
key

featu
re

in
th
e
m
o
d
ellin

g

ap
p
roach

w
e
p
rop

ose,
is
th
e
sim

u
ltan

eou
s
u
se

of
d
ata

of
T
ab
les

1.1
an
d
1.2.

In
th
is
w
ay

w
e

are
essen

tially
m
o
d
ellin

g
‘p
ay
m
en
ts

p
er

claim
fi
n
alized

’
(P

P
C
F
)
in

d
elay

year

h
av
in
g
origin

in
year

ı;
see

T
ay
lor

an
d
A
sh
e
(1983).

T
h
is

h
as

th
e
ad
van

tage
th
at

in
crease

in
accid

en
ts,

w
h
ich

is
ex
p
ressed

v
ia

in
crease

of
claim

cou
n
ts

in
T
ab
le

1.2,
resu

lts
in

th
e
in
crease

of
total

claim
s
in

T
ab
le
1.1.

M
o
d
ellin

g
of

b
oth

claim
cou

n
ts

an
d
am

ou
n
ts

h
as

b
een

ad
vo
cated

in
th
e

p
ast;

see
N
orb

erg
(1986),

H
esselager

(1991),
N
eu
h
au
s
(1992),

H
aastru

p
an
d
A
rjas

(1996)
for
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I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

ap
p
lication

in
in
d
iv
id
u
al

claim
d
ata

an
d
T
ay
lor

an
d
A
sh
e
(1983)

for
aggregated

d
ata.

W
e
m
o
d
el
th
e
claim

cou
n
ts

for
year

ı
u
sin

g
a
m
u
ltin

om
ial

d
istrib

u
tion

w
h
en

T
ı
is
k
n
ow

n
.

If
T
ı
is

n
ot

k
n
ow

n
,
th
is

assu
m
p
tion

is
easily

relax
ed

an
d
th
e
claim

cou
n
ts

d
ata

can
b
e

m
o
d
elled

as
P
oisson

d
istrib

u
ted

.

In
th
e
n
ex
t
section

w
e
b
riefl

y
d
escrib

e
th
e
B
ayesian

th
eory

an
d
th
e
M
C
M
C
m
eth

o
d
ology.

S
ection

1.4.3
p
resen

ts
th
e
m
o
d
els

u
n
d
er

con
sid

eration
.
In

S
ection

1.4.4
an

illu
strated

ex
am

p
le

w
ith

d
ata

from
a
G
reek

in
su
ran

ce
com

p
an
y
is
p
resen

ted
.
F
in
ally,

a
b
rief

d
iscu

ssion
is
given

in
S
ection

1.4.5
w
h
ile

com
p
u
tation

al
d
etails

are
given

in
S
ection

1.4.6.

1
.4
.2

B
a
y
e
sia

n
M

o
d
e
llin

g
v
ia

M
C
M

C

W
e
ad
op
t
B
ayesian

th
eory

an
d
M
C
M
C

m
eth

o
d
ology

in
ord

er
to

d
evelop

n
ew

m
o
d
els

in

estim
atin

g
fu
tu
re

liab
ilities.

T
ech

n
icalities

in
volved

M
C
M
C

m
eth

o
d
s
are

given
in

S
ection

1.3.
T
o
avoid

ex
ten

d
ed

d
iscu

ssion
on

M
C
M
C
,
th
e
follow

in
g
section

fo
cu
ses

on
ly

in
th
e

m
o
d
ellin

g
asp

ects
of

th
e
p
rob

lem
an
d
im

p
lem

en
tation

d
etails

for
th
e
m
o
d
els

p
rop

osed
(form

of
th
e
fu
ll
con

d
ition

al
d
en
sities,

M
etrop

olis
H
astin

gs
sam

p
lin

g
etc.)

are
given

in
S
ection

1.4.6.
T
ech

n
icalities

u
sed

in
clu

d
e
sam

p
lin

g
from

th
e
u
su
al

log-con
cave

d
en
sities

m
et

in

gen
eralised

lin
ear

m
o
d
els

(D
ellap

ortas
an
d
S
m
ith

,
1993),

M
C
M
C

strategies
for

p
rob

lem
s

w
ith

con
strain

ed
p
aram

eter
p
rob

lem
s
(G

elfan
d

et
a
l.
,
1992),

w
ay
s
to

h
an
d
le

th
e
m
issin

g

valu
es

p
rob

lem
(G

elfan
d
et

a
l.
,
1990),

an
d
fi
n
ally,

u
su
al
tran

sform
ation

of
th
e
M
C
M
C
ou
tp
u
t

to
th
e
actu

al
p
aram

eters
of

in
terest.

F
or

th
e
latter,

let
u
s
give

som
e
ad
d
ition

al
in
form

ation
.

F
or

every
m
o
d
el
th
e
m
issin

g
en
tries

in
T
ab
le
1.1

(Y
ı ,

ı+

>

r
+
1)

are
treated

as
p
aram

eters.

H
av
in
g
ob
tain

ed
th
e
M
C
M
C

ou
tp
u
t
sam

p
les,

it
is

straigh
tforw

ard
to

ob
tain

th
e
p
osterior

sam
p
le

for
th
e
p
aram

eters
of

in
terest

Y
ı.
=

r∑=
r
+

2−
ı Y

ı
w
h
ich

ex
p
ress

th
e
ou
tstan

d
in
g
claim

s

of
year

ı,
b
y
sim

p
ly

ad
d
in
g
th
e
gen

erated
valu

es
of

Y
ı ,

ı
+


>

r
+
1.

C
on
vergen

ce
asp

ects
w
ere

treated
carefu

lly
b
y
fi
rstly

ch
o
osin

g
an

ap
p
rop

riate
lag

in
terval

in
th
e
M
C
M
C

ou
tp
u
t
so

th
at

au
to
correlation

b
ias

is
m
in
im

ized
,
an
d
secon

d
ly

b
y
u
sin

g
all

con
vergen

ce
d
iagn

ostics
criteria

availab
le
in

C
O
D
A
softw

are
(see

B
est

et
a
l.
,
1995)

to
en
su
re

th
at

con
vergen

ce
is
ach

ieved
.
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1
.4
.3

M
o
d
e
llin

g
A
p
p
ro

a
ch

e
s

N
ew

m
o
d
elin

g
asp

ects
ex
p
ressed

in
term

s
of
fou

r
m
o
d
els

of
th
e
p
rob

lem
of
ou
tstan

d
in
g
claim

s

are
p
resen

ted
in

th
is
section

.
F
or

com
p
arison

p
u
rp
oses,

w
e
p
resen

t
a
B
ayesian

an
aly

sis
of

tw
o

m
o
d
els

u
sed

in
th
e
p
ast,

th
e
log-n

orm
al

(m
o
d
el
1.1)

an
d
th
e
state

sp
ace

m
o
d
el
(m

o
d
el
1.3).

W
e
en
h
an
ce

th
ese

m
o
d
els

b
y
sim

u
ltan

eou
sly

m
o
d
ellin

g
claim

am
ou
n
ts

an
d
cou

n
ts

an
d
u
sin

g

th
e
total

claim
cou

n
ts

to
sp
ecify

ap
p
rop

riate
p
aram

eter
con

strain
ts.

T
h
ese

m
o
d
ifi
cation

s

resu
lt
in

M
o
d
els

1.2
an
d
1.4.

1
.4
.3
.1

M
o
d
e
l
1
:
L
o
g
-N

o
rm

a
l
M

o
d
e
l

T
h
e
sim

p
lest

m
o
d
el
for

th
e
d
ata

in
T
ab
le
1.1

is
a
log-n

orm
al
(an

ova-ty
p
e)

m
o
d
el.

T
h
is
m
o
d
el

w
as

in
vestigated

b
y
R
en
sh
aw

an
d
V
errall

(1994),
R
en
sh
aw

(1989)
an
d
V
errall

(1991,
1993,

1996).
V
errall

(1990)
p
ro
d
u
ced

B
ayes

estim
ates

for
th
e
p
aram

eters
of

th
is
m
o
d
el.

T
h
e
m
o
d
el

is
given

b
y
th
e
form

u
lation

Υ
ı
=

log
Y
ı

in
f
ı ,

Υ
ı ∼

N
(µ

ı ,σ
2),

µ
ı
=

b
0
+

a
ı +

b
 ,

ı,
=

1,...,r
(1.1)

w
h
ere

Υ
ı
are

called
log-ad

ju
sted

claim
am

ou
n
ts

an
d
N
(µ

ı ,σ
2)

d
en
otes

th
e
n
orm

al
d
istri-

b
u
tion

w
ith

m
ean

µ
ı
an
d
varian

ce
σ

2.
In

T
ay
lor

an
d
A
sh
e
(1983)

an
d
V
errall

(1991,
1993,

1996)
th
e
altern

ative
p
aram

etrization
Υ
ı
=

log
(Y

ı )−
log

(in
f
ı ×

E
ı )
w
ith

Υ
ı ∼

N
(µ

ı ,σ
2)

is
u
sed

,
w
h
ere

E
ı
is

a
m
easu

re
of

ex
p
osu

re
(for

ex
am

p
le

size
of

p
ortfolio

for
year

ı).
T
h
is

rep
aram

etrization
can

b
e
easily

ad
op
ted

for
all

follow
in
g
m
o
d
els.

F
in
ally,

(1.1)
req

u
ires

ap
p
rop

riate
con

strain
ts

to
ach

ieve
id
en
tifi

ab
ility

of
th
e
p
aram

eters,
so

h
ere

w
e
ad
op
t
th
e

u
su
al

su
m
-to-zero

p
aram

etrization
,
th
at

is, ∑ı
a
ı
= ∑

b

=

0.
C
on
seq

u
en
tly,

ex
p
ression

(1.1)
assu

m
es

th
at

th
e
ex
p
ected

log-ad
ju
sted

claim
am

ou
n
t
µ
ı
origin

ated
at

year
ı
an
d
p
aid

w
ith

d
elay

of
−

1
years

is
m
o
d
elled

v
ia

a
lin

ear
p
red

ictor
w
h
ich

con
sists

of
th
e
average

log-ad
ju
sted

claim
am

ou
n
t
b
0 ,
a
factor

w
h
ich

refl
ects

ex
p
ected

ch
an
ges

d
u
e
to

origin
year

a
ı ,

an
d
a
factor

d
ep
en
d
in
g
on

th
e
d
elay

p
attern

b
 .

T
o
com

p
lete

th
e
B
ayesian

form
u
lation

w
e
u
se

th
e
p
riors

b
0 ∼

N
(0,σ

2b
0 ),

a
ı ∼

N
(0,σ

2a
ı ),

b
 ∼

N
(0,σ

2b
 ),

ı,
=

2,...,r,
τ
=

σ
−

2∼
G
(a

τ ,b
τ )

w
ith

G
(a
,b)

d
en
otin

g
gam

m
a
d
istrib

u
tion

w
ith

m
ean

a
/b.

F
or

th
e
k
in
d
of

p
rob

lem
s
w
e
are
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B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

in
terested

in
,
vagu

e
d
iff
u
se

p
rop

er
p
riors

(K
ass

an
d
W
asserm

an
,
1996)

are
p
ro
d
u
ced

b
y
u
sin

g

σ
2b
0
=

1000,
σ

2a
ı
=

100,
ı
=

2,...,r,
σ

2b

=

100,

=

2,...,r,
a
τ
=

b
τ
=

0.001.

A
d
isad

van
tage

of
th
e
ab

ove
m
o
d
el

is
th
at

it
d
o
es

n
ot

u
se

an
y
in
form

ation
from

th
e

ob
served

cou
n
ts.

T
h
at

is,
an
y
p
red

iction
of

th
e
m
issin

g
claim

am
ou
n
ts

w
ill

b
e
b
ased

on
ly

on

th
e
ob
served

claim
am

ou
n
ts.

A
s
a
resu

lt,
a
sou

rce
of

in
form

ation
for

a
year

(or
cell)

su
ch

as

a
su
d
d
en

in
crease

of
accid

en
ts

w
ill

n
ot

aff
ect

th
e
p
red

iction
of

th
e
claim

am
ou
n
ts.

1
.4
.3
.2

M
o
d
e
l
2
:
L
o
g
-N

o
rm

a
l
&

M
u
ltin

o
m

ia
l
M

o
d
e
l

W
e
su
ggest

h
ere

a
tw
o
stage

h
ierarch

ical
m
o
d
el
w
h
ich

u
ses

b
oth

d
ata

sets
in

T
ab
les

1.1
an
d

1.2
an
d
th
e
can

b
e
w
ritten

,
assu

m
in
g
n
ı
>

0
for

all
ı,,

in
th
e
tw
o
stage

form
u
lation

Υ
ı
=

log
Y
ı

in
f
ı ,

Υ
ı ∼

N
(µ

ı ,σ
2),

µ
ı
=

b
0
+

a
ı +

b

+

log
(n

ı ),

(n
ı1 ,n

ı2 ,...,n
ır )

T∼
M

u
ltin

om
ia
l(p ′1 ,p ′2 ,...,p ′r ;T

ı ),
log

(p ′ /p ′1 )
=

b ∗
(1.2)

w
h
ere

(n
ı1 ,n

ı2 ,...,n
ır )

T
are

th
e
n
u
m
b
er

of
claim

s
origin

ated
at

year
ı
an
d
p ′
is
th
e
p
rob

ab
ility

for
a
claim

to
b
e
settled

w
ith

a
d
elay

of
−

1
years.

F
or

th
e
fi
rst

stage
of

th
e
m
o
d
el

w
e
u
se

as
in

M
o
d
el
1
su
m
-to-zero

con
strain

ts.
C
om

p
ared

to
(1.1),

th
e
lin

ear
p
red

ictor
in

th
is
stage

h
as

b
een

en
h
an
ced

w
ith

th
e
term

log
(n

ı ).
A
s
a
resu

lt,
b
0
rep

resen
ts

th
e
average

log-ad
ju
sted

am
ou
n
t
p
er

claim
fi
n
alized

an
d
a
ı ,
b

refl

ect
ex
p
ected

d
iff
eren

ces
from

b
0
d
u
e
to

origin
an
d

d
elay

years
resp

ectively.
F
or

th
e
secon

d
stage

w
e
u
se

corn
er

con
strain

ts
(b ∗1

=
0)

to
facilitate

its
straigh

tforw
ard

in
terp

retation
:
b ∗

rep
resen

ts
th
e
log-o

d
d
s
of

an
accid

en
t
to

b
e
p
aid

w
ith

a
d
elay

of
−

1
years

versu
s
an

accid
en
t
p
aid

w
ith

ou
t
d
elay.

T
h
e
secon

d
(m

u
ltin

om
ial)

stage
of

M
o
d
el
1.2

is
eq
u
ivalen

t,
to

th
e
log-lin

ear
m
o
d
el

n
ı ∼

P
oisson

(λ
ı ),

log
(λ

ı )
=

b ∗0
+

a ∗ı
+

b ∗

u
n
d
er

th
e
con

strain
ts

r∑=
1
n
ı
=

n
ı .
=

T
ı ,

r∑=
1
λ
ı
=

λ
ı.
=

T
ı ,
w
h
ere

b ∗0
an
d
a ∗ı

are
n
u
isan

ce

p
aram

eters;
for

m
ore

d
etails

see
A
gresti

(1990).
U
n
d
er

th
e
assu

m
p
tion

th
at

n
ı
>

0
for

all

ı,
it
is
p
recise

to
assu

m
e
th
at

n
ı
follow

s
a
‘tru

n
cated

at
zero’

P
oisson

(λ
ı ).

H
ow

ever,
for

th
e
size

of
th
e
d
ata

w
e
are

in
terested

in
,
th
e
ab

ove
d
istrib

u
tion

is
p
ractically

id
en
tical

to

P
oisson

(λ
ı ).

H
ad

w
e
assu

m
ed

th
at

T
ı
is
u
n
k
n
ow

n
,
w
e
w
ou
ld

h
ave

u
sed

th
e
ab

ove
log-lin

ear

m
o
d
el

w
ith

ou
t
con

strain
ts

on
λ
ı
an
d
n
ı .

T
h
is

cou
ld

b
e
u
sefu

l,
for

ex
am

p
le,

if
som

e
k
in
d
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of
ex
p
osu

re
m
easu

re
is

availab
le,

say
th
e
size

of
p
ortfolio.

T
h
en
,
M
o
d
el

1.2
w
ith

ou
t
th
e

con
strain

ts
on

λ
ı
an
d
n
ı
is
ap
p
rop

riate
for

p
red

ictin
g
‘in

cu
rred

b
u
t
n
ot

rep
orted

claim
s’.

W
e
su
ggest

sim
ilar

p
rior

d
istrib

u
tion

s
as

M
o
d
el
1.1

b
0 ∼

N
(0,σ

2b
0 ),

a
ı ∼

N
(0,σ

2a
ı ),

ı
=

2,...,r,
b
 ∼

N
(0,σ

2b
 ),


=

2,...,r,

τ
=

σ
−

2∼
G
(a

τ ,b
τ ),

b ∗ ∼
N
(0,σ

2b ∗ ),

=

2,...,r.

T
h
e
sam

e
valu

es
for

σ
2b
0 ,

σ
2a

ı ,
σ

2b

as

in
M
o
d
el
1.1

can
b
e
u
sed

.
F
or

th
e
ad
d
ition

al
p
aram

eters

b ∗
w
e
su
ggest

σ
2b ∗
=

100,
for


=

2,...,r.

1
.4
.3
.3

M
o
d
e
l
3
:
S
ta

te
S
p
a
ce

M
o
d
e
llin

g
o
f
C
la
im

A
m

o
u
n
ts

A
n
altern

ative
m
o
d
ellin

g
p
ersp

ective
for

th
is
k
in
d
of

p
rob

lem
s
is
th
e
state

sp
ace

(or
d
y
n
am

ic

lin
ear)

m
o
d
els

w
h
ere

th
e
p
aram

eters
d
ep
en
d
on

each
oth

er
in

a
tim

e
recu

rsive
w
ay.

A
gen

eral

d
escrip

tion
of

M
C
M
C

in
d
y
n
am

ic
m
o
d
els

is
given

b
y
G
am

erm
an

(1998).
C
arter

an
d
K
oh
n

(1994)
d
escrib

e
h
ow

to
u
se

G
ib
b
s
sam

p
ler

for
gen

eral
state

sp
ace

m
o
d
els

an
d
C
arlin

(1992)

ap
p
lies

G
ib
b
s
sam

p
ler

for
state

sp
ace

m
o
d
els

for
actu

arial
tim

e
series.

F
or

ap
p
lication

of

state
sp
ace

m
o
d
els

in
claim

am
ou
n
ts

p
rob

lem
see

D
e
J
on
g
an
d
Z
eh
n
w
irth

(1983)
an
d
V
errall

(1989,
1994).

T
h
e
state

sp
ace

m
o
d
el
can

b
e
w
ritten

as

Υ
ı
=

log
Y
ı

in
f
ı ,

Υ
ı ∼

N
(µ

ı ,σ
2),

µ
ı
=

b
0
+

a
ı +

b
ı

(1.3)

w
ith

th
e
recu

rsive
asso

ciation
s

b
ı
=

b
ı−

1
,j
+

ε
ı ,

ε
ı ∼

N
(0,σ

2ε ),
ı
=

2,...,r,

a
ı
=

a
ı−

1
+

ζ
ı ,

ζ
ı ∼

N
(0,σ

2ζ ),
ı
=

2,...,r

an
d
corn

er
con

strain
ts

a
1
=

b
ı1
=

0,
ı
=

1,2,...,r.

C
om

p
arin

g
M
o
d
el

3
w
ith

M
o
d
el

1
w
e
fi
rst

n
ote

th
at

b

h
as

b
een

rep
laced

b
y
b
ı .

T
h
u
s,

th
e
d
elay

eff
ect

on
th
e
log-ad

ju
sted

claim
am

ou
n
ts

ch
an
ges

w
ith

th
e
origin

year.
S
econ

d
,

th
e
in
tro

d
u
ced

recu
rsive

asso
ciation

s
ex
p
ress

th
e
b
elief

th
at

th
e
p
aram

eters
a
ı
an
d
b

evolve

th
rou

gh
tim

e
v
ia

k
n
ow

n
sto

ch
astic

m
ech

an
ism

s.
In

fact,
th
ese

m
ech

an
ism

s
are

d
eterm

in
ed

b
y
th
e
d
istu

rb
an

ce
term

s
ε
ı
an
d

ζ
ı ;
as

σ
2ε
ap
p
roach

es
zero

(1.3)
d
egen

erates
to

M
o
d
el

1,

w
h
ereas

w
h
en

σ
2ζ
ap
p
roach

es
zero

th
e
p
aram

eters
a
ı
ten

d
to

zero.
T
h
e
corn

er
con

strain
ts

16
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

im
p
ly

th
at

b
0
is
th
e
ex
p
ected

log-ad
ju
sted

claim
am

ou
n
t
for

th
e
fi
rst

origin
year

p
aid

w
ith

ou
t

d
elay

an
d
a
ı
an
d
b
ı
are

in
terp

reted
accord

in
gly.

In
(1.3)

w
e
on
ly

n
eed

to
d
efi
n
e
p
rior

d
istrib

u
tion

s
for

th
e
fi
rst

state
sp
ace

p
aram

eters;

for
m
ore

d
etails

see
C
arlin

et
a
l.
(1992),

C
arlin

(1992)
an
d
G
am

erm
an

(1998).
W
e
p
rop

ose

p
riors

b
1
 ∼

N
(0,σ

2b
1
 )

an
d
b
0 ∼

N
(0,σ

2b
0 )

w
ith

σ
2b
1

=

100
an
d
σ

2b
0
=

1000.
T
h
e
p
rior

for
th
e

p
recision

τ
=

σ
−

2
is
a
G
(a

τ ,b
τ )

d
en
sity

as
in

M
o
d
el
1.1.

W
e
ad
d
ition

ally
u
se

n
on
-in

form
ative

gam
m
a
p
riors

for
th
e
p
aram

eters
σ
−

2
ε
∼

G
(a

ε ,b
ε )

an
d
σ
−

2
ζ
∼

G
(a

ζ ,b
ζ )

w
ith

p
rop

osed
valu

es

a
ε
=

b
ε
=

a
ζ
=

b
ζ
=

10 −
1
0.

F
in
ally,

as
in

M
o
d
el

1.1,
w
e
n
ote

th
at

th
is
m
o
d
el

d
o
es

n
ot

u
se

an
y
in
form

ation
from

claim
cou

n
ts.

1
.4
.3
.4

M
o
d
e
l
4
:
S
ta

te
S
p
a
ce

M
o
d
e
llin

g
o
f
A
v
e
ra

g
e
C
la
im

A
m

o
u
n
t
p
e
r
A
ccid

e
n
t

H
ere

w
e
gen

eralise
th
e
M
o
d
el

1.3
b
y
in
corp

oratin
g
in
form

ation
from

d
ata

in
T
ab
le

1.2.

A
ssu

m
in
g
th
at

n
ı
>

0
for

all
ı,,

w
e
su
ggest

Υ
ı
=

log
Y
ı

in
f
ı ,

Υ
ı ∼

N
(µ

ı ,σ
2),

µ
ı
=

b
0
+

a
ı +

b
ı
+

log
(n

ı ),

(n
ı1 ,n

ı2 ,...,n
ır )

T∼
M

u
ltin

om
ia
l(p ′1 ,p ′2 ,...,p ′r ;T

ı ),
log

(p ′ /p ′1 )
=

b ∗ ,
b ∗1

=
0

(1.4)

w
ith

th
e
recu

rsive
asso

ciation
s

b
ı
=

b
ı−

1
,
+

ε
ı ,

ε
ı ∼

N
(0,σ

2ε ),
ı
=

2,...,r,

a
ı
=

a
ı−

1
+

ζ
ı ,

ζ
ı ∼

N
(0,σ

2ζ ),
ı
=

2,...,r.

In
an
alogy

w
ith

M
o
d
el
2,

w
e
h
ave

ad
d
ed

th
e
term

log
(n

ı )
in

th
e
lin

ear
p
red

ictor.
T
h
u
s,

b
0
rep

resen
ts
th
e
log-ad

ju
sted

am
ou
n
t
p
er

claim
fi
n
alized

for
th
e
fi
rst

origin
year

p
aid

w
ith

ou
t

d
elay,

an
d
a
ı ,
b
ı
are

in
terp

reted
accord

in
gly.

T
h
e
m
u
ltin

om
ial

secon
d
stage

form
u
lation

is

in
terp

reted
ex
actly

as
in

M
o
d
el

2.
T
h
e
p
riors

can
b
e
d
efi
n
ed

sim
ilarly

as
in

M
o
d
els

1.2
an
d

1.3.

1
.4
.4

A
R
e
a
l
D
a
ta

E
x
a
m

p
le

T
h
e
follow

in
g
d
ata

cam
e
from

a
m
a
jor

G
reek

in
su
ran

ce
com

p
an
y.

T
ab
les

1.3-1.5
give

th
e

claim
am

ou
n
ts,

th
e
claim

cou
n
ts,

th
e
total

cou
n
ts

for
car

accid
en
ts

an
d
th
e
in
fl
ation

factor.

D
u
e
to

th
eir

n
atu

re,
th
e
m
ain

sou
rce

of
d
elay

is
d
u
e
to

claim
s
th
at

are
n
otifi

ed
b
u
t
settled
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after
th
e
accid

en
t
year.

L
iab

ilities
th
at

h
ave

arisen
b
u
t
rep

orted
later

are
assu

m
ed

to
b
e

m
in
im

al.
M
oreover,

th
e
assu

m
p
tion

of
n
o
p
artial

p
ay
m
en
ts

is
p
lau

sib
le

sin
ce

on
ly

a
sm

all

p
rop

ortion
of

car
accid

en
t
claim

s
are

p
aid

in
m
ore

th
an

on
e
in
stallm

en
ts.

B

Y
ear

1
2

3
4

5
6

7

1
9
8
9

527003
220645

130250
84085

72182
21656

49868

1
9
9
0

715247
341364

166001
99845

108648
91958

1
9
9
1

1166119
428365

166410
155376

191644

A
1
9
9
2

1686294
647331

335290
427069

1
9
9
3

2780948
961010

444610

1
9
9
4

3619446
1328151

1
9
9
5

4002087

T
ab
le
1.3:

O
u
tstan

d
in
g
C
laim

A
m
ou
n
ts

from
a
G
reek

In
su
ran

ce
C
om

p
an
y
(th

ou
san

d
s
d
rach

-

m
as).

T
h
e
an
aly

sis
of

th
e
d
ata

ab
ove

w
as

in
itiated

b
y
d
ein

fl
atin

g
th
e
d
ata

in
T
ab
le

1.3
u
sin

g

th
e
in
fl
ation

factors
in

T
ab
le

1.5.
T
h
erefore,

th
e
resu

ltin
g
p
red

ictive
am

ou
n
ts

p
resen

ted
in

th
is
section

sh
ou
ld

b
e
m
u
ltip

lied
b
y
th
e
corresp

on
d
in
g
in
fl
ation

factor
to

rep
resen

t
am

ou
n
ts

for
a
sp
ecifi

c
year

(for
ex
am

p
le
m
u
ltip

ly
b
y
257/100=

2.57
to

get
th
e
in
fl
ated

am
ou
n
t
for

year

1996).

P
osterior

su
m
m
aries

of
M
o
d
els

1-4
are

given
in

T
ab
les

1.7
an
d
1.8.

N
ote

th
e
strik

in
g

d
iff
eren

ce
of

ou
r
p
rop

osed
m
o
d
els

1.2
an
d
1.4

w
h
en

com
p
ared

w
ith

th
e
ex
istin

g
ap
p
roach

es

ex
p
ressed

b
y
M
o
d
els

1.1
an
d
1.3

for
ou
tstan

d
in
g
claim

am
ou
n
ts

for
1991

an
d
1992.

T
h
is

d
ev
iation

is
easily

ex
p
lain

ab
le
if
w
e
ex
am

in
e
carefu

lly
th
e
d
ata

in
T
ab
le
1.4.

T
h
e
rem

ain
in
g

ou
tstan

d
in
g
claim

s
for

1991
are

on
ly

132
an
d
accou

n
t
for

th
e
1.05%

of
th
e
total

claim
cou

n
ts

(12,601).
T
h
is
p
ercen

tage
is
com

p
arab

ly
m
u
ch

sm
aller

th
an

th
e
corresp

on
d
in
g
ou
tstan

d
in
g

claim
cou

n
ts

of
1989

an
d
1990

w
h
ich

w
ere

3.03%
an
d
4.48%

resp
ectively.

T
h
is
d
ecrease

is

b
ein

g
taken

in
to

accou
n
t
b
y
ou
r
m
o
d
els

an
d
th
e
p
ro
d
u
ced

estim
ates

for
1991

are
ap
p
rop

riately

ad
ju
sted

.

T
ab
le
1.9

gives
th
e
p
osterior

su
m
m
aries

for
varian

ce
com

p
on
en
ts

for
all

m
o
d
els.

F
or

th
e
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B
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M
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d
el
an
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V
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S
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U
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g
M
C
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B

Y
ear

1
2

3
4

5
6

7
T
otal

1
9
8
9

6622
1943

489
138

61
223

66
9542

1
9
9
0

6943
2133

632
154

162
390

10496

1
9
9
1

8610
2216

736
651

256
12601

A
1
9
9
2

9791
3167

1570
624

15565

1
9
9
3

11722
3192

1773
17735

1
9
9
4

13684
3664

19746

1
9
9
5

13068
18600

T
ab
le
1.4:

O
u
tstan

d
in
g
C
laim

C
ou
n
ts

from
a
G
reek

In
su
ran

ce
C
om

p
an
y.

Y
ear

1989
1990

1991
1992

1993
1994

1995
1996

In
fl
ation

(%
)

100.0
120.4

143.9
166.6

190.6
214.2

235.6
257.0

T
ab
le
1.5:

In
fl
ation

F
actor

for
G
reece.

Y
ear

M
o
d
el

1990
1991

1992
1993

1994
1995

1
1107(17)

1374(22)
1904(69)

2505(118)
3026(238)

3112(556)

2
1105(19)

1322(
6)

1787(48)
2400(121)

2892(271)
2950(698)

3
1103(13)

1379(27)
1896(68)

2533(167)
3013(282)

3091(475)

4
1101(

3)
1330(

2)
1789(

8)
2433(

31)
2752(

59)
2767(168)

T
ab
le

1.6:
P
osterior

M
ean

(S
tan

d
ard

D
ev
iation

)
for

T
otal

C
laim

A
m
ou
n
ts

P
aid

for
E
ach

A
ccid

en
t
Y
ear

(m
illion

d
rach

m
as;

ad
ju
sted

for
in
fl
ation

).
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Y
ear

M
o
d
el

1990
1991

1992
1993

1994
1995

1
34(17)

65(22)
215(69)

409(118)
773(238)

1413(555)

2
32(19)

13(
6)

97(48)
304(121)

639(271)
1251(698)

3
30(13)

70(27)
206(68)

436(167)
760(282)

1393(475)

4
28(

3)
21(

2)
99(

8)
336(

31)
498(

59)
1068(168)

T
ab
le

1.7:
P
osterior

M
ean

(S
tan

d
ard

D
ev
iation

)
for

T
otal

O
u
tstan

d
in
g
C
laim

A
m
ou
n
ts

of

E
ach

A
ccid

en
t
Y
ear

(m
illion

d
rach

m
as;

ad
ju
sted

for
in
fl
ation

).

Y
ear

M
o
d
el

1996
1997

1998
1999

2000
2001

T
otal

1
1222(338)

679(177)
470(140)

299(110)
152(

59)
88(54)

2909(670)

2
1085(450)

582(215)
375(171)

191(109)
66(

40)
37(29)

2336(806)

3
1166(289)

677(225)
496(227)

310(179)
161(154)

85(99)
2895(834)

4
937(136)

456(
70)

353(
78)

179(
43)

87(
24)

41(20)
2052(226)

T
ab
le
1.8:

P
osterior

M
ean

(S
tan

d
ard

D
ev
iation

)
of

T
otal

C
laim

A
m
ou
n
ts

to
b
e
P
aid

in
E
ach

F
u
tu
re

Y
ear

(m
illion

d
rach

m
as;

ad
ju
sted

for
in
fl
ation

).
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I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

d
ata

w
e
an
aly

sed
,
w
e
n
oticed

th
at

th
e
state

sp
ace

m
o
d
el
for

claim
am

ou
n
ts

(M
o
d
el
1.3)

d
id

n
ot

d
iff
er

very
m
u
ch

from
th
e
sim

p
le

log-n
orm

al
m
o
d
el.

T
h
is
is
d
u
e
to

th
e
sm

all
p
osterior

valu
es

of
σ

2ε
an
d
m
ay

im
p
ly

th
at

n
o
d
y
n
am

ic
term

is
n
eed

ed
w
h
en

m
o
d
ellin

g
th
e
total

claim

am
ou
n
ts.

O
n
th
e
oth

er
h
an
d
,
in
corp

oration
th
e
claim

cou
n
ts
(M

o
d
el
4)

resu
lted

in
a
p
osterior

d
en
sity

of
σ

2ε
w
h
ich

gives
ev
id
en
ce

for
a
n
on
-con

stan
t
d
y
n
am

ic
term

.
T
h
erefore,

M
o
d
el

3

im
p
lies

th
at

th
e
total

p
ay
m
en
ts

h
ave

a
sim

ilar
d
elay

p
attern

across
years

w
h
ile

M
o
d
el

4

im
p
lies

th
at

‘p
ay
m
en
ts

p
er

claim
fi
n
alized

’
for

origin
year

ı
an
d
d
elay

year

ch
an
ge

from

year
to

year.

M
o
d
el
P
aram

eters

P
osterior

σ
2

σ
2ε

σ
2ζ

V
alu

e
M
odel

1
M
odel

2
M
odel

3
M
odel

4
M
odel

3
M
odel

4
M
odel

3
M
odel

4

m
ean

0.0893
0.1366

0.0623
0.00008

0.0379
0.1249

0.1091
0.0150

m
ed
ian

0.0816
0.1231

0.0603
0.00008

0.0002
0.1197

0.0777
0.0112

st.d
ev
.

0.0409
0.0596

0.0399
0.00002

0.0777
0.0324

0.1227
0.0145

T
ab
le
1.9:

P
osterior

S
u
m
m
aries

for
M
o
d
el
P
aram

eters
σ

2,
σ

2ε
an
d
σ

2ζ .

1
.4
.5

D
iscu

ssio
n

In
th
is
case

stu
d
y
w
e
d
evelop

ed
n
ew

m
o
d
els

in
ord

er
to

an
aly

se
th
e
w
ell

k
n
ow

n
p
rob

lem
of

ou
tstan

d
in
g
claim

s
of

in
su
ran

ce
com

p
an
ies

u
sin

g
B
ayesian

th
eory

an
d
M
C
M
C
m
eth

o
d
ology.

T
h
e
m
o
d
els

fi
tted

can
b
e
d
iv
id
ed

in
tw
o
categories.

T
h
e
fi
rst

category
con

tain
s
m
o
d
els

th
at

u
se

on
ly

th
e
in
form

ation
from

claim
am

ou
n
ts

(T
ab
le
1.1)

w
h
ile

th
e
secon

d
ex
p
loits

b
oth

claim
am

ou
n
ts

an
d
cou

n
ts

(T
ab
les

1.1
an
d
1.2).

T
h
u
s
th
e
en
rich

ed
fam

ily
attem

p
ts

to
m
o
d
el

th
e
average

p
ay
m
en
t
p
er

claim
fi
n
alized

or
p
aid

;
th
is
is
th
e
ap
p
roach

w
e
ad
vo
cate,

an
d
w
e

b
elieve

th
at

it
im

p
roves

th
e
p
red

ictive
b
eh
av
iou

r
of

th
e
m
o
d
el.

T
h
e
m
o
d
els

d
ealt

w
ith

in
th
is

illu
strated

ex
am

p
le

can
b
e
gen

eralised
b
y
ad
d
in
g
oth

er

factors
in

th
e
fi
rst

(log-n
orm

al)
stage.

F
or

ex
am

p
le,

w
e
m
ay

assu
m
e
th
at

th
e
varian

ce
of

Υ
ı
d
ep
en
d
s
on

th
e
claim

cou
n
ts

of
th
e
corresp

on
d
in
g
cell.

S
in
ce

ou
r
su
ggested

m
o
d
els

are

alread
y
m
u
ltip

licative
in

th
e
error,

th
is
ad
ju
stm

en
t
w
ill

im
p
rove,

at
least

in
ou
r
d
ata,

on
ly
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sligh
tly

th
e
fi
t.

F
in
ally,

w
e
w
ou
ld

like
to

m
en
tion

th
at

th
e
B
ayesian

p
arad

igm
u
sed

in
th
is
case

stu
d
y
d
id

n
ot

u
tilize

th
e
ad
van

tage
of

u
sin

g
in
form

ative
p
rior

d
en
sities.

B
y
illu

stratin
g
ou
r
resu

lts
w
ith

n
on
-in

form
ative

p
riors,

w
e
on
ly

p
rov

id
e
a
yard

stick
for

com
p
arison

w
ith

oth
er

ap
p
roach

es.

H
ow

ever,
an
y
p
rior

k
n
ow

led
ges

can
b
e
in
corp

orated
in

ou
r
m
o
d
els

u
sin

g
u
su
al

q
u
an
tifi

cation

argu
m
en
ts.

1
.4
.6

F
u
ll

C
o
n
d
itio

n
a
l
P
o
ste

rio
r
D
e
n
sitie

s
o
f
C
a
se

S
tu

d
y

C
on
d
ition

al
p
osterior

d
istrib

u
tion

s
n
eed

ed
for

th
e
M
C
M
C
im

p
lem

en
tation

of
th
e
fou

r
m
o
d
els

p
resen

ted
in

S
ection

1.4.3
are

given
h
ere

in
d
etail.

Iterative
sam

p
les

from
th
ese

con
d
ition

al

d
en
sities

p
rov

id
e,

after
som

e
b
u
rn
-in

p
erio

d
an
d
b
y
u
sin

g
an

ap
p
rop

riate
sam

p
le

lag,
th
e

req
u
ired

sam
p
les

from
th
e
p
osterior

d
en
sity.

1
.4
.6
.1

C
o
m

p
u
ta

tio
n
s
fo

r
M

o
d
e
l
1

T
h
e
m
o
d
el
d
escrib

ed
in

S
ection

1.4.3.1
in
clu

d
es

p
aram

eters
b
0 ,a

,b
,σ

−
2.

T
h
e
claim

am
ou
n
ts

an
d
cou

n
ts

are
d
iv
id
ed

in
k
n
ow

n
/ob

served
(d
ata)

for
i
+

j≤
r
+
1
an

d
u
n
k
n
ow

n
m
issin

g

(p
aram

eters)
for

i
+

j
>

r
+
1.

D
en
ote

b
y
Υ

U
th
e
ob
served

(in
fl
ation

ad
ju
sted

)
log-am

ou
n
ts

b
y

Υ
L
th
e
m
issin

g
(in

fl
ation

ad
ju
sted

)
log-am

ou
n
ts

an
d
b
y

Υ
th
e
m
atrix

con
tain

in
g
b
oth

ob
served

an
d
m
issin

g
claim

(in
fl
ation

ad
ju
sted

)
log-am

ou
n
ts.

A
ssu

m
in
g
th
at

th
e
m
issin

g

d
ata

Υ
L
are

a
fu
rth

er
set

of
p
aram

eters,
th
e
p
aram

eter
vector

is
given

b
y
(b

0 ,a
,b

,σ
−

2,Υ
L
)

an
d
th
e
d
ata

vector
is

given
b
y
(Υ

U
).

U
sin

g
B
ayes

th
eorem

an
d
d
en
otin

g
b
y
f
th
e
p
rior,

con
d
ition

al
an
d
m
argin

al
d
en
sities,

th
e
p
osterior

d
istrib

u
tion

is
given

b
y

f
(b

0 ,a
,
b
,σ

−
2,Υ

L|Υ
U
)
∝∝

f
(Υ

U|b
0 ,a

,
b
,σ

−
2,Υ

L
)f
(b

0 ,a
,
b
,σ

−
2,Υ

L
)

∝
f
(Υ

U|b
0 ,a

,
b
,σ

−
2)f

(Υ
L|b

0 ,a
,
b
,σ

−
2)f

(b
0 ,a

,
b
,σ

−
2)

∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(b
0 )f

(a
)f
(b
)f
(σ

−
2)

w
h
ere

b
=

(b
2 ,...,b

r )
an
d

a
=

(a
2 ,...,a

r ).

T
h
e
fu
ll
con

d
ition

al
d
istrib

u
tion

s
are

th
erefore

given
b
y

1.
f
(b

0 |.)∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(b
0 )
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tzou
fras:

A
sp
ects
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B
ayesian

M
o
d
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d
V
ariab

le
S
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U
sin

g
M
C
M
C

2.
f
(a|.)∝

f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(a
)

3.
f
(b|.)∝

f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(b
)

4.
f
(σ

−
2|.)∝

f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(σ
−

2)

5.
f
(Υ

L|.)∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2)

In
th
e
ab

ove
p
osterior

th
e
con

d
ition

al
f
(Υ
|b

0 ,a
,
b
,σ

−
2)

is
th
e
fu
ll
likelih

o
o
d
assu

m
in
g

th
at

th
ere

are
n
o
m
issin

g
d
ata

in
th
e
claim

am
ou
n
t
tab

le;
th
erefore,

f
(Υ
|b

0 ,a
,
b
,σ

−
2)

=
(2π

σ
2) −

r
2
/
2ex

p −
12σ

2

r
∑ı=

1

r
∑=

1

[Υ
ı −

b
0 −

a
ı −

b
 )] 2 

T
h
u
s,
th
e
resu

ltin
g
con

d
ition

al
d
istrib

u
tion

s
are

1.

f
(b

0 |.)
=

N (
Υ
..

r
2
+

σ
2/σ

2b
0 ,

σ
2

r
2
+

σ
2/σ

2b
0 )

,
(1.5)

w
h
ere

Υ
..
=

r∑ı=
1

r∑=
1
Υ
ı .

2.
[a
]

f
(a

ı |.)
=

N 
Υ
ı. −

Υ
1
. −

r ∑k�=
1
,i
a
k

2r
+

σ
2/σ

2a
ı

,
σ

2

2r
+

σ
2/σ

2a
ı 

,
ı
=

2,...,r,
(1.6)

w
h
ere

Υ
ı.
=

r∑=
1
Υ
ı .

[b
]
S
et

a
1
=
−

r∑ı=
2
a
ı .

3.
[a
]

f
(b
 |.)

=
N 

Υ
.j −

Υ
.1 −

r ∑k�=
1
,j

b
k

2r
+

σ
2/σ

2b


,
σ

2

2r
+

σ
2/σ

2b
 

,

=

2,...,r,
(1.7)

w
h
ere

ln
.j
=

r∑ı=
1
log

(n
ı )

an
d
Υ
.j
=

r∑ı=
1
Υ
ı

[b
]
S
et

b
1
=
−

r∑=
2
b
 .

4.

f
(τ

=
σ
−

2|.)
=

G
(a

τ
+

r
2/2,b

τ
+

S
S
/2),

(1.8)

w
ith

S
S
=

r∑ı=
1

r∑=
1
(Υ

ı −
µ
ı )

2
an
d
µ
ı
=

b
0
+

a
ı +

b
 ).
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5.

f
(Υ

ı |.)
=

N
(µ

ı ,σ
2),

ı
=

2,...,r,

=

r−
ı
+
2,...,r,

(1.9)

w
ith

µ
ı
=

b
0
+

a
ı +

b
 .

1
.4
.6
.2

C
o
m

p
u
ta

tio
n
s
fo

r
M

o
d
e
l
2

T
h
e
m
o
d
el

in
tro

d
u
ced

in
1.4.3.2

is
m
ore

com
p
licated

an
d
in
clu

d
es

p
aram

eters
b
0 ,a

,b
,σ

−
2

from
stage

on
e,
an
d

b ∗
from

stage
tw
o.

S
im

ilar
to

ab
ove,

th
e
claim

(in
fl
ation

-ad
ju
sted

)
log-

am
ou
n
ts

an
d
cou

n
ts

are
d
iv
id
ed

in
k
n
ow

n
/ob

served
(d
ata)

for
i
+

j≤
r
+
1
an

d
u
n
k
n
ow

n

m
issin

g
(p
aram

eters)
for

i+
j
>

r
+
1.

D
en
ote

b
y

N
U
an
d
Υ

U
th
e
ob
served

claim
cou

n
ts
an
d

am
ou
n
ts,

resp
ectively,

b
y

N
L
an
d

Υ
L
th
e
m
issin

g
claim

cou
n
ts

an
d
am

ou
n
ts,

resp
ectively,

an
d
b
y

N
an
d

Υ
th
e
m
atrices

con
tain

in
g
b
oth

ob
served

an
d
m
issin

g
claim

cou
n
ts

an
d

am
ou
n
ts,

resp
ectively.

A
ssu

m
in
g
th
at

th
e
m
issin

g
d
ata

N
L
an
d

Υ
L
are

a
fu
rth

er
set

of

p
aram

eters,
th
e
p
aram

eter
vector

is
given

b
y
(b

0 ,a
,b

,σ
−

2,b ∗,N
L
,Υ

L
)
an
d
th
e
d
ata

vector

is
given

b
y
(N

U
,Υ

U
).

U
sin

g
B
ayes

th
eorem

an
d
d
en
otin

g
b
y
f
th
e
p
rior,

con
d
ition

al
an
d

m
argin

al
d
en
sities,

th
e
p
osterior

d
istrib

u
tion

is
given

b
y

f
(b

0 ,a
,
b
,σ

−
2,b ∗,N

L
,Υ

L|N
U
,Υ

U
)
∝

∝
f
(N

U
,Υ

U|b
0 ,a

,
b
,σ

−
2,b ∗,N

L
,Υ

L
)f
(b

0 ,a
,
b
,σ

−
2,b ∗,N

L
,Υ

L
)

∝
f
(N

U
,Υ

U|b
0 ,a

,
b
,σ

−
2,b ∗)f

(N
L
,Υ

L|b
0 ,a

,
b
,σ

−
2,b ∗)f

(b
0 ,a

,
b
,σ

−
2,b ∗)

∝
f
(N

,Υ
|b

0 ,a
,
b
,σ

−
2,b ∗)f

(b
0 )f

(a
)f
(b
)f
(σ

−
2)f

(b ∗)

∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2,N

)f
(N
|b ∗)f

(b
0 )f

(a
)f
(b
)f
(σ

−
2)f

(b ∗)

w
h
ere

b
=

(b
2 ,...,b

r ),
a
=

(a
2 ,...,a

r )
an
d

b ∗
=

(b ∗2 ,...,b ∗r ).

T
h
e
fu
ll
con

d
ition

al
d
istrib

u
tion

s
are

th
erefore

given
b
y

1.
f
(b

0 |.)∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2,N

)f
(b

0 )

2.
f
(a|.)∝

f
(Υ
|b

0 ,a
,
b
,σ

−
2,N

)f
(a
)

3.
f
(b|.)∝

f
(Υ
|b

0 ,a
,
b
,σ

−
2,N

)f
(b
)

4.
f
(σ

−
2|.)∝

f
(Υ
|b

0 ,a
,
b
,σ

−
2,N

)f
(σ

−
2)
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5.
f
(Υ

L|.)∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2,N

)

6.
f
(b ∗|.)∝

f
(N
|b ∗)f

(b ∗)

7.
f
(N

L|.)∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2,N

)f
(N
|b ∗)

In
th
e
ab

ove
p
osterior

th
e
con

d
ition

al
f
(Υ
|b

0 ,a
,
b
,σ

−
2,N

)
is
th
e
fu
ll
likelih

o
o
d
for

th
e

fi
rst

stage
assu

m
in
g
th
at

th
ere

are
n
o
m
issin

g
d
ata

in
th
e
claim

am
ou
n
t
tab

le;
th
erefore,

f
(Υ
|b

0 ,a
,
b
,σ

−
2,N

)
=

(2π
σ

2) −
r
2
/
2ex

p −
12σ

2

r
∑ı=

1

r
∑=

1

[Υ
ı −

b
0 −

a
ı −

b
 −

log
(n

ı )] 2 
T
h
e
fu
ll
likelih

o
o
d

f
(N
|b ∗)

of
th
e
secon

d
stage,

assu
m
in
g
n
o
m
issin

g
claim

cou
n
ts,

can

b
e
w
ritten

as

f
(N
|b ∗)

=
ex

p 
r
∑ı=

1

log
(T

ı !)−
r
∑ı=

1

r
∑=

1

log
(n

ı !)
+

r
∑=

2

n
.j b ∗ −

n
.. log

(
r
∑k
=

1

e
b ∗k) 

,

w
h
ere

n
..
=

r∑ı=
1

r∑=
1
n
ı
=

r∑ı=
1
T
ı
an
d
n
.j
=

r∑ı=
1
n
ı .

T
h
u
s,
th
e
resu

ltin
g
con

d
ition

al
d
istrib

u
-

tion
s
are

1.

f
(b

0 |.)
=

N (
Υ
.. −

ln
..

r
2
+

σ
2/σ

2b
0 ,

σ
2

r
2
+

σ
2/σ

2b
0 )

,
(1.10)

w
h
ere

ln
..
=

r∑ı=
1

r∑=
1
log

(n
ı )

an
d
Υ
..
=

r∑ı=
1

r∑=
1
Υ
ı .

2.
[a
]f
(a

ı |.)
=

N 
Υ
ı. −

Υ
1
. −

(ln
ı. −

ln
1
. )−

r ∑k�=
1
,i
a
k

2r
+

σ
2/σ

2a
ı

,
σ

2

2r
+

σ
2/σ

2a
ı 

,
ı
=

2,...,r,
(1.11)

w
h
ere

ln
ı.
=

r∑=
1
log

(n
ı )

an
d
Υ
ı.
=

r∑=
1
Υ
ı .

[b
]
S
et

a
1
=
−

r∑ı=
2
a
ı .

3.
[a
]f
(b
 |.)

=
N 

Υ
.j −

Υ
.1 −

(ln
.j −

ln
.1 )−

r ∑k�=
1
,j

b
k

2r
+

σ
2/σ

2b


,
σ

2

2r
+

σ
2/σ

2b
 

,

=

2,...,r,
(1.12)

w
h
ere

ln
.j
=

r∑ı=
1
log

(n
ı )

an
d
Υ
.j
=

r∑ı=
1
Υ
ı

[b
]
S
et

b
1
=
−

r∑=
2
b
 .
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4.
f
(τ

=
σ
−

2|.)
is
given

b
y
(1.8)

w
ith

µ
ı
=

b
0
+

a
ı +

b

+

log
(n

ı ).

5.
f
(Υ

ı |.)
is
given

b
y
(1.9)

w
ith

µ
ı
=

b
0
+

a
ı +

b

+

log
(n

ı ).

6.
[a
]

f
(b ∗ |.)∝

ex
p (

b ∗ n
.j −

n
.. log

(
r
∑k
=

1

e
b ∗k)−

0.5b ∗
2

/σ

2b ∗ )
,

=

2,...,r,
(1.13)

w
h
ere

n
.j
=

r∑ı=
1
n
ı .

[b
]
S
et

b ∗1
=

0.

T
o
ob
tain

a
sam

p
le

from
(1.13)

w
e
m
ay

u
se

eith
er

M
etrop

olis-H
astin

gs
algorith

m
or

G
ilk

s
an
d
W
ild

(1992)
ad
ap
tive

rejection
sam

p
lin

g
for

log-con
cave

d
istrib

u
tion

s.
B
oth

m
eth

o
d
s
p
rov

id
e
sim

ilar
con

vergen
ce

rates.

7.
T
h
e
fu
ll
con

d
ition

al
p
osterior

of
th
e
m
issin

g
cou

n
ts

n
ı
for


=

r−
ı
+

2,...,r−
1,

ı
=

3,...,r
is
com

p
licated

sin
ce

f
(n

ı |.)∝
f
(Υ
|b

0 ,a
,
b
,
N

)f
(N
|b ∗)

T
h
e
con

strain
t
T
ı
=

r∑=
1
n
ı
red

u
ces

th
e
ab

ove
p
osterior

to

f
(n

ı |.)∝
f
(Υ

ı |b
0 ,a

ı ,b
 ,n

ı ,Υ
ır )f

(Υ
ır |b

0 ,a
ı ,b

r ,n
ır )f

(n
ı |b ∗ ,n

ı r )f
(n

ır |b ∗r )

w
h
ere

n
ır
=

T
ı −

r−
1
∑=

1
n
ı .

T
h
erefore,

f
(n

ı |.)∝
[p ′ ] n

ı

n
ı !

[p ′r ] Ω
ı −

n
ı

(Ω
ı −

n
ı )!

ex
p
(Ψ

ı (n
ı )

+
Ψ
ır (Ω

ı −
n
ı ))

(1.14)

w
h
ere

Ω
ı
=

T
ı −

∑k�=
j,r

n
ık
an
d
Ψ
ı (n

ı )
=
−

1
2
σ

2 (Υ
ı −

b
0 −

a
ı −

b
 −

log
(n

ı ))
2.

W
e
sam

p
le

from
f
(n

ı |.)
b
y
u
sin

g
th
e
follow

in
g
M
etrop

olis-H
astin

gs
step

.
P
rop

ose

m
issin

g
n
′ı
an
d
n
′ır
=

Ω
ı −

n
′ı ,

w
ith

ı
=

3,...,r
an
d

=

r−
ı
+
2,...,r−

1
from

B
in
om

ia
l(p ′′ ,Ω

ı ),
p ′′

=
p ′

p ′
+

p ′r
=

(1
+

ex
p(b ∗r −

b ∗ )) −
1.

A
ccep

t
th
e
p
rop

osed
m
ove

w
ith

p
rob

ab
ility

a
=

m
in{1,ex

p(Ψ
ı (n

′ı )
+
Ψ
ır (Ω

ı −
n
′ı )−

Ψ
ı (n

ı )−
Ψ
ır (Ω

ı −
n
ı ))}.

(1.15)
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I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

1
.4
.6
.3

C
o
m

p
u
ta

tio
n
s
fo

r
M

o
d
e
l
3

T
h
e
d
y
n
am

ic
m
o
d
el

d
escrib

ed
in

S
ection

1.4.3.3
is
an

ex
ten

sion
of

m
o
d
el

of
S
ection

1.4.3.1

in
clu

d
es

p
aram

eters
b
0 ,a

,b
,σ

−
2,σ

−
2

ε
,σ

−
2

ζ
,
w
h
ere

b
=

(b
1
2 ,...,b

1
r ,b

2
2 ,...,b

2
r ,...,b

r
r ).

U
sin

g

B
ayes

th
eorem

th
e
p
osterior

d
istrib

u
tion

is
given

b
y

f
(b

0 ,a
,
b
,σ

−
2,σ

−
2

ε
,σ

−
2

ζ
,Υ

L|Υ
U
)
∝

∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(b
0 )f

(a|σ
−

2
ζ
)f
(b|σ

−
2

ε
)f
(σ

−
2)f

(σ
−

2
ε
)f
(σ

−
2

ζ
).

T
h
e
fu
ll
con

d
ition

al
d
istrib

u
tion

s
are

th
erefore

given
b
y

1.
f
(b

0 |.)∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(b
0 )

2.
f
(a|.)∝

f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(a|σ
2ζ )

3.
f
(b|.)∝

f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(b|σ
2ε )

4.
f
(σ

−
2|.)∝

f
(Υ
|b

0 ,a
,
b
,σ

−
2)f

(σ
−

2)

5.
f
(σ

−
2

ε
|.)∝

f
(b|σ

−
2

ε
)f
(σ

−
2

ε
)

6.
f
(σ

−
2

ζ
|.)∝

f
(a|σ

−
2

ζ
)f
(σ

−
2

ζ
)

7.
f
(Υ

L|.)∝
f
(Υ
|b

0 ,a
,
b
,σ

−
2)

S
im

ilar
to

M
o
d
el
1,

th
e
con

d
ition

al
f
(Υ
|b

0 ,a
,
b
,σ

−
2)

is
th
e
fu
ll
likelih

o
o
d
assu

m
in
g
th
at

th
ere

are
n
o
m
issin

g
d
ata

in
th
e
claim

am
ou
n
t
tab

le;
th
erefore,

f
(Υ
|b

0 ,a
,
b
,σ

−
2)

=
(2π

σ
2) −

r
2
/
2ex

p −
12σ

2

r
∑ı=

1

r
∑=

1

[Υ
ı −

b
0 −

a
ı −

b
ı )] 2 

T
h
u
s,
th
e
resu

ltin
g
con

d
ition

al
d
istrib

u
tion

s
are

1.

f
(b

0 |.)
=

N (
Υ
.. −

r
2ā−

r
2b̄

r
2
+

σ
2/σ

2b
0

,
σ

2

r
2
+

σ
2/σ

2b
0 )

,
(1.16)

w
h
ere

ā
=

r −
1 ∑

ı a
ı
an
d
b̄
=

r −
2 ∑

ı b
ı .
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2.
[a
]
S
et

a
1
=

0.

[b
]f
(a

ı |.)
=

N (
Υ
ı. −

rb
0 −

b
ı. +

(a
ı+

1
+

a
ı−

1 )σ
2/σ

2ζ

r
+
2σ

2/σ
2ζ

,
σ

2

r
+
2σ

2/σ
2ζ )

,
ı
=

2,...,r−
1

(1.17)

w
h
ere

b
ı.
= ∑

 b
ı .

[c]

f
(a

r |.)
=

N (
Υ
r. −

rb
0 −

b
r. +

a
r−

1 σ
2/σ

2ζ

r
+

σ
2/σ

2ζ

,
σ

2

r
+

σ
2/σ

2ζ )
.

(1.18)

3.
[a
]
S
et

b
ı1
=

0
for

ı
=

1,...,r.

[b
]

f
(b

1
 |.)

=
N (

Υ
1
 −

b
0
+

b
2
 σ

2/σ
2ε

1
+

σ
2/σ

2ε
+

σ
2/σ

2b
1
 ,

σ
2

1
+

σ
2/σ

2ε
+

σ
2/σ

2b
1
 )

,

=

2,...,r.
(1.19)

[c]

f
(b
ı |.)

=
N (

Υ
ı −

b
0 −

a
ı +

(b
ı−

1
,
+

b
ı+

1
, )σ

2/σ
2ε

1
+
2σ

2/σ
2ε

,
σ

2

1
+
2σ

2/σ
2ε )

,
(1.20)

for
ı
=

2,...,r−
1,


=

2,...,r.

[d
]

f
(b
r
 |.)

=
N (

Υ
r
 −

b
0 −

a
r
+

b
r−

1
, σ

2/σ
2ε

1
+

σ
2/σ

2ε

,
σ

2

1
+

σ
2/σ

2ε )
,

=

2,...,r.
(1.21)

4.
f
(τ|.)

is
given

b
y
eq
u
ation

(1.8),
u
sin

g
µ
ı
=

b
0
+

a
ı +

b
ı .

5.
f
(Υ

ı |.),
for

i
+

j
>

r
+
1,

is
given

b
y
eq
u
ation

(1.9)
u
sin

g
µ
ı
=

b
0
+

a
ı +

b
ı .

6.

f
(σ

−
2

ε
|.)

=
G 

a
ε
+
(r−

1)
2/2,

b
ε
+

r
∑ı=

2

r
∑=

2

(b
ı −

b
ı−

1
, )

2/2 
.

(1.22)

7.

f
(σ

−
2

ζ
|.)

=
G (

a
ζ
+
(r−

1)/2,
b
ζ
+

r
∑ı=

2

(a
ı −

a
ı−

1 )
2/2 )

.
(1.23)

28
I.N

tzou
fras:

A
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ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

1
.4
.6
.4

C
o
m

p
u
ta

tio
n
s
fo

r
M

o
d
e
l
4

T
h
e
fi
rst

stage
of

M
o
d
el

4
is

sim
ilar

to
m
o
d
el

3
b
u
t
w
e
su
b
stitu

te
Υ
ı
b
y
Υ

∗ı
=

log
[Y

ı ]
-

log
[n

ı in
f
ı ]

in
all

con
d
ition

al
d
istrib

u
tion

s
(1.16

-
1.21).

T
h
e
stage

tw
o
is
eq
u
ivalen

t
to

th
e

secon
d
stage

of
M
o
d
el
2.

In
m
ore

d
etail

w
e
h
ave

1.
f
(b

0 |.)
is
given

b
y
(1.16)

if
w
e
su
b
stitu

te
Υ
ı
b
y
Υ

∗ı .

2.
[a
]
S
et

a
1
=

0.

[b
]
f
(a

ı |.)
for

ı
=

2,...,r−
1
is
given

b
y
(1.17)

if
w
e
su
b
stitu

te
Υ
ı
b
y
Υ

∗ı .

[c]
f
(a

r |.)
is
given

b
y
(1.18)

if
w
e
su
b
stitu

te
Υ
ı
b
y
Υ

∗ı .

3.
[a
]
S
et

b
ı1
=

0
for

ı
=

1,...,r.

[b
]
f
(b

1
 |.)

for

=

2,...,r
is
given

b
y
(1.19)

if
w
e
su
b
stitu

te
Υ
ı
b
y
Υ

∗ı .

[c]
f
(b
ı |.)

for
ı
=

2,...,r−
1,


=

2,...,r
is
given

b
y
(1.20)

if
w
e
su
b
stitu

te
Υ
ı
b
y

Υ
∗ı .

[d
]
f
(b
r
 |.)

for

=

2,...,r
is
given

b
y
(1.21)

if
w
e
su
b
stitu

te
Υ
ı
b
y
Υ

∗ı .

4.
f
(τ|.)

is
given

b
y
eq
u
ation

(1.8),
u
sin

g
µ
ı
=

b
0
+

a
ı +

b
ı −

log
(n

ij ).

5.
f
(Υ

ı |.),
for

i
+

j
>

r
+
1,

is
given

b
y
eq
u
ation

(1.9)
u
sin

g
µ
ı
=

b
0
+

a
ı +

b
ı −

log
(n

ij ).

6.
f
(σ

−
2

ε
|.)

is
given

b
y
(1.22).

7.
f
(σ

−
2

ζ
|.)

is
given

b
y
(1.23).

8.
f
(b ∗ |.)

is
given

b
y
(1.13).

9.
T
h
e
fu
ll
con

d
ition

al
p
osterior

of
th
e
m
issin

g
cou

n
ts

f
(n

ı |.)
for


=

r−
ı+

2,...,r−
1,

ı
=

3,...,r
is
given

b
y
(1.14)

w
ith

Ψ
ı (n

ı )
=
−
0.5σ

−
2[Υ

ı −
b
0 −

a
ı −

b
ı −

log
(n

ı )] 2.

In
ord

er
to

ach
ieve

to
ach

ieve
an

op
tim

al
accep

tan
ce

rate
w
e
p
rop

ose
a
sim

u
ltan

eou
s

u
p
d
atin

g
sch

em
e
of

n
ı ,

b
ı
an
d

b
ır
w
h
en

ı
=

3,...,r
an
d


=

r−
ı
+

2,...,r.
T
h
e

corresp
on
d
in
g
join

t
fu
ll
con

d
ition

al
p
osterior

of
th
ese

p
aram

eters
is
given

b
y
given

b
y

an
eq
u
ation

of
ty
p
e
(1.14)

su
b
stitu

tin
g
Ψ
ı
w
ith

Ψ
∗ı (n

ı ,b
ı )

=
−
0.5σ

−
2[Υ

ı −
b
0 −

a
ı −

b
ı −

log
(n

ı )] 2−
0.5σ

−
2

ε
[(b

ı −
b
ı−

1
, )

2
+
(b
ı+

1
, −

b
ı, )

2].
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W
e
u
sed

th
e
follow

in
g
m
etrop

olis
step

.
W
e
p
rop

ose
can

d
id
ate

n
′ı ,b ′ı ,n

′ır
from

th
e

p
rop

osal
d
en
sities

q(n
′ı ,b ′ı ,b ′ır |n

ı ,b
ı ,b

ır )
=

q(n
′ı |n

ı ,b
ı ,b

ır )q(b ′ı |n
′ı ,n

ı ,b
ı ,b

ır )q(b ′ır |n
′ı ,n

ı ,b
ı ,b

ır )

w
ith

q(n
′ı |n

ı ,b
ı ,b

ır )
=

B
in
om

ia
l([1

+
ex

p(b ∗r −
b ∗ )] −

1,Ω
ı )

q(b ′ı |n
′ı ,n

ı ,b
ı ,b

ır )
=

N
(b
ı
+

log
(n

ı )−
log

(n
′ı ),σ̄

2ı ),

q(b ′ır |n
′ı ,n

ı ,b
ı ,b

ır )
=

N
(b
ır
+

log
(Ω

ı −
n
ı )−

log
(Ω

ı −
n
′ı ),σ̄

2ır )

w
h
ere

σ̄
2ı
an
d
σ̄

2ır
are

m
etrop

olis
p
aram

eters
th
at

sh
ou
ld

b
e
calib

rated
ap
p
rop

riately

to
ach

ieve
a
d
esired

accep
tan

ce
rate.

A
ccep

t
th
e
p
rop

osed
m
ove

w
ith

p
rob

ab
ility

α
=

m
in {

1,
ex

p[Ψ
∗ı (n

′ı ,b ′ı )
+
Ψ

∗ır (Ω
ı −

n
′ı ,b ′ır )]q(b

ı ,b
ır |n

ı ,n
′ı ,b ′ı ,b ′ır )

ex
p[Ψ

∗ı (n
ı ,b

ı )
+
Ψ

∗ır (Ω
ı −

n
ı ,b

ır )]q(b ′ı ,b ′ır |n
′ı ,n

ı ,b
ı ,b

ır ) }
.

(1.24)
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C
h
a
p
te

r
2

M
o
d
e
l
S
e
le
ctio

n
S
tra

te
g
ie
s

S
tatistical

m
o
d
els

are
u
sed

for
tw
o
im

p
ortan

t
reason

s:
in
terp

retation
of

casu
al

relation
sh
ip
s

b
etw

een
certain

ch
aracteristics

of
th
e
p
op
u
lation

(for
ex
am

p
le

relation
sh
ip

of
can

cer
an
d

sm
ok
in
g)

an
d
p
red

iction
of

fu
tu
re

ou
tcom

es
(for

ex
am

p
le
p
rice

of
a
p
ro
d
u
ct).

A
com

p
lete

m
o
d
el

form
u
lation

in
clu

d
es

sp
ecifi

cation
of

a
resp

on
se

variab
le

an
d
th
e
co-

variates,
th
e
con

n
ection

b
etw

een
th
em

,
th
e
d
istrib

u
tion

al
form

of
th
e
resp

on
se

(an
d
of

th
e

covariates)
or

an
y
oth

er
ch
aracteristic

n
eed

ed
.
M
o
d
el

selection
is
an
y
p
ro
ced

u
re

th
at

d
eter-

m
in
es

th
e
ex
act

form
of

th
e
stru

ctu
re

of
a
m
o
d
el.

T
h
e
selection

of
th
e
fi
n
al

m
o
d
el
is
m
ad
e
u
sin

g
certain

scien
tifi

c
p
ro
ced

u
res

th
at

evalu
ate

th
e
p
erform

an
ce

of
each

m
o
d
el
an
d
select

th
e
‘b
est’

on
e.

T
h
e
m
ost

p
op
u
lar

of
th
ese

m
eth

o
d
s

are
p
resen

ted
in

th
is
ch
ap
ter

giv
in
g
m
ore

w
eigh

t
to

B
ayesian

m
o
d
el
selection

.

2
.1

S
te

p
w
ise

S
tra

te
g
ie
s
U
sin

g
S
ig
n
ifi

ca
n
ce

T
e
sts

C
lassical

m
o
d
el

selection
p
ro
ced

u
res

in
volve

seq
u
en
tial

com
p
arison

s
w
ith

sign
ifi
can

ce
tests.

F
or

ex
am

p
le,

in
G
en
eralised

L
in
ear

M
o
d
els

(G
L
M
)
th
ese

tests
are

b
ased

on
th
e
F

or
χ

2

d
istrib

u
tion

s.
S
in
ce

th
e
n
u
m
b
er

of
com

p
etin

g
m
o
d
els

m
ay

b
e
large

(for
ex
am

p
le,

15
regres-

sors
in

an
y
gen

eralised
lin

ear
m
o
d
el

resu
lt
in

32768
m
o
d
els)

statistician
s
h
ave

con
stru

cted

‘clever’
an
d
‘com

p
u
tation

ally
ch
eap

’
altern

ative
m
eth

o
d
s.

T
h
e
m
ost

p
op
u
lar

m
eth

o
d
s
are

step
w
ise

strategies
b
ased

on
th
e
origin

al
id
ea

of
E
froy

m
son

(1960).
T
h
e
m
ost

com
m
on

step
-

w
ise

strategies
are

th
e
forw

ard
selection

an
d
th
e
b
ack

w
ard

elim
in
ation

(see,
for

ex
am

p
le,

E
froy

m
son

,
1966,

D
rap

er
an
d
S
m
ith

,
1966).

N
atu

ral
h
y
b
rid

s
of

th
ese

m
eth

o
d
s
are

step
w
ise
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b
ack

w
ard

or
step

w
ise

forw
ard

p
ro
ced

u
res.

G
en
erally,

for
an
y
gen

eralised
lin

ear
m
o
d
el

ty
p
e
setu

p
,
th
e
forw

ard
selection

is
d
efi
n
ed

as
follow

in
g:

w
e
in
itially

con
sid

er
th
e
m
o
d
el

w
ith

ou
t
an
y
variab

le
in

th
e
m
o
d
el

eq
u
ation

(con
stan

t
m
o
d
el)

an
d
con

tin
u
e
b
y
ad
d
in
g
in

each
step

th
e
variab

le
w
ith

th
e
sm

allest
p
-valu

e

u
n
til

a
stop

p
in
g
ru
le

is
satisfi

ed
.
T
h
is

stop
p
in
g
ru
le

is
u
su
ally

of
th
e
ty
p
e
p
-valu

e>
p ∗

or

F
<

F
in ;

w
h
ere

p ∗
an
d
F
in
are

arb
itrary

sign
ifi
can

ce
valu

es.
U
su
ally

p ∗
=

0.05
an
d
F
in
is
th
e

95th
p
ercen

tile
of
th
e
corresp

on
d
in
g
F
d
istrib

u
tion

.
O
n
th
e
oth

er
h
an

d
,
b
ack

w
ard

elim
in
ation

starts
from

th
e
m
o
d
el
w
ith

all
variab

les
in

th
e
m
o
d
el
eq
u
ation

(fu
ll
m
o
d
el)

an
d
con

tin
u
es

b
y

rem
ov
in
g
in

each
step

th
e
variab

le
w
ith

th
e
largest

p
-valu

e
u
n
til

a
sim

ilar
stop

p
in
g
ru
le

is

satisfi
ed

(for
ex
am

p
le

p
-valu

e<
p ∗

or
F

>
F
o
u
t );

w
h
ere

F
o
u
t
is
again

th
e
(1−

p ∗)th
q
u
an
tile

of
th
e
corresp

on
d
in
g
F

d
istrib

u
tion

.
S
tep

w
ise

b
ack

w
ard

(or
step

w
ise

forw
ard

)
strategy

is

sim
ilar

to
th
e
ab

ove
m
eth

o
d
s
b
u
t
it
also

con
sid

ers
in

each
step

w
h
eth

er
p
rev

iou
sly

ex
clu

d
ed

variab
les

sh
ou
ld

b
e
in
clu

d
ed

(or
w
h
eth

er
p
rev

iou
sly

in
clu

d
ed

variab
les

sh
ou
ld

b
e
ex
clu

d
ed
).

C
om

p
reh

en
sive

d
escrip

tion
of
step

w
ise

p
ro
ced

u
res

is
p
rov

id
ed

b
y
T
h
om

p
son

(1978).
S
tep

w
ise

m
eth

o
d
s
b
ecam

e
very

p
op
u
lar

b
u
t
accord

in
g
to

H
o
ck
in
g
(1976)

stepw
ise

procedu
res

have
been

criticized
on

m
an

y
cou

n
ts,

the
m
ost

com
m
on

bein
g

that
n
either

F
S
,
B
E

or
E
S

[forw
ard,

backw
ard

or
stepw

ise
forw

ard
strategies]

w
ill

assu
re,

w
ith

the
obviou

s
exception

s,
that

the
“best”

su
bset

of
a

given
size

w
ill

be

revealed.

w
h
ile

M
iller

(1984)
argu

es
th
at

‘n
on
e
of

th
ese

“ch
eap

”
m
eth

o
d
s
gu
aran

tees
to

fi
n
d
th
e
b
est

fi
ttin

g
su
b
sets’.

R
aftery

(1995)
rep

orts
th
at

in
so
cial

scien
ces

p
-valu

es
an
d
sign

ifi
can

ce
tests

are
less

an
d
less

u
sed

for
h
y
p
oth

esis
testin

g
an
d
m
o
d
el

selection
.
T
h
e
m
ain

reason
is

th
at

so
cial

research
ers

h
ave

ex
trem

ely
large

d
atasets

th
at

rep
ort

sm
all

p
-valu

es
even

if
th
e
h
y
p
oth

esized

m
o
d
el

is
p
lau

sib
le

an
d
‘in

sp
ection

of
d
ata

fails
to

reveal
an
y
strik

in
g
d
iscrep

an
cies

w
ith

it’.

M
oreover,

F
reed

m
an

(1983)
claim

s
th
at

th
e
in
terp

retation
of

p
-valu

es
is
n
ot

th
e
sam

e
in

all

m
o
d
el
com

p
arison

s
an
d
ex
act

sign
ifi
can

ce
level

can
n
ot

b
e
calcu

lated
sin

ce
step

w
ise

m
eth

o
d
s

are
seq

u
en
tial

ap
p
lication

of
sim

p
le

sign
ifi
can

ce
tests.

M
oreover,

M
iller

(1984)
n
otes

th
at

th
e
m
ax
im

u
m

F
-to-en

ter
statistic

1
‘is

n
ot

even
rem

otely
like

an
F
-d
istrib

u
tion

’.
F
u
rth

er

1F
-to-enter

statistic:
the

F
-statistic

used
to
test

w
hether

an
excluded

term
should

be
included

in
the

current
m
odel.
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criticism
on

th
e
in
con

sisten
t
u
se

of
p
-valu

es
as

m
easu

res
of

ev
id
en
ce

are
given

b
y
B
erger

an
d
S
elke

(1987),
B
erger

an
d
D
elam

p
ad
y
(1987),

D
elam

p
ad
y
an
d
B
erger

(1990),
S
ch
erv

ish

(1996)
an
d
B
ayarri

an
d
B
erger

(1998a,b
,c).

T
h
e
m
a
jor

d
raw

b
ack

of
classical

m
eth

o
d
s
is
th
e
selection

of
a
sin

gle
m
o
d
el.

C
on
sid

er
th
e

case
w
h
ere

m
an
y
m
o
d
els

are
p
lau

sib
le
an
d
su
ffi
cien

tly
fi
t
th
e
d
ata

b
u
t
h
ave

totally
d
iff
eren

t

in
terp

retation
.
C
h
o
osin

g
a
sin

gle
m
o
d
el
d
o
es

n
ot

accou
n
t
for

m
o
d
el
u
n
certain

ty
an
d
th
erefore

in
feren

ces,
con

d
ition

ally
on

a
sin

gle
selected

m
o
d
el,

m
ay

b
e
b
iased

.
T
h
e
n
otion

of
selectin

g

m
ore

th
an

on
e
m
o
d
el

is
n
ot

n
ew

sin
ce

G
orm

an
an
d
T
om

an
(1966)

argu
ed

in
favou

r
of

th
is

id
ea.

M
oreover,

H
o
ck
in
g
(1976)

su
p
p
orted

th
is
id
ea

b
y
n
otin

g
th
at

‘It
is
u
n
likely

th
at

th
ere

is
a
sin

gle
b
est

su
b
set

b
u
t
rath

er
several

eq
u
al

go
o
d
on
es’.

M
iller

(1984)
also

recom
m
en
d
s

th
at

‘th
e
b
est

10
or

20
su
b
sets

of
each

size,
n
ot

ju
st

th
e
b
est

on
e,
sh
ou
ld

b
e
saved

’.
F
in
ally,

C
h
atfi

eld
(1995)

argu
es

th
at

‘m
o
d
el
u
n
certain

ty
is
p
resen

t’
an
d
th
at

statistician
s
sh
ou
ld

stop

p
reten

d
in
g
th
at

d
o
es

n
ot

ex
ists.

A
lth

ou
gh

som
e
sign

ifi
can

ce
tests

for
com

p
arin

g
n
on
-n
ested

m
o
d
els

h
ave

recen
tly

b
een

d
evelop

ed
,
see

for
ex
am

p
le

P
an
aretos

et
a
l.
(1997),

gen
erally

classical
p
ro
ced

u
res

can
on
ly

com
p
are

n
ested

m
o
d
els;

on
e
m
o
d
el

m
1
is

n
ested

to
an
oth

er
m
o
d
el

m
2
if
all

th
e
term

s
of

m
o
d
el

m
1
are

also
in
clu

d
ed

in
m
o
d
el

m
2 .

A
lso

n
ote

th
at

th
e
n
u
m
b
er

of
m
o
d
els

con
sid

ered

m
ay

b
e
large

an
d
th
erefore

step
w
ise

p
ro
ced

u
res

can
n
ot

ex
p
lore

th
e
w
h
ole

m
o
d
el
sp
ace.

A
d
d
ition

al
d
isad

van
tages

are
rep

orted
b
y
V
olin

sk
y

et
a
l.

(1996,
1997)

an
d
referen

ces

th
erein

.
T
h
ey

in
clu

d
e
th
e
selection

of
ex
p
lan

atory
variab

les
th
at

are
p
u
re

n
oise;

th
e
selec-

tion
of

d
iff
eren

t
m
o
d
els

b
y
d
iff
eren

t
step

w
ise

m
eth

o
d
s;
th
e
p
h
en
om

en
on

rep
orted

b
y
H
o
ck
in
g

(1976)
an
d
M
iller

(1984)
w
h
ere

a
variab

le
th
at

is
fi
rstly

ad
d
ed

in
forw

ard
selection

m
ay

b
e
fi
rstly

rem
oved

in
b
ack

w
ard

elim
in
ation

;
an
d
th
e
argu

m
en
t
th
at

th
e
u
su
al

5%
sign

ifi
-

can
ce

level
is

arb
itrary

selected
an
d
d
o
es

n
ot

refl
ect

th
e
real

sign
ifi
can

ce
level

in
step

w
ise

p
ro
ced

u
res.

T
h
e
last

d
raw

b
ack

w
as

ex
am

in
ed

b
y
B
en
d
el

an
d
A
fi
fi
(1977)

rep
ortin

g
th
at

a

valu
e
of

0.15
sign

ifi
can

ce
level

for
forw

ard
selection

resu
lts

in
selection

of
p
lau

sib
le

m
o
d
els

w
h
ile

K
en
n
ed
y
an
d
B
an
croft

(1975)
recom

m
en
d
ed

sign
ifi
can

ce
level

eq
u
al
to

0.25
for

forw
ard

selection
an
d
0.10

for
b
ack

w
ard

elim
in
ation

.

F
in
ally,

th
e
effi

cien
cy

of
step

w
ise

p
ro
ced

u
res

can
b
e
su
m
m
arised

b
y
th
e
w
ord

s
of

C
op
as

(1984)
argu

in
g
th
at

step
w
ise

m
eth

o
d
s
are

‘freq
u
en
tly

u
sed

’,
‘freq

u
en
tly

ab
u
sed

’
an
d
‘little

u
n
d
ersto

o
d
’
m
eth

o
d
s
of

ap
p
lied

statistics.

34
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

2
.2

B
a
y
e
sia

n
M

o
d
e
l
S
e
le
ctio

n
T
e
ch

n
iq

u
e
s

B
ayesian

m
o
d
el
selection

is
m
ain

ly
b
ased

on
th
e
calcu

lation
of

p
osterior

m
o
d
el
p
rob

ab
ilities

an
d
p
osterior

o
d
d
s.

B
ayes

factor
is
th
e
p
osterior

o
d
d
s
w
h
en

all
altern

ative
m
o
d
els

h
ave

eq
u
al

p
rior

p
rob

ab
ility.

A
m
assive

w
ork

on
B
ayes

factors
an
d
th
eir

ap
p
lication

s
h
as

b
een

p
u
b
lish

ed
.

S
om

e
w
ell

d
istin

ctive
p
u
b
lication

s
are

p
rov

id
ed

b
y
S
m
ith

an
d
S
p
iegelh

alter
(1980),

S
p
iegel-

h
alter

an
d
S
m
ith

(1982),
K
ass

(1993),
K
ass

an
d
R
aftery

(1995),
H
o
etin

g
et

a
l.
(1998)

an
d

W
asserm

an
(1997).

F
or

ap
p
lication

s
see

K
ass

an
d
R
aftery

(1995)
an
d
referen

ces
th
erein

.

T
h
e
evalu

ation
of

th
e
in
tegrals

in
volved

in
p
osterior

o
d
d
s
is
th
e
m
ain

top
ic

for
m
an
y
p
u
b
li-

cation
s.

A
n
aly

tic
or

M
on
te

C
arlo

ap
p
rox

im
ation

s
w
h
ere

in
itially

u
sed

;
see

G
elfan

d
an
d
D
ey

(1994),
K
ass

an
d
R
aftery

(1995),
V
erd

in
elli

an
d
W
asserm

an
(1995),

K
ass

an
d
W
asserm

an

(1995),
C
h
ib

(1995),
R
aftery

(1996a,b
),

D
iC
iccio

et
a
l.
(1997)

an
d
P
au
ler

(1998).
R
ecen

t

com
p
u
tation

al
ad
van

ces
led

to
th
e
con

stru
ction

of
h
igh

ly
com

p
licated

M
C
M
C

algorith
m
s

for
th
e
com

p
u
tation

of
p
osterior

p
rob

ab
ilities.

M
C
M
C
m
eth

o
d
s
for

m
o
d
el
selection

are
con

-

stru
cted

b
y
G
eorge

an
d
M
cC

u
llo

ch
(1993),

M
ad
igan

an
d
R
aftery

(1994),
C
arlin

an
d
C
h
ib

(1995),
G
reen

(1995),
C
ly
d
e
et

a
l.
(1996),

H
o
etin

g
et

a
l.
(1996),

S
m
ith

an
d
K
oh
n
(1996),

R
aftery

et
a
l.
(1997),

an
d
K
u
o
an
d
M
allick

(1998).

L
in
d
ley

(1957)
an
d
B
artlett

(1957)
p
arad

ox
es

led
B
ayesian

s
to

search
for

n
ew

‘im
p
roved

’

m
o
d
el

selection
m
easu

res.
T
h
ese

ap
p
roach

es
in
clu

d
e
B
ayes

factor
varian

ts
su
ch

as
th
e
p
os-

terior
B
ayes

factor
b
y
A
itk

in
(1991),

th
e
fraction

al
B
ayes

factor
b
y
O
’H
agan

(1995)
an
d
th
e

in
trin

sic
B
ayes

factor
b
y
B
erger

an
d
P
ericch

i
(1996a,b

).

O
th
er

ap
p
roach

es
in
clu

d
e
p
red

ictive
criteria

in
tro

d
u
ced

b
y
Ib
rah

im
an
d
L
au
d
(1994)

an
d
B
ayesian

p
red

ictive
p
-valu

es;
see

G
u
ttm

an
,
1967,

B
ox
,
1980,

R
u
b
in
,
1984,

M
en
g,

1994,

B
ayarri

an
d
B
erger,

1998a,b
,c.

2
.2
.1

B
a
y
e
sia

n
M

o
d
e
l
C
o
m

p
a
riso

n

2
.2
.1
.1

D
e
fi
n
itio

n
o
f
P
o
ste

rio
r
P
ro

b
a
b
ilitie

s,
O
d
d
s
a
n
d

B
a
y
e
s
F
a
cto

r

B
ayesian

m
o
d
el

selection
an
d
h
y
p
oth

esis
testin

g
are

b
ased

on
p
osterior

p
rob

ab
ilities,

on

p
osterior

o
d
d
s
an
d
on

B
ayes

factors.
K
ass

an
d
R
aftery

(1995)
argu

e
th
at

B
ayesian

m
eth

o
d
s

can
‘evalu

ate
th
e
ev
id
en
ce

in
favou

r
of

th
e
n
u
ll
h
y
p
oth

esis’,
com

p
are

tw
o
or

m
ore

n
on
-n
ested

m
o
d
els,

d
raw

in
feren

ces
w
ith

ou
t
ign

orin
g
m
o
d
el
u
n
certain

ty
an
d
fi
n
ally

d
eterm

in
e
w
h
ich

set
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of
ex
p
lan

atory
variab

les
give

b
etter

p
red

ictive
resu

lts.

C
on
sid

er
tw
o
com

p
etin

g
m
o
d
els

m
0
an
d
m

1
an

d
su
p
p
ose

th
at

th
e
d
ata

y
are

con
sid

ered

to
h
ave

b
een

gen
erated

b
y
on
e
of

th
ese

tw
o
m
o
d
els.

E
ach

m
o
d
el

m
∈
{m

0 ,m
1 }

sp
ecifi

es

th
e
d
istrib

u
tion

of
Y
,
f
(y|m

,β
(m

) )
ap
art

from
an

u
n
k
n
ow

n
p
aram

eter
vector

β
(m

) ∈
B
m
,

w
h
ereB

m
is
th
e
set

of
all

p
ossib

le
valu

es
for

th
e
co
effi

cien
ts

of
m
o
d
el

m
.
If

f
(m

)
is
th
e
p
rior

p
rob

ab
ility

of
m
o
d
el

m
,
th
en
,
u
sin

g
th
e
B
ayes

th
eorem

,
th
e
p
osterior

p
rob

ab
ility

for
a
m
o
d
el

is
given

b
y

f
(m|y

)
=

f
(y|m

)f
(m

)

f
(y|m

0 )f
(m

0 )
+

f
(y|m

1 )f
(m

1 )

w
h
ere

m
∈
{m

0 ,m
1 }

an
d

f
(m

0 )
+

f
(m

1 )
=

1.
T
h
e
p
osterior

o
d
d
s
P
O

0
1
of

m
o
d
el

m
0
versu

s

m
o
d
el

m
1
is
given

b
y

P
O

0
1
=

f
(m

0 |y
)

f
(m

1 |y
)
=

f
(y|m

0 )

f
(y|m

1 ) ×
f
(m

0 )

f
(m

1 ) .

T
h
e
q
u
an
tity

B
0
1
=

f
(y|m

0 )

f
(y|m

1 )

is
called

B
ayes

factor
of

m
o
d
el

m
0
again

st
m
o
d
el

m
1 .

A
ccord

in
g
to

K
ass

an
d
R
aftery

(1995),
th
e
q
u
an
tity

f
(y|m

)
is
‘the

predictive
probability

of
the

data’
u
n
d
er

m
o
d
el

m
,
th
at

is

th
e
p
rob

ab
ility

to
get

th
e
actu

ally
ob
served

d
ata

b
efore

an
y
d
ata

w
ere

availab
le

u
n
d
er

th
e

assu
m
p
tion

th
at

m
o
d
el

m
h
old

s.
T
h
is
p
red

ictive
p
rob

ab
ility

is
given

b
y

f
(y|m

)
= ∫

f
(y|β

(m
) ,m

)f
(β

(m
) |m

)d
β

(m
)

(2.1)

w
h
ere

f
(β

(m
) |m

)
is

th
e
con

d
ition

al
p
rior

d
istrib

u
tion

of
β

(m
) ,

th
e
m
o
d
el

p
aram

eters
for

m
o
d
el

m
.
F
rom

th
e
ab

ove
w
e
h
ave

P
o
ste

rio
r
o
d
d
s

=
B
a
y
e
s
fa

cto
r
×

p
rio

r
o
d
d
s.

T
h
e
ab

ove
m
o
d
el

com
p
arison

can
b
e
ex
ten

d
ed

for
m
ore

th
an

tw
o
com

p
etin

g
m
o
d
els.

C
on
sid

er
th
e
set

of
m
o
d
elsM

=
{m

1 ,m
2 ,···,m

|M
| }

th
en

th
e
p
osterior

p
rob

ab
ility

is
given

b
y

f
(m|y

)
=

f
(y|m

)f
(m

)
∑m
l ∈M

f
(y|m

l )f
(m

l )
=  ∑m

l ∈M
P
O
m

l ,m 
−

1

,
m
∈
M

,
(2.2)

w
h
ereM

an
d
|M
|
d
en
ote

th
e
set

an
d
th
e
n
u
m
b
er

of
m
o
d
els

u
n
d
er

con
sid

eration
.

P
ossib

le
in
terp

retation
s
of

B
ayes

factor
are

given
b
y
T
ab
les

2.1
an
d
2.2

p
rov

id
ed

b
y
K
ass

an
d
R
aftery

(1995).
F
rom

th
e
ab

ove
w
e
can

easily
con

clu
d
e
th
at

p
osterior

o
d
d
s
an
d
B
ayes
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S
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U
sin

g
M
C
M
C

log
1
0 (B

1
0 )

B
1
0

E
v
id
en
ce

again
st

H
0

0.0
to

0.5
1.0

to
3.2

N
ot

w
orth

th
an

a
b
are

m
en
tion

0.5
to

1.0
3.2

to
10

S
u
b
stan

tial

1.0
to

2.0
10

to
100

S
tron

g

greater
th
an

2
greater

th
an

100
D
ecisive

T
ab
le
2.1:

B
ayes

F
actor

In
terp

retation
accord

in
g
to

K
ass

an
d
R
aftery

(log
of

10).

ln
(B

1
0 )

B
1
0

E
v
id
en
ce

again
st

H
0

0
to

2
1
to

3
N
ot

w
orth

th
an

a
b
are

m
en
tion

2
to

5
3
to

12
P
ositive

5
to

10
12

to
150

S
tron

g

greater
th
an

10
greater

th
an

150
D
ecisive

T
ab
le
2.2:

B
ayes

F
actor

In
terp

retation
accord

in
g
to

K
ass

an
d
R
aftery

(N
atu

ral
logarith

m
).

factors
are

in
varian

t
to

an
y
set

of
com

p
etin

g
m
o
d
elsM

u
sed

,
w
h
ile

p
osterior

p
rob

ab
ilities

are
n
ot.

B
ayes

factor
of

m
o
d
el

m
1
again

st
m

0 ,
B

1
0 ,

evalu
ates

th
e
ev
id
en
ce

again
st

th
e
n
u
ll
h
y
-

p
oth

esis
w
h
ich

is
fam

iliar
to

classical
sign

ifi
can

ce
tests.

O
n
th
e
oth

er
h
an
d
,
th
e
B
ayes

factor

B
0
1
evalu

ates
th
e
ev
id
en
ce

in
favou

r
of

th
e
n
u
ll
h
y
p
oth

esis
w
h
ich

is
n
ot

feasib
le

in
classical

sign
ifi
can

ce
tests.

T
h
is
in
tegral

in
volved

in
(2.1)

is
an
aly

tically
tractab

le
on
ly

in
certain

restricted
ex
am

p
les

an
d
th
erefore

asy
m
p
totic

ap
p
rox

im
ation

s
or

M
on
te

C
arlo

m
eth

o
d
s
are

u
sed

in
stead

;
for

m
ore

d
etails

see
S
ection

s
2.2.1.2

an
d
2.2.1.3.

2
.2
.1
.2

A
n
a
ly

tic
A
p
p
ro

x
im

a
tio

n
s
o
f
B
a
y
e
s
F
a
cto

r

T
h
e
m
ost

p
op
u
lar

ap
p
rox

im
ation

is
th
e
L
ap
lace

ap
p
rox

im
ation

u
sed

b
y
T
iern

ey
an
d
K
ad
an
e

(1986),
T
iern

ey
et

a
l.
(1989)

an
d
E
rkan

li
(1994)

resu
ltin

g
in

f
(y|m

)≈
(2π

)
d
(m

)/
2 ∣∣∣∣ I

β
(m

) ∣∣∣∣
12

f
(y|β̆

(m
) ,m

)f
(β̆

(m
) |m

)
(2.3)
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w
h
ere

d
(m

)
is
th
e
d
im

en
sion

of
m
o
d
el

m
,I

β
(m

)
is
th
e
H
essian

m
atrix

of
secon

d
d
erivatives

of
th
e
log-p

osterior
d
istrib

u
tion

an
d

β̆
(m

)
is

th
e
p
osterior

m
o
d
e
for

m
o
d
el

m
.
A

sim
p
ler

b
u
t
less

accu
rate

varian
t
can

b
e
ob
tain

ed
b
y
su
b
stitu

tin
gI

β
(m

)
an
d

β̆
(m

)
b
y
Σ̂

(m
)
an
d

β̂
(m

)

w
h
ich

are
th
e
ob
served

in
form

ation
m
atrix

an
d
m
ax
im

u
m

likelih
o
o
d
estim

ates
of

m
o
d
el

m
,

resp
ectively.

T
h
e
last

ap
p
rox

im
ation

can
easily

b
e
calcu

lated
from

an
y
stan

d
ard

statistical

softw
are

th
at

p
rov

id
es

th
e
m
ax
im

u
m

likelih
o
o
d
estim

ates
β̂

(m
) ,

th
e
ob
served

in
form

ation

m
atrix

Σ̂
(m

)
an
d
th
e
valu

e
of

th
e
m
ax
im

ized
likelih

o
o
d
,
f
(y|β̂

(m
) ,m

).
A

varian
t
of

th
e

ap
p
rox

im
ation

is
th
e
L
ap
lace-M

etrop
olis

estim
ator

at
w
h
ich

w
e
u
se

th
e
p
osterior

m
o
d
e
(or

su
b
-op

tim
ally,

th
e
p
osterior

m
ed
ian

)
an
d
covarian

ce
m
atrix

estim
ated

b
y
a
sam

p
le
gen

erated

from
th
e
p
osterior

d
istrib

u
tion

;
for

d
etails

see
R
aftery

(1996b
).

A
n
oth

er
com

m
on

an
d
sim

p
le

ap
p
rox

im
ation

is
b
ased

on
S
ch
w
arz

(1978)
criterion

given

b
y

S
=

log
(f
(y|β̂

(m
1
) ,m

1 )−
log

(f
(y|β̂

(m
0
) ,m

0 )−
12
[d
(m

1 )−
d
(m

0 )]log
(n
)

w
h
ere

n
is

th
e
sam

p
le

size.
A
s
sam

p
le

size
n
som

e
statistician

s
argu

e
th
at

w
e
sh
ou
ld

u
se

th
e
d
im

en
sion

of
y
vector

w
h
ile

R
aftery

(1996a)
d
efi
n
es

it
as

th
e
d
im

en
sion

of
y
in

n
orm

al

m
o
d
els,

as
th
e
su
m

of
all

B
ern

ou
lli

trials
in

b
in
om

ial
m
o
d
els

an
d
as

th
e
su
m

of
all

cou
n
ts

in

P
oisson

m
o
d
els.

T
h
e
m
ain

ad
van

tage
of

th
e
ab

ove
statistic

is
its

in
d
ep
en
d
en
ce

of
an
y
p
rior

d
istrib

u
tion

.
D
u
e
to

its
p
rop

erty
th
at

S
−

log
(B

1
0 )

log
(B

1
0 )

→
0

w
h
en

n→
∞

it
can

b
e
u
sed

as
an

ap
p
rox

im
ation

of
th
e
logarith

m
of

th
e
B
ayes

factor.
M
oreover,

th
e

q
u
an
tity

B
IC

=
−

2
×

S
ch

w
a
rz

C
rite

rio
n

is
called

B
ayes

In
form

ation
C
riterion

an
d
is
p
rov

id
ed

b
y
m
an
y
statistical

p
ackages.

F
rom

th
e
ab

ove
w
e
also

h
ave

th
at

−
2log

B
0
1 →

−
2log

(L
R

0
1 )
+
{d
(m

0 )−
d
(m

1 )}log
(n
)

w
h
en

n→
∞

(2.4)

w
h
ere−

2log
(L

R
0
1 )

=
−
2log

[f
(y|β̂

(m
0
) ,m

0 )]
+
2log

[f
(y|β̂

(m
1
) ,m

1 )]
is
th
e
d
ev
ian

ce
m
easu

re

(see
M
cC

u
llagh

an
d
N
eld

er,
1983).

C
alcu

lation
of

all
B
ayes

factors
again

st
th
e
fu
ll
m
o
d
el

lead
s
im

m
ed
iately

to
p
osterior

m
o
d
el
p
rob

ab
ilities.
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U
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g
M
C
M
C

F
or

fu
rth

er
d
etails

on
S
ch
w
arz

ap
p
rox

im
ation

see
K
ass

an
d
W
asserm

an
(1995),

R
aftery

(1996a)
an
d
P
au
ler

(1998).

B
erger

an
d
P
ericch

i(1998)
u
n
d
erlin

e
th
at

b
oth

L
ap
lace

an
d
B
IC

ap
p
rox

im
ation

s
are

‘valid

on
ly

for
“n
ice”

p
rob

lem
s’.

T
h
e
u
se

of
th
ese

ap
p
rox

im
ation

s
is
lim

ited
to

large
sam

p
le

sizes,

m
o
d
els

w
ith

regu
lar

asy
m
p
totics

an
d
m
o
d
els

for
w
h
ich

th
e
likelih

o
o
d
is
n
ot

con
cen

trated
in

th
e
b
ou
n
d
ary

of
th
e
p
aram

eter
sp
ace

(for
ex
am

p
le
in

on
e-sid

ed
tests).

2
.2
.1
.3

M
o
n
te

C
a
rlo

E
stim

a
te

s
o
f
B
a
y
e
s
F
a
cto

r

M
on
te

C
arlo

m
eth

o
d
s
can

b
e
u
sed

to
calcu

late
f
(y|m

).
A

sim
p
le

M
on
te

C
arlo

m
eth

o
d
is

ap
p
lied

b
y
gen

eratin
g
a
sam

p
le{β

(1
)

(m
) ,β

(2
)

(m
) ,···,β

(t)
(m

) }
from

th
e
p
rior

d
istrib

u
tion

f
(β

(m
) |m

)

an
d
calcu

late

f̂
(y|m

)
=

1t

t
∑t ′=

1

f
(y|β

(t ′)
(m

) )

w
h
ich

is
th
e
average

of
th
e
likelih

o
o
d
for

each
of

th
e
sam

p
led

valu
es

β
(t ′)
(m

) .
T
h
e
ab

ove

estim
ator

is
u
n
stab

le
w
h
en

th
e
p
rior

is
d
iff
u
se

or
th
e
likelih

o
o
d
is
m
u
ch

m
ore

con
cen

trated

th
an

th
e
p
rior.

In
su
ch

cases
th
e
sim

u
lation

w
ill

b
e
in
effi

cien
t
sin

ce
m
ost

of
th
e
sim

u
lated

valu
es

w
ill

h
ave

low
likelih

o
o
d
valu

es
an
d
th
erefore

th
e
estim

ates
w
ill

b
e
d
om

in
ated

b
y
few

large
valu

es.
M
oreover,

th
e
varian

ce
of

th
e
ab

ove
estim

ator
w
ill

b
e
large

an
d
th
e
con

vergen
ce

of
th
e
estim

ator
to

its
tru

e
valu

e
very

slow
.

A
m
ore

p
recise

M
on
te

C
arlo

estim
ator

is
p
rov

id
ed

b
y

im
portan

ce
sam

plin
g.

T
h
is
m
eth

o
d

in
volves

sim
u
lation

of
β

(t ′)
(m

)
from

an
arb

itrary
d
en
sity

g ∗(β
(m

) |m
)
an
d
estim

ate
f
(y|m

)
b
y

f̂
(y|m

)
=

t∑t ′=
1
w

∗t ′ f
(y|β

(t ′)
(m

) ,m
)

t∑t ′=
1
w

∗t ′

,
(2.5)

w
h
ere

w
∗t ′

=
f
(β

(t ′)
(m

) |m
)/g ∗(β

(t ′)
(m

) |m
).

If
w
e
u
se

as
g ∗(β

(m
) |m

)
th
e
p
osterior

d
istrib

u
tion

f
(β

(m
) |m

,y
)
th
en

th
e
estim

ator
is
given

b
y

f̂
(y|m

)
= {

1t

t
∑t ′=

1 [f
(y|β

(t ′)
(m

) ,m
) ]−

1 }
−

1

.

D
etails

for
M
on
te

C
arlo

estim
ates

are
given

b
y
K
ass

an
d
R
aftery

(1995)
an
d
referen

ces

th
erein

.
M
ore

sop
h
isticated

M
on
te

C
arlo

estim
ates

are
su
p
p
lied

b
y
G
elfan

d
an
d
D
ey

(1994),

N
ew

ton
an
d
R
aftery

(1994),
C
h
ib

(1995)
an
d
D
iC
iccio

et
a
l.
(1997).
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2
.2
.1
.4

In
te

rp
re

ta
tio

n
o
f
P
rio

r
a
n
d

P
o
ste

rio
r
M

o
d
e
l
P
ro

b
a
b
ilitie

s

T
h
e
in
terp

retation
of

b
oth

p
rior

an
d
p
osterior

p
rob

ab
ilities

h
ave

b
een

stron
gly

q
u
estion

ed
;

see,
for

ex
am

p
le,

S
tan

gl
(1996).

M
an
y
an
aly

sts
actu

ally
in
terp

ret
th
em

as
th
e
(p
rior

an
d

p
osterior)

p
rob

ab
ility

th
at

th
e
corresp

on
d
in
g
m
o
d
el

is
th
e
‘tru

e’
m
ech

an
ism

gen
eratin

g
th
e

p
h
en
om

en
on

u
n
d
er

stu
d
y.

H
ow

ever,
accord

in
g
to

C
h
atfi

eld
(1995)

an
d
referen

ces
th
erein

,

th
e
ex
isten

ce
of

a
‘tru

e’
u
n
d
erlin

ed
m
o
d
el
is
rarely

a
realistic

assu
m
p
tion

an
d
in

fact
‘n
o-on

e

really
b
elieve

th
is’.

B
ern

ard
o
an
d
S
m
ith

(1994)
ad
op
t
th
ree

ap
p
roach

es
for

th
e
in
terp

retation
of

p
rior

an
d

p
osterior

m
o
d
el
p
rob

ab
ilities:

1.M
-closed

v
iew

:
m

T ∈
M

;
w
h
ere

m
T
is
th
e
u
n
k
n
ow

n
‘tru

e’
u
n
d
erlin

ed
m
o
d
el.

2.M
-com

pleted
v
iew

:
M

is
sim

p
ly

a
set

of
sp
ecifi

ed
m
o
d
els

for
com

p
arison

,
‘to

b
e

evalu
ated

in
th
e
ligh

t
of

th
e
in
d
iv
id
u
als

sep
arate

actu
al

b
elief

m
o
d
el’.

3.M
-open

v
iew

:
M

h
ere

is
sim

p
ly

a
set

of
sp
ecifi

ed
m
o
d
els

for
com

p
arison

,
w
ith

‘n
o

sep
arate

overall
actu

al
b
elief

sp
ecifi

cation
’.

InM
-closed

v
iew

th
e
in
terp

retation
of

f
(m|y

)
as

th
e
p
osterior

p
rob

ab
ility

th
at

m
o
d
el

m

is
th
e
‘tru

e’
m
ech

an
ism

gen
eratin

g
th
e
p
h
en
om

en
on

u
n
d
er

stu
d
y
is
coh

eren
t
an
d
valid

b
u
t

B
ern

ard
o
an
d
S
m
ith

(1994)
argu

e
th
at

a
real

u
n
d
erlin

ed
m
o
d
el

u
su
ally

d
o
es

n
ot

ex
ist

an
d

th
erefore

th
is
v
iew

is
n
ot

realistic
u
n
less

in
ex
trem

e
cases

su
ch

as
evalu

ation
of

a
‘com

p
u
ter

gam
e’.

W
h
en
M

-closed
v
iew

can
n
ot

b
e
ad
op
ted

,
ou
r
aim

is
to

id
en
tify

a
go
o
d
‘p
rox

y
’
of

th
e
real

m
o
d
el

or
sim

p
ly

con
sid

er
w
h
ich

m
o
d
el

p
erform

s
b
est

(in
term

s
of

p
red

iction
or

d
ata

fi
ttin

g)
over

th
e
selected

set
of

m
o
d
els.

F
or

th
is

reason
,
th
e
altern

ative
term

(p
rior

an
d
p
osterior)

‘m
o
d
el

w
eigh

t’
can

b
e
u
sed

in
stead

of
p
rob

ab
ility.

A
d
iff
eren

t
in
terp

retation

m
ay

b
e
ad
op
ted

:
(p
rior

or
p
osterior)

m
o
d
el
w
eigh

ts
are

th
e
(p
rior

or
p
osterior)

p
rob

ab
ilities

th
at

th
e
corresp

on
d
in
g
m
o
d
el

is
th
e
‘b
est’

ap
p
rox

im
ation

or
d
escrip

tion
of

reality
over

th
e

selected
set

of
can

d
id
ate

m
o
d
elsM

.

2
.2
.1
.5

M
o
d
e
l
S
e
le
ctio

n
a
n
d

R
e
je
ctio

n
a
s
a

D
e
cisio

n
P
ro

b
le
m

W
ith

in
th
e
B
ayesian

fram
ew

ork
,
m
o
d
el

selection
an
d
h
y
p
oth

esis
testin

g
is
v
iew

ed
as

a
d
e-

cision
p
rob

lem
.
A
lth

ou
gh

p
osterior

m
o
d
el

p
rob

ab
ilities

(or
w
eigh

ts)
p
lay

an
im

p
ortan

t
role

40
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

in
th
e
m
o
d
el

selection
or

rejection
p
ro
ced

u
re,

w
e
ad
d
ition

ally
n
eed

to
sp
ecify

u
tilities

over

w
h
ich

th
e
fi
n
al
d
ecision

w
ill

b
e
b
ased

.
W
e
m
ay

assign
u
tilities

u ′(m
T
,m

)
an
d
select

th
e
m
o
d
el

w
h
ich

m
ax
im

izes
th
e
p
osterior

ex
p
ected

u
tility

E
m
|y [u ′(m

T
,m

)].
T
h
e
fu
n
ction

u ′(m
T
,m

)
d
e-

n
otes

th
e
u
tility

w
h
en

m
T
is
th
e
tru

e
m
o
d
el

b
u
t
w
e
select

m
o
d
el

m
in
stead

.
U
su
al

u
tilities

in
m
o
d
el
selection

are

•
u ′(m

,m
)
=

1
an
d
u ′(m

,m
′)
=

0
for

all
m

′�=
m
,
m

′,m
∈
M

.

•
u ′(m

k ,m
l )
=
−
u ′k

l
w
h
ere

u ′k
l
are

con
stan

t
p
ositive

valu
es.

•
K
u
llb

ack
-L
eib

ler
d
iscrep

an
cy

of
th
e
p
osterior

d
istrib

u
tion

s
of

tw
o
com

p
etin

g
m
o
d
els.

T
h
is
d
iscrep

an
cy

is
a
d
istan

ce
m
easu

re
b
etw

een
tw
o
d
istrib

u
tion

s
d
efi
n
ed

as

K
(f
,g
)
= ∫

log [
f
(x
)

g
(x
) ]

f
(x
)d
x
.

(2.6)

T
h
e
fi
rst

case
lead

s
to

th
e
u
se

of
p
osterior

o
d
d
s
an
d
to

a
B
ayesian

test
w
h
ich

selects

m
o
d
el

m
0
if

P
O

0
1
>

1
an
d

m
1
oth

erw
ise.

T
h
e
secon

d
case

facilitates
again

th
e
p
osterior

o
d
d
s
b
u
t
w
ith

d
iff
eren

t
cu
t-off

p
oin

t.
T
h
erefore

w
e
n
ow

select
th
e
n
u
ll
m
o
d
el
w
h
en

P
O

0
1
>

[u ′0
1 −

u ′1
1 ]/[u ′1

0 −
u ′0

0 ]
for

th
e
sen

sib
le

ch
oices

of
u ′0

0 ,u ′1
1
<

u ′1
0 ,u ′0

1 .
B
erger

et
a
l.
(1994,

1997)
con

stru
cted

m
ore

sop
h
isticated

tests
th
at

h
ave

d
u
al

in
terp

retation
in

b
oth

classical

an
d
B
ayesian

statistics
an
d
an

ad
d
ition

al
area

w
h
ere

d
ecision

can
b
e
taken

(b
oth

m
o
d
els

are

eq
u
ally

go
o
d
).

F
or

d
etails

see
B
erger

et
a
l.
(1994,

1997).

M
o
d
el
selection

b
ased

on
m
ore

com
p
licated

u
tility

fu
n
ction

s
(u
su
ally

th
e
K
u
llb

ack
-L
eib

ler

d
iscrep

an
cy
)
h
as

b
een

u
sed

b
y
S
an

M
artin

i
an
d
S
p
ezzaferri

(1984),
P
osk

itt
(1987),

B
ern

ard
o

an
d
S
m
ith

(1994),
K
ey

(1996),
K
ey

et
a
l.
(1997,

1998).

R
ecen

t
w
ork

in
volves

th
e
B
ayesian

referen
ce

criterion
(B

R
C
)
p
rop

osed
b
y
B
ern

ard
o
(1999)

d
erived

b
y
th
e
u
se

of
K
u
llb

ack
-L
eib

ler
d
iscrep

an
cy

as
u
tility.

F
or

β
T
=

[β
′T
,β

′′T
]
an
d
th
e

assessm
en
t
of

H
0
:
β

′
=

β
′0
v
s.

H
1
:
β

′�=
β

′0 .
T
h
e
selection

p
ro
ced

u
re

for
su
ch

case
is
given

b
y
th
ree

step
s:

[1
]
C
om

p
u
te

th
e
K
u
llb

ack
-L
eib

ler
d
istan

ce
b
etw

een
th
e
m
o
d
els

d
efi
n
ed

in
th
e
tw
o
h
y
-

p
oth

eses:
K
[f
(y|β

′,β
′′),f

(y|β
′0 ,β

′′)].

[2
]
C
om

p
u
te

th
e
p
osterior

ex
p
ectation

of
th
e
ab

ove
d
istan

ce
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[3
]
R
eject

H
0
w
h
en

th
e
p
osterior

ex
p
ectation

com
p
u
ted

in
th
e
secon

d
step

is
greater

th
an

a
critical

valu
e
d ∗;

th
e
valu

e
d ∗

=
5
w
as

p
rop

osed
b
y
B
ern

ard
o
(1999)

for
scien

tifi
c

com
m
u
n
ication

.

G
ou
tis

an
d
R
ob

ert
(1998)

also
u
sed

K
u
llb

ack
-L
eib

ler
d
istan

ce
in

h
y
p
oth

esis
testin

g.
T
h
ey

p
rop

osed
to

test
th
e
h
y
p
oth

esis
H

0
:
K
(f
(.|θ

),f
(.|θ

0 ))≤
d ∗

v
s.

H
1
:
K
(f
(.|θ

),f
(.|θ

0 ))
>

d ∗

an
d
im

p
lem

en
t
th
is
ap
p
roach

in
gen

eralised
lin

ear
m
o
d
els

u
sin

g
M
C
M
C
.

2
.2
.2

B
a
y
e
sia

n
M

o
d
e
l
A
v
e
ra

g
in

g
a
n
d

P
re

d
ictio

n

B
ayesian

th
eory

off
ers

th
e
to
ol

to
ad
ju
st

p
red

iction
s
(an

d
in
feren

ce)
accord

in
g
to

th
e
ob
-

served
m
o
d
el

u
n
certain

ty.
T
h
is

m
eth

o
d
ology

is
called

B
ayesian

m
odel

averagin
g
sin

ce
th
e

d
istrib

u
tion

of
an
y
q
u
an
tity

of
in
terest

[for
ex
am

p
le

f
(β|y

)]
is
n
ow

th
e
average

of
all

con
-

d
ition

al
m
o
d
el
sp
ecifi

c
p
osterior

d
istrib

u
tion

s
[f
(β|m

,y
)]
w
eigh

ted
b
y
th
eir

p
osterior

m
o
d
el

p
rob

ab
ilities

f
(m|y

).
B
y
th
is

w
ay,

B
ayesian

m
eth

o
d
s
b
ase

th
eir

p
red

iction
s
on

all
m
o
d
els

u
n
d
er

con
sid

eration
an
d
th
erefore

accou
n
t
for

m
o
d
el

u
n
certain

ty.
S
im

ilarly,
th
e
p
red

ictive

d
istrib

u
tion

is
given

b
y

f
(∆|y

)
=
∑m
∈M

f
(∆|m

,y
)f
(m|y

)
(2.7)

w
h
ere

∆
is
a
p
aram

eter
of

in
terest

an
d

f
(m|y

)
is
given

b
y
form

u
la

(2.2).

W
asserm

an
(1997)

an
d
H
o
etin

g
et

a
l.
(1998)

recen
tly

p
rov

id
ed

tw
o
w
ell

w
ritten

p
ap

ers

th
at

b
oth

rev
iew

B
ayesian

m
o
d
el

averagin
g.

A
ccord

in
g
to

H
o
etin

g
et

a
l.
(1998)

th
e
id
ea

of

m
o
d
el
averagin

g
seem

s
to

ex
ist

from
th
e
b
egin

n
in
g
of

n
in
eteen

th
cen

tu
ry

in
th
e
early

w
ork

of

L
ap
lace

b
u
t
w
as

fi
rstly

form
u
lated

b
y
L
eam

er
(1978)

w
ith

ou
t
gain

in
g
great

atten
d
an
ce

d
u
e

to
com

p
u
tation

d
iffi

cu
lties.

A
fter

th
e
rein

ven
tion

of
M
C
M
C
,
M
ad
igan

an
d
R
aftery

(1994)

an
d
K
ass

an
d
R
aftery

(1995)
b
rou

gh
t
again

in
th
e
foregrou

n
d
B
ayesian

m
o
d
el

averagin
g.

G
en
eral

th
eoretical

an
d
p
ractical

d
etails

on
B
ayesian

m
o
d
el
averagin

g
are

given
b
y
K
ass

an
d

R
aftery

(1995),
M
ad
igan

et
a
l.
(1996),

an
d
H
o
etin

g
et

a
l.
(1998).

C
om

p
reh

en
sive

d
iscu

ssion

on
m
o
d
el
u
n
certain

ty
an
d
m
o
d
el
averagin

g
is
also

p
rov

id
ed

b
y
D
rap

er
(1995)

an
d
C
h
atfi

eld

(1995).
Im

p
lem

en
tation

of
B
ayesian

m
o
d
el

averagin
g
in

lin
ear

m
o
d
els

is
given

b
y
R
aftery

et
a
l.

(1997),
w
h
ile

H
o
etin

g
et

a
l.

(1995,
1996)

p
rov

id
e
B
ayesian

m
o
d
el

averagin
g
u
sin

g

sim
u
ltan

eou
s
variab

le
an
d
ou
tlier

or
tran

sform
ation

id
en
tifi

cation
in

lin
ear

m
o
d
els.

B
ayesian

m
o
d
el
averagin

g
m
eth

o
d
s
w
ere

also
ap
p
lied

b
y
Y
ork

et
a
l.
(1995)

in
estim

atin
g
p
rop

ortion
of
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B
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M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

b
orn

ch
ild

ren
w
ith

D
ow

n
’s
sy
n
d
rom

e,
C
ly
d
e
et

a
l.
(1996)

in
gen

eralised
lin

ear
m
o
d
els

u
sin

g

an
altern

ative
orth

ogon
al
m
o
d
el
sp
ace,

F
ern

an
d
ez

et
a
l.
(1997)

in
m
o
d
ellin

g
fi
sh
in
g
activ

ities,

H
eckerm

an
an
d
M
eek

(1997)
in

B
ayesian

regression
an
d
classifi

cation
m
o
d
els

in
n
etw

ork
s,

C
ly
d
e
an
d
D
eS
im

on
e-S

asin
ow

ska
(1997)

in
P
oisson

m
o
d
els,

C
ly
d
e
et

a
l.
(1998)

in
w
avelets

an
d
C
ly
d
e
(1999)

in
lin

ear
an
d
gen

eralised
lin

ear
m
o
d
els

u
sin

g
som

e
clever

M
C
M
C
sam

p
lers

for
ap
p
rox

im
atin

g
p
osterior

w
eigh

ts.
F
in
ally,

F
ern

an
d
ez

et
a
l.
(1998)

p
rov

id
e
b
en
ch
m
ark

p
riors

for
B
ayesian

m
o
d
el
averagin

g.
B
u
ck
lan

d
et

a
l.
(1997)

try
to

sim
p
lify

B
ayesian

m
o
d
el

averagin
g
tech

n
iq
u
es

b
y
calcu

latin
g
th
e
m
o
d
elw

eigh
ts
th
rou

gh
A
IC

an
d
B
IC

ap
p
rox

im
ation

s.

T
h
e
p
red

ictive
p
erform

an
ce

of
an
y
m
o
d
el
is
u
su
ally

m
easu

red
b
y
th
e
logarithm

ic
scorin

g

ru
le
(L
S
)
w
h
ich

is
given

b
yL
S
=
−
E {

log [∑m
∈M

f
(∆|m

,y
)f
(m|y

) ]}
(2.8)

for
B
ayesian

m
o
d
el
averagin

g
an
d
b
y

L
S
m
=
−
E{log

[f
(∆|m

,y
)]}

(2.9)

for
m
o
d
el

m
;
∆

d
en
otes

a
fu
tu
re

ob
servation

an
d
th
e
ex
p
ectation

is
w
ith

resp
ect

to
f
(∆|y

).

L
ow

er
valu

es
of

th
e
logarith

m
ic
scorin

g
ru
le
in
d
icate

b
etter

p
red

ictive
p
ow

er.
T
h
e
B
ayesian

m
o
d
el

averagin
g
m
eth

o
d
alw

ay
s
p
rov

id
es

b
etter

p
red

ictive
ab
ility

(in
term

s
of

logarith
m
ic

scorin
g
ru
le)

sin
ce

L
S
≤

L
S
m
,∀

m
∈
M

;
see

M
ad
igan

an
d
R
aftery

(1994),
K
ass

an
d
R
aftery

(1995)
an
d
R
aftery

et
a
l.
(1997).

Im
p
lem

en
tation

of
assessin

g
p
red

ictive
p
erform

an
ce

u
sin

g

logarith
m
ic
scorin

g
ru
le
is
p
rov

id
ed

b
y
M
ad
igan

et
a
l.
(1995),

R
aftery

et
a
l.
(1996),

V
olin

sk
y

et
a
l.
(1997)

an
d
H
o
etin

g
et

a
l.
(1998).

2
.2
.3

O
cca

m
’s

W
in

d
o
w

In
m
an
y
cases

averagin
g
over

all
p
ossib

le
m
o
d
els

is
n
ot

p
ossib

le
for

ex
am

p
le
w
h
en

th
e
n
u
m
b
er

of
m
o
d
els

u
n
d
er

con
sid

eration
is
large.

A
n
altern

ative
is
to

average
over

a
lim

ited
set

of
‘b
est’

m
o
d
els.

T
h
is
varian

t
of

m
o
d
el
averagin

g
w
as

called
b
y
H
eckerm

an
an
d
M
eek

(1997)
‘selective

m
o
d
el

averagin
g’.

O
n
e
m
eth

o
d
for

id
en
tify

in
g
th
e
m
ost

p
rom

isin
g
m
o
d
els

is
su
ggested

b
y

M
ad
igan

an
d
R
aftery

(1994).
T
h
is

m
eth

o
d
is

called
O
ccam

’s
w
in

dow
an
d
is

b
ased

on
th
e

O
ccam

’s
razor

logic,
w
id
ely

u
sed

in
oth

er
d
iscip

lin
es;

for
im

p
lem

en
tation

of
O
ccam

’s
razor

in
astron

om
y
see

J
eff
ery

s
an
d
B
erger

(1991).
A
lth

ou
gh

averagin
g
overA

⊂
M

m
ay

give
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d
iff
eren

t
p
red

iction
s
th
an

origin
al

B
ayesian

m
o
d
el

averagin
g,

th
ere

is
som

e
ev
id
en
ce

th
at

it

w
ill

still
h
ave

b
etter

p
red

ictive
p
ow

er
th
an

th
e
selection

of
a
sin

gle
m
o
d
el.

In
som

e
cases

O
ccam

’s
w
in
d
ow

m
ay

ign
ore

a
w
id
e
ran

ge
of

u
n
certain

ty
sin

ce
it

is
u
su
al

to
h
ave

m
an
y

m
o
d
els

each
of

th
em

w
ith

low
p
osterior

w
eigh

ts
b
u
t
th
eir

u
n
ion

set
accou

n
ts

for
im

p
ortan

t

p
ercen

tage
of

th
e
total

u
n
certain

ty.

O
ccam

’s
w
in
d
ow

is
n
ot

an
M
C
M
C
m
eth

o
d
.
It
is
a
sim

p
le
an
d
fast

algorith
m

th
at

restricts

ou
r
atten

tion
to

a
set

of
th
e
m
ost

p
rom

isin
g
m
o
d
els.

T
h
e
algorith

m
sets

tw
o
con

d
ition

s.
T
h
e

fi
rst

on
e
ign

ores
all

m
o
d
els

th
at

are
far

aw
ay

(in
term

s
of

p
osterior

o
d
d
s)

from
th
e
b
est

m
o
d
el.

T
h
e
secon

d
con

d
ition

ign
ores

m
o
d
els

w
h
ich

are
m
ore

com
p
licated

an
d
w
orse

in

term
s
of

p
osterior

o
d
d
s
th
an

at
least

on
e
m
o
d
el
selected

b
y
th
e
fi
rst

con
d
ition

.
In

d
etail

w
e

fi
rstly

select

A
′
= {

m
∈
M

:
m
a
x
m

l {f
(m

l |y
)}

f
(m|y

)
≤

κ ∗ }
(2.10)

w
h
ere

κ ∗
is
a
con

stan
t
th
at

accord
in
g
to

K
ass

an
d
R
aftery

(1995)
sh
ou
ld

b
e
eq
u
al

to
20

(b
y

an
alogy

to
th
e
p
op
u
lar

0.05
cu
t-off

for
p
-valu

es).
T
h
en

w
e
ex
clu

d
e
a
set

of
m
o
d
elsB

given

b
y

B
′
= {

m
∈
M

:
∃
m

l ∈
A

′,V
(m

l )⊂
V
(m

),
f
(m

l |y
)

f
(m|y

)
>

1 }
(2.11)

th
at

is,
th
e
setB

′
w
ill

in
clu

d
e
an
y
m
o
d
el

m
for

w
h
ich

th
ere

are
sim

p
ler

su
b
-m

o
d
els

m
l
w
ith

h
igh

er
p
osterior

p
rob

ab
ility.

N
ote

th
at

on
e
m
o
d
el

m
l
is
su
b
-m

o
d
el
of

m
if
th
e
form

er
in
clu

d
es

all
term

s
of

th
e
latter.

F
in
ally,

w
e
setA

=
A

′\B
′
an
d
calcu

late
th
e
p
red

ictive
d
en
sity

f
(∆|y

)
=
∑m
∈A

f
(∆|m

,y
)f
(m|y

)

in
stead

of
eq
u
ation

(2.7).

In
situ

ation
s
th
at

w
e
h
ave

to
com

p
are

tw
o
m
o
d
els

m
0
an
d

m
1
w
e
m
ay

in
terp

ret
th
e

p
osterior

o
d
d
s
of

m
o
d
el

m
0
again

st
m
o
d
el

m
1
(P

O
0
1 )

as
follow

s.

•
If

P
O

0
1
>

κ ∗
th
en

reject
m

0
an
d
con

sid
er

m
1 .

W
e
can

in
terp

ret
th
is

case
as

stron
g

ev
id
en
ce

in
favou

r
of

m
0
an
d
/or

again
st

m
1
.

•
If

P
O

0
1 ∈

(1,κ ∗)
th
en

w
e
gen

erally
con

sid
er

as
eq
u
ally

‘go
o
d
’
b
oth

m
o
d
els

sin
ce

th
ere

is
n
ot

stron
g
en
ou
gh

ev
id
en
ce

in
favou

r
of

m
0 .

In
th
e
case

w
h
ere

m
0
is
su
b
-m

o
d
el

of

m
1
th
en

w
e
m
ay

con
sid

er
on
ly

th
e
sim

p
ler

m
o
d
el

m
0
d
u
e
to

th
e
secon

d
con

d
ition

of

O
ccam

’s
w
in
d
ow

.
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•
If

P
O

0
1 ∈

(κ ∗−
1,1)

th
en

w
e
con

sid
er

b
oth

m
o
d
els

as
eq
u
ally

‘go
o
d
’.
T
h
ere

is
ev
id
en
ce

again
st

m
0
b
u
t
n
ot

stron
g
en
ou
gh

in
ord

er
to

reject
it.

•
If

P
O

0
1
<

κ ∗−
1
th
en

reject
m

0
an
d
con

sid
er

m
1
sin

ce
th
ere

is
stron

g
ev
id
en
ce

again
st

m
o
d
el

m
0
an
d
/or

in
favou

r
of

m
1 .

T
w
o
search

algorith
m
s
w
h
ere

p
rov

id
ed

b
y
M
ad
igan

an
d
R
aftery

(1994)
for

grap
h
ical

m
o
d
els

-
th
e
U
p
an
d

D
ow

n
algorith

m
s.

W
h
en

w
e
start

from
a
n
on
-satu

rated
or

a
n
on
-em

p
ty

m
o
d
el
th
en

w
e
ex
ecu

te
fi
rstly

th
e
D
ow

n
an
d
th
en

th
e
U
p
algorith

m
.
L
etA

an
dC

b
e
su
b
sets

of
th
e
m
o
d
el
sp
aceM

,
w
h
ereA

d
en
otes

a
set

of
‘p
rom

isin
g
m
o
d
els’

an
dC

th
e
m
o
d
els

u
n
d
er

con
sid

eration
in

each
step

of
th
e
algorith

m
.
F
or

b
oth

algorith
m
s
w
e
start

w
ith
A

=
∅
an
d

C
=
M

.

D
o
w
n

A
lg
o
rith

m

1.
S
elect

m
o
d
el

m
∈
C
.

2.C←
C\{m}

an
d
A
←
A
∪
{
m}.

3.
S
elect

a
su
b
-m

o
d
el

m
0
of

m
b
y
rem

ov
in
g
a
variab

le/lin
k
from

m
.

4.
C
om

p
u
te

L
P
O

=
log

(P
O
m

0
,m
).

5.
If

L
P
O

>
log

(κ ∗)
th
en
A
←
A
\{

m}
an
d
if
m

0 �∈
C
,C←

C∪
{m

0 }.

6.
If−

log
(κ ∗)≤

L
P
O
≤

log
(κ ∗)

th
en

if
m

0 �∈
C
,C←

C∪
{m

0 }.

7.
If
th
ere

m
ore

su
b
m
o
d
els

of
m
,
go

to
3.

8.
IfC�=

∅,
go

to
1.

U
p

A
lg
o
rith

m

1.
S
elect

m
o
d
el

m
∈
C
.

2.C←
C\{m}

an
d
A
←
A
∪
{
m}.

3.
S
elect

a
su
p
erm

o
d
el

m
1
of

m
b
y
ad
d
in
g
a
variab

le/lin
k
to

m
.

4.
C
om

p
u
te

L
P
O

=
P
O
m
,m

1 .
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5.
If

L
P
O

<
−
log

(κ ∗)
th
en
A
←
A
\{

m}
an
d
if
m

1 �∈
C
,C←

C∪
{m

1 }.

6.
If−

log
(κ ∗)≤

L
P
O
≤

log
(κ ∗)

th
en

if
m

1 �∈
C
,C←

C∪
{m

1 }.

7.
If
th
ere

m
ore

su
p
erm

o
d
els

of
m
,
go

to
3.

8.
IfC�=

∅,
go

to
1.

M
ore

d
etails

are
given

in
M
ad
igan

an
d
R
aftery

(1994)
an
d
K
ass

an
d
R
aftery

(1995).
A
p
-

p
lication

in
n
orm

al
lin

ear
m
o
d
els

is
p
resen

ted
b
y
R
aftery

et
a
l.
(1997)

an
d
in

p
rop

ortion
al

h
azard

m
o
d
els

b
y
V
olin

sk
y
et

a
l.
(1997).

R
aftery

(1995)
ap
p
lied

O
ccam

’s
w
in
d
ow

in
so
cial

scien
ces

an
d
R
aftery

an
d
R
ich

ard
son

(1996)
in

ep
id
em

iology.

2
.2
.4

L
in

d
le
y
’s

P
a
ra

d
o
x

L
in
d
ley

(1957)
rep

orted
a
stran

ge
p
h
en
om

en
on

on
th
e
b
eh
av
iou

r
of

p
osterior

o
d
d
s.

H
e
u
sed

th
e
sim

p
le

ex
am

p
le

w
h
ere

y
∼

N
(θ,σ

2)
w
ith

σ
2
k
n
ow

n
,
H

0
:
θ
=

θ
0
v
s.

H
1
:
θ
�=

θ
0 .

H
e
assign

ed
p
rior

p
rob

ab
ility

p
=

P
(H

0 )
to

H
0
an
d
on

θ|H
1
a
u
n
iform

over
an

in
terval

I

con
tain

in
g
θ
0
an
d
ȳ
‘is

w
ell

w
ith

in
th
e
in
terval

I
’.
T
h
e
resu

ltin
g
p
osterior

o
d
d
s
is
given

b
y

P
O

0
1
=

p

1−
p

ex
p(−

n
2
σ

2 (ȳ−
θ
0 )

2)
√
2π

σ
/ √

n
.

T
h
e
resu

ltin
g
p
osterior

o
d
d
s
d
ep
en
d
s
on

th
e
sam

p
le
size

n
an
d
ȳ
.
L
in
d
ley

con
sid

ered
sam

p
les

b
ein

g
at

th
e
lim

it
of

rejection
area

of
th
e
u
su
al

sign
ifi
can

ce
test

of
100q%

sign
ifi
can

ce
level.

T
h
ese

sam
p
les

h
ave

θ
=

θ
0 ±

z
q
/
2 σ

2/ √
n
(or

z
q
for

on
e
tailed

altern
atives)

an
d
resu

ltin
g

p
osterior

o
d
d
s

P
O
L
S
q0
1
=

p

1−
p

ex
p(−

12 z
2q
/
2 )

√
2π

σ
/ √

n

w
h
ere

z
q
is

th
e
q
q
u
an
tile

of
th
e
stan

d
ard

ised
n
orm

al
d
istrib

u
tion

.
W
e
w
ill

u
se

th
e
term

‘p
osterior

o
d
d
s
at

th
e
lim

it
of

sign
ifi
can

ce’.
F
rom

th
e
ab

ove,
h
e
n
oted

th
at

w
h
en

n
in
creases

th
e
ab

ove
p
osterior

o
d
d
s
also

in
crease

an
d
ten

d
to

in
fi
n
ity

for
a
given

sign
ifi
can

ce
level

q.

T
h
is
lead

s
to

a
p
arad

ox
sin

ce
for

su
ffi
cien

t
large

sam
p
les

B
ayesian

m
eth

o
d
s
an
d
sign

ifi
can

ce

tests
su
p
p
ort

d
iff
eren

t
h
y
p
oth

eses.

B
artlett

(1957)
n
oted

an
oth

er
p
arad

ox
w
h
ich

is
related

to
th
e
p
rior

varian
ce

u
sed

in
B
ayes

factor.
H
e
ob
served

th
at

th
e
largest

th
e
p
rior

varian
ce

is,
th
e
largest

th
e
p
osterior

B
ayes

fac-

tor
in

favou
r
of

H
0
w
ill

b
e.

T
h
is
p
h
en
om

en
on

is
m
u
ch

of
con

cern
sin

ce
u
su
al
‘im

p
rop

er’
p
riors
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can
n
ot

b
e
d
eterm

in
ed

d
u
e
to

u
n
k
n
ow

n
con

stan
ts

in
volved

in
th
e
com

p
u
tation

of
p
osterior

o
d
d
s
w
h
ile

large
varian

ce
p
riors

fu
lly

su
p
p
ort

th
e
sim

p
lest

m
o
d
el.

F
or

th
ese

reason
s
eith

er

im
p
rop

er
or

large
varian

ce
p
riors

can
n
ot

b
e
u
sed

.
A
lth

ou
gh
,
B
artlett

(1957)
n
oted

th
is
p
h
e-

n
om

en
on
,
th
e
term

‘L
in
d
ley

’s
p
arad

ox
’
is
u
sed

for
an
y
case

w
h
ere

B
ayesian

an
d
sign

ifi
can

ce

tests
resu

lt
in

con
trad

ictive
ev
id
en
ce

(S
h
afer,

1982).
T
h
e
term

‘B
artlett’

p
arad

ox
w
as

u
sed

b
y
a
few

n
u
m
b
er

of
research

ers
su
ch

as
K
ass

an
d
R
aftery

(1995)
w
h
ile

oth
ers

refer
to

th
is

p
h
en
om

en
on

b
y
th
e
term

‘J
eff
rey

s’
p
arad

ox
(L
in
d
ley,

1980,
B
erger

an
d
D
elam

p
ad
y,

1987)

or
‘J
eff
rey

s-L
in
d
ley

’s
p
arad

ox
’
(R

ob
ert,

1993).
D
etailed

d
iscu

ssion
of

L
in
d
ley

’s
p
arad

ox
is

p
rov

id
ed

b
y
S
h
afer

(1982).

A
lth

ou
gh

L
in
d
ley

(1993)
n
oted

th
at

th
e
sen

sitiv
ity

of
th
e
B
ayes

factor
is

n
atu

ral,
th
is

d
raw

b
ack

resu
lted

in
a
series

of
p
u
b
lication

s
try

in
g
to

resolve
th
e
p
rob

lem
an
d
fi
n
d
go
o
d

referen
ce

p
riors

for
m
o
d
el

selection
.

In
th
is

category
w
e
m
ay

in
clu

d
e
B
ayes

factor
vari-

an
ts

(p
osterior,

fraction
al

an
d
in
trin

sic)
w
h
ich

are
d
efi
n
ed

in
th
e
follow

in
g
section

.
O
th
er

ap
p
roach

es
are

p
resen

ted
b
y
R
ob

ert
(1993)

an
d
B
rew

er
(1998);

see
also

C
h
ap
ter

6
of

th
is

th
esis.

B
erger

an
d
S
elke

(1987),
C
asella

an
d
B
erger

(1987),
B
erger

an
d
D
elam

p
ad
y
(1987),

D
elam

p
ad
y
an
d
B
erger

(1990)
an
d
B
erger

an
d
M
on
tera

(1991)
ex
am

in
e
th
e
relation

sh
ip

of
p
-

valu
es

an
d
p
osterior

p
rob

ab
ilities

u
sin

g
p
recise

(H
0
:
θ
=

θ
0 )

an
d
im

p
recise

(H
0
:|θ−

θ
0 |≤

ε)

h
y
p
oth

eses.
T
h
ey

u
sed

th
e
low

er
b
ou
n
d
s
of

B
ayes

factors
to

m
ake

com
p
arison

s
w
ith

classical

statistics.
C
asella

an
d
B
erger

(1987)
argu

e
th
at

th
e
m
ain

reason
for

B
artlett’s

p
arad

ox
is

th
at

w
e
in
coh

eren
tly

p
u
t
m
ass

p
oin

t
p
rior

on
a
sin

gle
p
oin

t
of

th
e
p
aram

eter
sp
ace

an
d
th
is

‘actu
ally

refl
ects

a
b
ias

tow
ard

s
H

0 ’.

2
.2
.5

B
a
y
e
s
F
a
cto

rs
V
a
ria

n
ts

T
h
e
n
eed

for
u
se

of
n
on
-in

form
ative

p
riors

in
m
o
d
el

selection
led

to
th
e
d
efi
n
ition

of
th
ree

n
ew

ty
p
es

of
B
ayes

factors:
th
e
p
osterior,

fraction
al

an
d
in
trin

sic
B
ayes

factors
b
y
A
itk

in

(1991),
O
’H
agan

(1995)
an
d
B
erger

an
d
P
ericch

i
(1996a,

1996b
),
resp

ectively.

T
h
e
p
osterior

B
ayes

factor
is
given

b
y

P
B
F

0
1
= ∫

f
(y|β

(m
0
) ,m

0 )f
(β

(m
0
) |m

0 ,y
)d

β
(m

0
)

∫
f
(y|β

(m
1
) ,m

1 )f
(β

(m
1
) |m

1 ,y
)d

β
(m

1
)

w
h
ich

essen
tially

is
th
e
m
ean

likelih
o
o
d
u
n
d
er

th
e
given

p
osterior

w
h
ile

th
e
origin

al
B
ayes

factor
is
th
e
m
ean

likelih
o
o
d
over

th
e
selected

p
rior.

P
osterior

B
ayes

factor
allow

s
th
e
u
se
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of
im

p
rop

er
p
riors

b
u
t
is
in
coh

eren
t
sin

ce
it
u
ses

th
e
d
ata

in
form

ation
tw

ice
an
d
th
erefore

v
iolates

th
e
likelih

o
o
d
p
rin

cip
le.

M
oreover,

it
is

n
ot

d
erived

from
th
e
B
ayes

th
eorem

an
d

th
erefore

it
can

n
ot

b
e
con

sid
ered

as
a
‘p
u
re’

B
ayesian

to
ol.

T
h
e
fraction

al
B
ayes

factor
w
as

in
tro

d
u
ced

b
y
O
’H
agan

an
d
is
given

b
y

F
B
F
b,0

1
= ∫

f
(y|β

(m
0
) ,m

0 )
1−

bf
b (β

(m
0
) |m

0 ,y
)d

β
(m

0
)

∫
f
(y|β

(m
1
) ,m

1 )
1−

bf
b (β

(m
1
) |m

1 ,y
)d

β
(m

1
)

w
h
ere

f
b (β

(m
) |m

0 ,y
)d

β
(m

)
= ∫

f
(y|β

(m
) ,m

)
bf
(β

(m
) |m

,y
)d

β
(m

)

an
d
b
<

1
is
called

fraction
al

p
aram

eter.
T
h
e
id
ea

of
fraction

al
B
ayes

factor
is
b
ased

on
th
e

n
otion

of
u
sin

g
a
fraction

of
th
e
likelih

o
o
d
for

estim
ation

an
d
th
e
rest

for
m
o
d
el

selection
.

A
lth

ou
gh
,
th
e
fraction

al
B
ayes

factor
is
a
u
sefu

l
altern

ative
statistical

to
ol
for

m
o
d
el
selection

an
d
in

som
e
cases

m
ay

p
rov

id
e
valu

ab
le
in
sigh

t,
is
also

n
ot

‘p
u
rely

’
B
ayesian

.

T
h
e
in
trin

sic
B
ayes

factor
of

B
erger

an
d
P
ericch

i
(1996a,b

)
w
as

b
ased

on
th
e
origin

al
id
ea

of
S
p
iegelh

alter
an
d
S
m
ith

(1982)
of

p
artial

B
ayes

factor
in

w
h
ich

w
e
u
se

a
sm

all
fraction

of

th
e
d
ata

for
estim

ation
an
d
th
e
rest

of
th
e
d
ata

for
m
o
d
el
selection

.
G
iven

a
train

in
g
sam

p
le

y
(l)

th
e
p
artial

B
ayes

factor
is
given

B
0
1 (y

(l))
= ∫

f
(y
(\l)|β

(m
0
) ,m

0 )f
(β

(m
0
) |m

0 ,y
(l))d

β
(m

0
)

∫
f
(y
(\l)|β

(m
1
) ,m

1 )f
(β

(m
1
) |m

1 ,y
(l))d

β
(m

1
)

w
h
ere

y
(\l)

is
th
e
rest

of
d
ata

u
sed

for
m
o
d
el

selection
.
T
h
e
in
trin

sic
B
ayes

factor
is
esti-

m
ated

b
y
th
e
m
ed
ian

,
arith

m
etic

or
geom

etric
m
ean

of
p
artial

B
ayes

factors
over

all
m
in
im

al

sam
p
les.

Im
p
lem

en
tation

of
th
e
p
osterior

B
ayes

factor
is
p
rov

id
ed

in
d
istrib

u
tion

fi
ttin

g
u
sin

g
th
e

ex
p
on
en
tial

d
istrib

u
tion

fam
ily

(A
itk

in
,
1995)

an
d
in

selection
of

n
orm

al
m
ix
tu
re

d
istrib

u
-

tion
s
(A

itk
in

et
a
l.
,
1996).

A
com

p
arison

b
etw

een
p
-valu

es,
p
osterior

B
ayes

factors
an
d
A
IC

criterion
is
p
rov

id
ed

b
y
A
itk

in
(1997).

F
u
rth

er
w
ork

on
th
e
fraction

al
B
ayes

factor
is
p
ro-

v
id
ed

b
y
C
on
iglian

i
an
d
O
’H
agan

(1996)
an
d
D
eS
an
tis

an
d
S
p
ezzaferri

(1997)
w
h
ile

in
trin

sic

B
ayes

factor
h
as

b
een

ap
p
lied

to
au
toregressive

d
ata

b
y
V
arsh

av
sk
y
(1996).

P
rop

erties
of

b
oth

in
trin

sic
an
d
fraction

al
B
ayes

factors
are

given
b
y
O
’H
agan

(1997).
B
erger

an
d
P
eric-

ch
i
(1999)

p
rop

ose
th
e
m
ed
ian

version
of

in
trin

sic
B
ayes

factor
as

a
w
ell

b
eh
aved

m
easu

re.

M
oreover,

B
erger

an
d
P
ericch

i
(1998)

com
p
are

com
m
on

B
ayes

factor
an
d
its

ap
p
rox

im
ation

s

w
ith

its
in
trin

sic
an
d
fraction

al
varian

ts.
F
in
ally,

B
erger

an
d
M
on
tera

(1998)
u
se

in
trin

sic
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an
d
fraction

al
B
ayes

factors
w
ith

on
e
sid

ed
altern

ative
h
y
p
oth

eses
w
h
ile

B
erger

an
d
P
ericch

i

(1998)
com

p
are

b
oth

in
trin

sic
an
d
fraction

al
B
ayes

factor
w
ith

th
e
u
su
al

(p
rior)

B
ayes

factor

an
d
its

ap
p
rox

im
ation

s.

2
.2
.6

B
a
y
e
sia

n
P
re

d
ictiv

e
M

o
d
e
l
S
e
le
ctio

n

A
ltern

ative
m
eth

o
d
s
for

m
o
d
el
assessm

en
t
an
d
m
o
d
el
ad
eq
u
acy,

rath
er

th
an

m
o
d
el
selection

,

are
th
e
p
red

ictive
m
easu

res.
In

th
is

category
w
e
m
ay

in
clu

d
e
th
e
criteria

of
Ib
rah

im
an
d

L
au
d
(1994)

an
d
B
ayesian

varian
ts

of
p
-valu

es
(D

em
p
ster,

1974,
B
ox
,
1980,

R
u
b
in
,
1984,

B
ayarri

an
d
B
erger,

1998a,b
,c).

2
.2
.6
.1

P
re

d
ictiv

e
M

o
d
e
l
S
e
le
ctio

n
C
rite

ria

P
red

ictive
m
o
d
el
selection

(or
rejection

)
u
se

th
e
p
red

ictive
d
istrib

u
tion

s
of

ty
p
e
f
(y

n
+

1 |y
,m

)

in
ord

er
assess

w
h
eth

er
m
o
d
el

m
d
escrib

es
su
ffi
cien

tly
th
e
d
ata;

y
n
+

1
h
ere

d
en
ote

fu
tu
re

ob
servation

s.
M
an
y
p
red

ictive
criteria

h
ave

b
een

d
evelop

ed
,
see,

for
ex
am

p
le,

B
ern

ard
o
an
d

S
m
ith

(1984),
K
ey

(1996)
an
d
referen

ces
th
erein

.
F
or

illu
strative

p
u
rp
oses

w
e
w
ill

b
riefl

y

con
cen

trate
on

a
recen

t
ap
p
roach

in
tro

d
u
ced

b
y
Ib
rah

im
an
d
L
au
d
(1994)

for
illu

stration
.

Ib
rah

im
an
d
L
au
d
(1994)

p
rop

ose
to

u
se

p
red

ictive
d
istrib

u
tion

s
for

variab
le
selection

an
d

m
o
d
el

assessm
en
t.

S
u
p
p
ose

th
at

w
e
rep

licate
th
e
en
tire

ex
p
erim

en
t
w
ith

th
e
sam

e
d
esign

m
atrix

X
.
T
h
e
p
red

ictive
d
istrib

u
tion

of
th
e
vector

of
resp

on
ses

th
at

w
e
m
igh

t
ob
tain

from

th
is
rep

licated
ex
p
erim

en
t
is
given

b
y

f
(z|m

,y
)
= ∫

f
(z|β

(m
) ,m

)f
(β

(m
) |m

,y
)d

β
(m

) .
(2.12)

A
go
o
d
m
easu

re
of

th
e
m
o
d
el
fi
t
is
given

b
y
L
m
criterion

d
efi
n
ed

as

L
2m
=

E
z
|y

,X
(m

) [(z−
y
)
T
(z−

y
)]

(2.13)

w
h
ich

m
easu

res
th
e
ex
p
ected

sq
u
ared

d
istan

ce
of

th
e
rep

licated
an
d
th
e
ob
served

d
ata.

T
h
e

sm
allest

valu
es

of
L
m

in
d
icate

b
etter

m
o
d
els.

T
h
is

L
m

criterion
is

m
easu

red
in

th
e
sam

e

u
n
its

as
th
e
resp

on
se

variab
le

Y
.

A
n
oth

er
criterion

u
sed

b
y
L
au
d
an
d
Ib
rah

im
(1995)

is
given

b
y

M
∗m
=

f
(z|y

,X
(m

) )
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w
h
ich

is
th
e
p
rob

ab
ility

of
gettin

g
again

th
e
sam

e
rep

licated
d
ata.

T
h
is

is
eq
u
ivalen

t
to

p
osterior

B
ayes

factor
as

d
efi
n
ed

b
y
A
itk

in
(1991).

T
h
e
M

∗−
1
/
n

m
is

m
easu

red
in

th
e
sam

e

u
n
its

as
th
e
resp

on
se

variab
le

Y
;
w
h
ere

M
∗−

1
/
n

m
is
th
e
M

∗
in

th
e
p
ow

er
of−

1/n
.

F
in
ally,

th
e
K

m
0

m
criterion

is
d
efi
n
ed

as
th
e
su
m

of
tw
o
K
u
llb

ack
-L
eib

ler
d
iscrep

an
cies

an
d
is
given

b
y

K
m

0
m

=
K
[f
(z|m

0 ,y
),f

(z|m
,y

)]+
K
[f
(z|m

,y
),f

(z|m
0 ,y

)]

w
h
ere

m
0
is
a
fi
x
ed

m
o
d
el

d
efi
n
ed

for
com

p
arison

.
U
su
ally

m
0
is
eith

er
th
e
con

stan
t
or

th
e

fu
ll
m
o
d
el.

T
h
e
q
u
an
tity

K
[f
(z|m

1 ,y
),f

(z|m
2 ,y

)]
is
th
e
K
u
llb

ack
L
eib

ler
d
istan

ce
b
etw

een

th
e
p
red

ictive
d
en
sities

of
th
e
tw
o
m
o
d
els

as
d
efi
n
ed

in
(2.6).

B
oth

th
ese

L
m
an
d
M

∗m
criteria

m
easu

re
h
ow

close
is
th
e
p
red

ictive
d
en
sity

of
m
o
d
el

m
to

th
e
ob

served
d
ata

w
h
ile

th
e
th
ird

on
e
(K

m
0

m
)
m
easu

res
h
ow

close
is

th
e
p
red

ictive
d
en
sity

of
m
o
d
el

m
to

th
e
corresp

on
d
in
g

p
red

ictive
d
en
sity

of
m
o
d
el

m
0 .

Im
p
lem

en
tation

of
th
is
p
red

ictive
selection

ap
p
roach

h
as

b
een

p
rov

id
ed

in
d
esign

ed
ex
-

p
erim

en
ts

(Ib
rah

im
an
d
L
au
d
,
1994),

lin
ear

regression
m
o
d
els

an
d
tran

sform
ation

selection

(L
au
d
an
d
Ib
rah

im
,
1995,

Ib
rah

im
an
d
L
au
d
,
1996,

H
o
etin

g
an
d
Ib
rah

im
,
1997),

m
u
ltivari-

ate
lin

ear
m
o
d
el

(Ib
rah

im
an
d
C
h
en
,
1997)

an
d
rep

eated
m
easu

res
ran

d
om

eff
ects

m
o
d
els

(W
eiss

et
a
l.
,
1997).

2
.2
.6
.2

B
a
y
e
sia

n
P
re

d
ictiv

e
P
-V

a
lu

e
s

O
th
er

p
red

ictive
m
easu

res
are

th
e
‘B
ayesian

’
p
-valu

es
w
h
ich

are
sim

ilar
in

n
otion

to
th
e

classical
p
-valu

es.
G
en
erally,

p
-valu

es
are

m
easu

res
of

su
rp
rise

in
th
e
d
ata

relative
to

th
e
th
e

h
y
p
oth

esized
m
o
d
el
(B

ayarri
an
d
B
erger,

1998a,b
,c).

T
h
e
p
-valu

es
h
ave

th
e
follow

in
g
form

p
=

P
(T

(Y
)
>

T
(y
)|m

),

w
h
ere

T
(Y

)
is

a
test

statistic,
T
(y
)
is

th
e
ob
served

valu
e
of

th
is

statistic
an
d

m
is

th
e

h
y
p
oth

esized
m
o
d
el.

V
ariation

of
p
-valu

es
d
ep
en
d
on

th
e
d
istrib

u
tion

u
sed

for
th
e
calcu

lation

of
th
is
tail

area
p
rob

ab
ility.

T
h
e
m
ost

com
m
on
ly

u
sed

p
-valu

es
are

1.
C
lassical

p-valu
es

in
w
h
ich

w
e
u
se

th
e
m
ax
im

u
m

likelih
o
o
d
f
(y|β̂

(m
) ,m

).
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2.
P
rior

predictive
p-valu

es
(B

ox
,
1980)

in
w
h
ich

w
e
u
se

th
e
p
rior

p
red

ictive
d
en
sity

d
efi
n
ed

b
y

f
(z|m

)
= ∫

f
(z|β

(m
) ,m

)f
(β

(m
) |m

)d
β

(m
) .

3.
P
osterior

predictive
p-valu

es
(G

u
ttm

an
,
1967,

R
u
b
in
,
1984,

M
en
g,

1994)
in

w
h
ich

w
e

u
se

th
e
p
osterior

p
red

ictive
d
en
sity

d
efi
n
ed

b
y
(2.12).

4.
C
on

dition
al

predictive
p-valu

es
(B

ayarri
an
d
B
erger,

1998a,b
,c)

w
h
ich

is
a
com

p
rom

ise

b
etw

een
th
e
tw
o
p
rev

iou
s
p
-valu

es.
T
h
is
p
-valu

e
is
calcu

lated
in

resp
ect

to

f
(T

(Y
)|U

(y
),m

)
= ∫

f
(T

(Y
)|U

(y
),β

(m
) ,m

)f
(β

(m
) |U

(y
),m

)d
β

(m
) ,

w
h
ere

U
(y
)
is
th
e
ob
served

valu
e
of

a
secon

d
test

statistic
U
(Y

).

5.
P
artial

P
osterior

P
-valu

es
(B

ayarri
an
d
B
erger,

1998b
)
w
h
ich

is
calcu

lated
in

resp
ect

to
th
e
partial

posterior

f
(T

(Y
)|U

(y
),m

)∝ ∫
f
(T

(Y
)|β

(m
) ,m

)f
(y|T

(y
),β

(m
) ,m

)f
(β

(m
) |m

)d
β

(m
) .

A
ll
p
-valu

es
are

stron
gly

criticized
an
d
d
o
n
ot

p
rov

id
e
at

an
y
case

th
e
p
rob

ab
ility

th
at

th
e
h
y
p
oth

esized
m
o
d
el

is
tru

e.
A
ccord

in
g
to

M
en
g
(1994)

p
-valu

es
are

on
ly

m
easu

res
of

d
iscrep

an
cy

b
etw

een
d
ata

an
d
th
e
m
o
d
el,

sim
ilar

to
L
m
an
d
M

∗m
p
red

ictive
criteria

d
efi
n
ed

in

th
e
p
rev

iou
s
section

.
T
h
e
sam

e
au
th
or

also
ad
d
s
th
at

p
-valu

es
m
ay

b
e
u
sefu

l
‘in

m
on
itorin

g

m
o
d
el

ad
eq
u
acy

’.
S
im

ilar
id
eas

are
ex
p
ressed

b
y
L
ew

is
an
d
R
aftery

(1996)
su
p
p
ortin

g
th
at

‘p
osterior

p
red

ictive
assessm

en
t
sh
ou
ld

u
su
ally

b
e
u
sed

to
p
oin

t
th
e
w
ay

to
a
b
etter

m
o
d
el,

rath
er

th
an

to
reject

th
e
cu
rren

t
m
o
d
el
in

th
e
ab
solu

te
sen

se’.
M
oreover,

B
ayarri

an
d
B
erger

(1998c)
claim

th
at

p
-valu

es
are

im
p
ortan

t
in

d
ecid

in
g
w
h
eth

er
to

search
for

altern
ative

m
o
d
el

b
u
t
th
eir

u
se

as
m
easu

res
of

m
o
d
el
rejection

is
q
u
estion

ab
le.

T
h
e
m
ain

d
isad

van
tages

of
th
e
p
rior

p
red

ictive
p
-valu

es
are

th
eir

sen
sitiv

ity
to

th
e
p
rior

d
istrib

u
tion

an
d
th
at

can
n
ot

b
e
sp
ecifi

ed
w
h
en

im
p
rop

er
p
riors

are
u
sed

.
T
h
e
m
ain

d
raw

-

b
ack

of
th
e
p
osterior

p
-valu

es
is
th
at

th
ey

are
n
ot

‘B
ayesian

’
sin

ce
th
ey

u
se

th
e
d
ata

tw
ice

an
d
v
iolate

th
e
likelih

o
o
d
p
rin

cip
le

(M
en
g,

1994).
T
h
is

d
ou
b
le

u
se

of
th
e
d
ata

lead
s
to

overestim
ated

m
easu

res
th
at

are
h
igh

even
w
h
en

th
e
test

statistic
is
far

aw
ay

from
th
e
h
y
-

p
oth

esized
m
o
d
el
(see

B
ayarri

an
d
B
erger,

1998c,
for

illu
stration

).
A
lso

for
su
itab

ly
large

n

an
d
n
on
-in

form
ative

p
riors

th
e
p
osterior

p
-valu

es
give

eq
u
ivalen

t
resu

lts
in

classical
p
-valu

es.
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T
h
is
w
as

con
sid

ered
as

a
d
isad

van
tage

from
B
ayarri

an
d
B
erger

(1998c)
b
u
t
seem

s
to

b
e
in

con
cord

an
ce

w
ith

th
e
u
se

of
n
on
-in

form
ative

p
riors

in
B
ayesian

estim
ation

p
rob

lem
s
th
at

re-

su
lt
in

p
osterior

d
istrib

u
tion

s
eq
u
ivalen

t
to

th
e
m
ax
im

u
m

likelih
o
o
d
estim

ates.
O
n
th
e
oth

er

h
an
d
,
th
ey

are
n
ot

sen
sitive

on
th
e
ch
oice

of
p
rior

d
istrib

u
tion

an
d
im

p
rop

er
p
riors

can
b
e

u
sed

.
B
ayarri

an
d
B
erger

(1998c)
d
evelop

ed
altern

ative
con

d
ition

al
p
red

ictive
p
-valu

es
th
at

facilitate
th
e
ad
van

tages
an
d
avoid

th
e
d
raw

b
ack

s
of

b
oth

p
rior

an
d
p
osterior

p
-valu

es.
T
h
e

on
ly

d
raw

b
ack

is
th
at

w
e
n
eed

to
select

a
secon

d
statistic

u
p
on

w
h
ich

w
e
n
eed

to
con

d
ition

on
.
T
h
e
selection

of
th
is

statistic
m
ay

alter
th
e
resu

lts
b
u
t
th
e
au
th
or

p
rov

id
e
ad
eq
u
ate

gu
id
an
ce

for
its

selection
.
T
h
ey

also
p
rov

id
e
variou

s
altern

ative
com

p
u
tation

al
sch

em
es

for

th
e
estim

ation
of

th
ese

p
-valu

es
in
clu

d
in
g
G
ib
b
s
an
d
M
etrop

olis-H
astin

gs
sam

p
ler.

T
h
e
p
ar-

tial
p
osterior

p
red

ictive
p
-valu

e
h
ave

p
rop

erties
sim

ilar
to

th
e
con

d
ition

al
p
osterior

p
-valu

es

an
d
fu
rth

erm
ore

th
ey

d
o
n
ot

u
se

an
y
arb

itrary
statistic

u
p
on

w
e
n
eed

to
con

d
ition

on
;
for

fu
rth

er
d
iscu

ssion
see

B
ayarri

an
d
B
erger

(1998b
).

O
th
er

p
u
b
lication

s
in
clu

d
e
th
e
p
-valu

es
b
y
D
em

p
ster

(1974)
an
d
A
itk

in
(1997)

d
iscu

ssin
g

p
osterior

p
red

ictive
valu

es
b
ased

on
th
e
statistic

of
th
e
likelih

o
o
d
ratio

test.
A
itk

in
(1997)

also
p
rov

id
es

con
n
ection

of
p
osterior

p
-valu

es
u
sin

g
th
e
m
ax
im

u
m

likelih
o
o
d
ratio

w
ith

th
e

classical
p
-valu

es,
p
osterior

B
ayes

factor
an
d

in
form

ation
criteria

su
ch

as
A
IC

.
G
elm

an

et
a
l.
(1996)

an
d
G
elm

an
an
d
M
en
g
(1996)

p
rov

id
e
algorith

m
s
for

th
e
calcu

lation
of

p
oste-

rior
p
-valu

es
an
d
oth

er
p
red

ictive
d
iscrep

an
cies

u
sin

g
M
C
M
C
ou
tp
u
t.

S
im

ilarly,
S
p
iegelh

alter

et
a
l.
(1996a)

p
rov

id
e
gu
id
an
ce

for
th
e
estim

ation
of

p
osterior

p
-valu

es
an
d
oth

er
p
red

ictive

m
easu

res
u
sin

g
B
U
G
S
.

O
th
er

com
p
reh

en
sive

m
easu

res
of

su
rp
rise

are
given

b
y
E
van

s
(1997)

an
d
B
ayarri

an
d

B
erger

(1998a).

2
.3

M
o
d
e
l
S
e
le
ctio

n
C
rite

ria

T
h
e
u
se

of
in
form

ation
criteria

in
m
o
d
el
ch
oice

w
as

in
tro

d
u
ced

in
th
e
early

seven
ties

in
ord

er

to
fi
n
d
a
con

sisten
t
m
eth

o
d
for

m
o
d
el

selection
.
T
h
e
m
ost

p
op
u
lar

criteria
are

A
kaike’s

In
-

form
ation

C
riterion

(A
IC

,
A
kaike,

1973),
B
ayes

In
form

ation
C
riterion

(B
IC

,
S
ch
w
arz,

1978)

an
d

C
p
C
riterion

(M
allow

s,
1973).

T
h
ese

criteria
h
ave

b
een

w
id
ely

u
sed

b
y
‘freq

u
en
tists’

alth
ou
gh

m
ost

of
th
em

su
ch

as
B
IC

(S
ch
w
arz,

1978)
d
erive

from
B
ayesian

logic.
B
IC

w
as
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M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

d
erived

as
a
‘large

sam
p
le

ap
p
rox

im
ation

’
of

B
ayes

factor
w
h
ile

A
IC

as
an

ap
p
rox

im
ately

u
n
b
iased

estim
ate

of
th
e
K
u
llb

ack
-L
eib

ler
d
iscrep

an
cy

b
etw

een
tw
o
m
o
d
els

(A
kaike,

1973).

T
h
ese

criteria
h
ave

b
een

m
ain

ly
u
sed

for
lin

ear
m
o
d
els

an
d
a
selective

variety
is
p
resen

ted
in

T
ab
le
2.3.

In
th
is
tab

le,
R
S
S
m
is
th
e
m
ax
im

u
m

likelih
o
o
d
resid

u
al

su
m

of
sq
u
ares

for
m
o
d
el

m
eq
u
al

to

R
S
S
m
= (y−

X
(m

) β̂
(m

) )
T (y−

X
(m

) β̂
(m

) )
,

w
h
ere

β̂
(m

)
are

th
e
m
ax
im

u
m

likelih
o
o
d
p
aram

eter
estim

ates
of

m
o
d
el

m
,
d
(m

)
is
th
e
d
im

en
-

sion
of

th
e
p
aram

eter
vector

β
(m

)
an
d
σ̂

2
is
th
e
m
ax
im

u
m

likelih
o
o
d
estim

ate
of

th
e
resid

u
al

varian
ce.

G
en
erally,

m
ost

in
form

ation
criteria

m
in
im

ize
th
e
q
u
an
tity

I
C
m
=
−
2log (f

(y|θ̂
m
,m

) )
+

d
(m

)F
(2.14)

w
h
ere

θ
m

is
th
e
w
h
ole

p
aram

eter
vector,

θ̂
m

are
th
e
corresp

on
d
in
g
m
ax
im

u
m

likelih
o
o
d

estim
ates.

In
lin

ear
regression

m
o
d
els

θ
Tm
=

[β
T(m

) ,σ
2]

an
d
m
in
im

izin
g−

2log (f
(y|θ̂

m
,m

) )
is

eq
u
ivalen

t
to

m
in
im

izin
g
n
log

(R
S
S
m
).

A
lso

n
ote

th
at

F
is

th
e
p
en
alty

im
p
osed

to
th
e

-2log-likelih
o
o
d
for

each
ad
d
ition

al
p
aram

eter
u
sed

in
th
e
m
o
d
el.

D
iff
eren

t
p
en
alty

fu
n
ction

s

resu
lt
in

d
iff
eren

t
criteria;

for
ex
am

p
le

•
F
or

F
=

2
w
e
h
ave

A
IC

.

•
F
or

F
=

3/2
w
e
h
ave

th
e
criterion

of
S
m
ith

an
d
S
p
iegelh

alter
(1980).

•
F
or

F
=

log
(n
)
w
e
h
ave

B
IC

.

•
F
or

F
=

clog
(log

(n
))

w
e
h
ave

Φ
c .

If
w
e
w
an
t
to

com
p
are

tw
o
m
o
d
els

m
0
an
d
m

1
th
en

w
e
select

th
e
on
e
th
at

h
as

low
er

valu
e

of
I
C

an
d
th
erefore

w
e
d
efi
n
e
as

I
C

0
1
th
e
d
iff
eren

ce
of

th
e
tw
o
in
form

ation
criteria.

H
en
ce

I
C

0
1
=
−
2log (

f
(y|θ̂

m
0 ,m

0 )

f
(y|θ̂

m
1 ,m

1 ) )
−
[d
(m

1 )−
d
(m

0 )]F
.

(2.15)

W
ith

ou
t
loss

of
gen

erality,
w
e
assu

m
e
th
at

d
(m

0 )
<

d
(m

1 ).
N
ote

th
at

if
I
C

0
1
<

0
w
e

select
m
o
d
el

m
0
an
d
if
I
C

0
1
>

0
w
e
select

m
o
d
el

m
1 .

W
e
can

gen
eralise

th
e
ab

ove
criterion

d
iff
eren

ce
b
y
su
b
stitu

tin
g
th
e
ex
p
ression

[d
(m

1 )−
d
(m

0 )]F
b
y
a
m
ore

com
p
licated

p
en
alty
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fu
n
ction

ψ
.
In

su
ch

case
w
e
m
ay

w
rite

th
e
in
form

ation
criteria

in
m
ore

gen
eral

setu
p
given

b
y

I
C

0
1
=
−
2log (

f
(y|θ̂

m
0 ,m

0 )

f
(y|θ̂

m
1 ,m

1 ) )
−

ψ
,

w
h
ere

ψ
is

a
p
en
alty

fu
n
ction

d
ep
en
d
in
g
on

d
iff
eren

ce
of

m
o
d
el

d
im

en
sion

alities,
d
(m

1 )−
d
(m

0 ),
sam

p
le
size

n
,
an
d
d
esign

m
atrices,

X
(m

0
)
an
d

X
(m

1
) .

S
h
ao

(1997)
d
iv
id
es

m
o
d
el
ch
oice

criteria
in

th
ree

m
a
jor

d
iv
ision

s:

1.
A
sy
m
p
totically

valid
criteria

u
n
d
er

th
e
assu

m
p
tion

th
at

a
tru

e
m
o
d
el
ex
ists.

2.
A
sy
m
p
totically

valid
criteria

u
n
d
er

th
e
assu

m
p
tion

th
at

n
ot

a
fi
x
ed

d
im

en
sion

tru
e

m
o
d
el
ex
ists.

3.
A

com
p
rom

ise
b
etw

een
th
ese

tw
o
categories.

A
ccord

in
g
to

Z
h
an
g
(1997)

th
e
m
ain

con
clu

sion
of

S
h
ao

(1997)
is
th
at

I
C
m
w
ith

F
=

2
an
d

F
→
∞

w
h
en

n
→
∞

are
tw
o
d
iff
eren

tly
b
eh
aved

categories
of

criteria
referred

as
A
IC

-

like
an
d
B
IC

-like
criteria.

T
h
e
B
IC

-like
criteria

p
erform

b
etter

if
th
e
tru

e
m
o
d
el
h
as

sim
p
le

stru
ctu

re
(‘fi

n
ite

d
im

en
sion

’)
w
h
ile

th
e
A
IC

-like
criteria

are
b
etter

if
th
e
tru

e
m
o
d
el
is
a
m
ore

com
p
lex

on
e
(‘in

fi
n
ite

d
im

en
sion

’).
T
h
e
m
ain

argu
m
en
t
of

Z
h
an
g
(1997)

in
favou

r
of

B
IC

-like

criteria
is
th
at

th
e
ex
isten

ce
of

a
tru

e
m
o
d
el

is
d
ou
b
tfu

l
an
d
even

if
ex
ists

w
e
m
ay

p
refer

to

select
a
sim

p
ler

m
o
d
el
th
at

ap
p
rox

im
ates

su
ffi
cien

tly
th
e
tru

e
on
e.

In
h
is
w
ord

s,
‘th

e
p
ractical

ad
van

tage
of

a
m
ore

p
arsim

on
iou

s
m
o
d
el

often
oversh

ad
ow

s
con

cern
s
over

th
e
correctn

ess

of
th
e
m
o
d
el.

A
fter

all
th
e
goal

of
statistical

an
aly

sis
is

to
ex
tract

in
form

ation
rath

er
to

id
en
tify

th
e
correct

m
o
d
el.’

In
th
is

d
irection

,
R
issan

en
(1986)

states
th
at

it
is

ob
v
iou

s

th
at

all
selection

criteria
give

rise
to

q
u
an
tifi

cation
of

th
e
p
arsim

on
y
p
rin

cip
le.

T
h
ey

d
iff
er

in
th
e
w
eigh

t
(or

sign
ifi
can

ce)
th
at

th
ey

give
to

go
o
d
n
ess

of
fi
t
an
d
m
o
d
el

com
p
lex

ity.
T
h
e

go
o
d
n
ess

of
fi
t
is
m
easu

red
b
y
th
e
log-likelih

o
o
d
ratio

w
h
ile

m
o
d
el
com

p
lex

ity
b
y
th
e
n
u
m
b
er

of
m
o
d
el
p
aram

eters.
Z
h
en
g
an
d
L
oh

(1995)
ex
am

in
e
a
gen

eralization
of

in
form

ation
criteria

as
given

in
(2.14)

an
d
p
rove

th
at

B
IC

-like
criteria

are
op
tim

al
an
d
con

sisten
t.

B
h
an
sali

(1997)
su
p
p
orts

S
h
ao

(1997)
an
d
Z
h
an
g
(1997)

claim
in
g
th
at

w
h
en

th
e
d
im

en
sion

of
th
e

tru
e
m
o
d
el

is
‘fi
n
ite’

th
en

A
IC

an
d
fi
n
al

p
red

iction
error

(F
P
E
)
d
o
n
ot

p
rov

id
e
con

sisten
t

estim
ates

of
th
e
tru

e
m
o
d
el

w
h
ile

B
IC

an
d
th
e
criterion

of
H
an
n
an

an
d
Q
u
in
n
(1979)

d
o

p
rov

id
e
con

sisten
t
estim

ates.
M
oreover,

in
th
e
case

of
‘in

fi
n
ite’

d
im

en
sion

of
th
e
tru

e
m
o
d
el
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M
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M
C

A
IC

,
fi
n
al

p
red

iction
error

an
d
S
h
ib
ata

criterion
(1980,

1981)
are

asy
m
p
totically

effi
cien

t

w
h
ile

B
IC

is
n
ot.

B
h
an
salian

d
D
ow

n
h
am

(1977)
in
tro

d
u
ced

an
A
IC

varian
t
given

b
y
(2.14)

w
ith

2≤
F
≤

5.

T
h
ey

argu
ed

th
at

op
tim

al
valu

es
of

th
e
p
en
alty

m
ay

b
e
greater

th
an

2
u
sin

g
freq

u
en
cy

tab
u
lation

s
of

gen
erated

d
ata.

A
ccord

in
g
to

A
kaike

(1979)
an
d
A
tk
in
son

(1980)
th
e
u
se

of

freq
u
en
cy

tab
u
lation

s
to

p
rove

op
tim

ality
of

a
criterion

is
n
ot

ap
p
rop

riate.
A
kaike

(1979)

altern
atively

p
rop

osed
to

u
se

sq
u
ared

p
red

iction
error.

S
h
i
an
d
T
sai

(1998)
u
sed

K
u
llb

ack
-

L
eib

ler
d
iscrep

an
cy

to
d
efi
n
e
oth

er
varian

ts
of

A
IC

.
A
lso

A
kaike

(1981)
facilitates

B
ayesian

th
eory

to
resu

lt
in

altern
ative

criteria.

W
ei
(1992)

p
rop

oses
an
oth

er
criterion

called
F
ish

er
in
form

ation
criterion

(F
IC

)
w
h
ere

w
e

m
in
im

ize

F
I
C
m
=

σ
2m
(n

+
log|X

T(m
) X

(m
) |).

If
w
e
su
b
stitu

te
σ

2
b
y
its

m
ax
im

u
m

likelih
o
o
d
estim

ate,
th
en

m
in
im

izin
g
th
e
ab

ove
q
u
an
tity

is
eq
u
ivalen

t
to

m
in
im

izin
g

n
log

(F
I
C
m
)
=

n
log

(R
S
S
m
)
+

log|X
T(m

) X
(m

) |
w
h
en

n
−

1log|X
T(m

) X
(m

) |→
0.

T
h
is

criterion
,
w
h
ich

is
eq
u
ivalen

t
to

(2.14)
w
ith

F
=

d
(m

) −
1log|X

T(m
) X

(m
) |,

w
as

in
tro

d
u
ced

for
th
e
n
orm

al
m
o
d
el

an
d
can

b
e
ad
op
ted

for
oth

er

gen
eralised

lin
ear

m
o
d
els

u
sin

g
th
e
resp

ective
F
ish

er
in
form

ation
m
atrix

.
D
u
d
ley

an
d

H
au
gh
ton

(1997)
in
tro

d
u
ce

in
form

ation
criteria

b
ased

on
B
ayes

factor
w
ith

J
eff
rey

s
p
rior

su
itab

le
for

m
o
d
el

selection
w
h
en

u
sin

g
m
u
ltip

le
d
atasets.

L
ai

an
d
L
ee

(1997)
u
se

th
e
fi
n
al

p
red

iction
error

criterion
w
h
ich

m
in
im

izes

F
P
E
m
= (

1
+

2d
(m

)

n

)
σ̂

2m

w
h
ich

is
eq
u
ivalen

t
to

m
in
im

izin
g

n
log

(F
P
E
m
)
=

n
log

(σ̂
2m
)
+
2d
(m

)

w
h
en

n
→
∞

an
d
th
erefore

2d
(m

)/n
→

0.
T
h
e
ab

ove
is

th
e
sam

e
as

A
IC

.
S
im

ilarly,

m
in
im

izin
g

A
P
E
m
=

n
σ̂

2m
+

σ̂
2d
(m

)log
(n
)

is
eq
u
ivalen

t
to

u
sin

g
B
IC

.
S
h
ib
ata

(1984)
an
d
Z
h
en
g
an
d
L
oh

(1997)
ex
ten

sively
d
iscu

ss
th
e

u
se

of
fi
n
al

p
red

iction
error

as
a
m
o
d
el

selection
criterion

.
T
h
e
latter

also
ex
ten

ts
th
e
fi
n
al
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p
red

iction
error

b
y
su
b
stitu

tin
g
th
e
d
im

en
sion

ality
d
(m

)
b
y
a
fu
n
ction

of
it.

S
im

ilarly,
Z
h
an
g

(1997)
p
rop

oses
an

altern
ative

criterion
n
oted

as
G
I
C

∗m
=

S
S
m
+

F
σ̂

2h
[d
(m

)]
w
h
ich

u
ses

p
en
alty

for
each

u
n
it
of

a
d
im

en
sion

ality
fu
n
ction

;
see,

for
ex
am

p
le,

F
oster

an
d
G
eorge

(1994)

in
w
h
ich

h
[d
(m

)]
=

log
[d
(m

)].
S
ton

e
(1977)

an
d
S
h
ao

(1993)
also

n
ote

th
at

‘leave-on
e-ou

t’

cross-valid
ation

m
eth

o
d
is
asy

m
p
totically

eq
u
ivalen

t
to

A
IC

an
d
C
p .

R
on
ch
etti

(1997)
ex
am

in
es

th
e
b
eh
av
iou

r
of

a
rob

u
st

version
of

C
p
an
d
A
IC

criteria.
T
h
e

rob
u
st

C
p
(R

C
p )

‘allow
s
u
s
to

ch
o
ose

th
e
b
est

m
o
d
els

w
h
ich

fi
t

the
m

ajority
of

the
data

b
y
tak

in
g
in
to

accou
n
t
th
e
p
resen

ce
of

ou
tliers

an
d
p
ossib

le
d
ep
artu

res
from

th
e
n
orm

ality

assu
m
p
tion

on
th
e
error

d
istrib

u
tion

’.
R
ao

an
d
W
u
(1989)

also
p
rop

ose
a
criterion

sim
ilar

to
C
p .

S
h
ib
ata

(1997)
gives

a
su
ffi
cien

t
ex
p
lan

ation
w
h
y
A
IC

w
as

fi
rstly

p
rop

osed
as

a
n
aive

estim
ator

of
K
u
llb

ack
-L
eib

ler
d
iscrep

an
cy.

H
e
also

d
iscu

sses
th
e
b
ias

correction
given

b
y

H
u
rv
ich

an
d
T
sai

(1989,
1991)

w
h
ich

is
m
ore

p
recise

th
an

A
kaike’s.

F
in
ally,

h
e
in
tro

d
u
ces

b
o
otstrap

estim
ates

of
th
e
K
u
llb

ack
-L
eib

ler
in
form

ation
.
C
avan

au
gh

an
d
S
h
u
m
w
ay

(1997)

also
in
tro

d
u
ced

a
b
o
otstrap

varian
t
of

A
IC

called
W
IC

.

G
eiger

et
a
l.
(1996)

ex
ten

d
B
IC

in
B
ayesian

n
etw

ork
s
w
ith

h
id
d
en

variab
les,

w
h
ere

th
e

d
im

en
sion

of
th
e
m
o
d
el

is
given

b
y
th
e
ran

k
of

th
e
J
acob

ian
of

th
e
tran

sform
ation

b
etw

een

m
o
d
el
p
aram

eters
of

th
e
n
etw

ork
an
d
th
e
p
aram

eters
of

ob
servab

le
variab

les.

C
om

p
arison

of
in
form

ation
criteria,

p
osterior

o
d
d
s
an
d
likelih

o
o
d
ratios

an
d
th
eir

con
-

n
ection

s
are

p
rov

id
ed

b
y
A
tk
in
son

(1981)
an
d
C
h
ow

(1981).
N
ote

th
at

B
ayes

factor
varian

ts

an
d
B
ayesian

p
red

ictive
or

u
tility

b
ased

criteria
are

(in
m
ost

cases)
eq
u
ivalen

t
to

in
form

ation

criteria.
F
or

ex
am

p
le
th
e
p
red

ictive
criterion

L
m
of

Ib
rah

im
an
d
L
au
d
(1994)

given
b
y
(2.13)

is
eq
u
ivalen

t
to

an
in
form

ation
criterion

given
b
y
(2.15)

w
ith

p
en
alty

fu
n
ction

F
=

n

d
(m

1 )−
d
(m

0 ) log (
n−

d
(m

0 )−
2

n−
d
(m

1 )−
2 )

w
h
ile

p
osterior

B
ayes

factor
is
ap
p
rox

im
ately

eq
u
al

to
a
criterion

of
ty
p
e
(2.15)

w
ith

p
en
alty

eq
u
al

to
F

=
log

(2);
see

A
itk

in
(1991),

O
’H
agan

(1995)
an
d
C
h
ap
ter

6.
O
th
er

recen
t

in
terestin

g
criteria

are
also

p
resen

ted
b
y
G
eorge

an
d
F
oster

(1997)
u
sin

g
em

p
irical

B
ayes

m
eth

o
d
s,

B
ern

ard
o
(1999)

u
sin

g
B
ayesian

d
ecision

th
eory

an
d
G
elfan

d
an
d
G
h
osh

(1998)

u
sin

g
p
red

ictive
loss

ap
p
roach

.
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Full
N
am
e
(R
eference)

E
quation

F
P
E

F
inal

P
rediction

E
rror

(A
kaike,

1969)
(1
+

2
d
(m

)
n

)
σ̂

2m

A
IC

A
kaike

Inform
ation

C
riterion

(A
kaike,

1973)
(2.14),

F
=
2

C
p

M
allow

s
C

p
(M
allow

s,
1973)

σ −
2R
S
S
m
−
n
+
2d(m

)

A
IC

a
G
eneralization

of
A
IC

(B
hansali

and
D
ow
nham

,
1977)

(2.14),
F
=
a
,2≤

a≤
5

B
IC

B
ayes

Inform
ation

C
riterion

(Schw
arz,

1978)
(2.14),

F
=
log(n)

Φ
c
,m

H
annan

and
Q
uinn

(1979)
C
riterion

(2.14),
F
=
clog(log(n))

SSC
Sm

ith
and

Spiegelhalter
(1980)

C
riterion

(2.14),
F
=
3/2

SC
Shibata

(1980)
C
riterion

(2.14),F
=
n
log[n

+
2d(m

)]/
d(m

)

B
IV
A
R

B
ias-V

ariance
C
riterion

(
Y
oung,

1982)
w
C
p
+
(1−

w
)d(m

)

P
M
C

P
redictive

m
odel

C
riterion

B
I
C
m

1 −
B
I
C
m

2 −
2
log
c̄

(San
M
artini

and
Spezzaferri,

1984)
c̄
=

2
(R

S
S

m
1
/
R
S
S

m
2 −

1
)

lo
g
(R

S
S

m
1
/
R
S
S

m
2
) −

1

F
IC

F
isher

Inform
ation

C
riterion

(W
ei,
1992)

n
σ̂

2m
+
σ̂

2log|X
T(m

) X
(m

) |
R
IC

R
isk

Inflation
C
riterion

(Foster
and

G
eorge,

1994)
(2.14),

F
=
2p
log[d(m

)]/d(m
)

E
B
C

E
m
pirical

B
ayesian

C
riterion

R
S
S
m
/σ̂

2
+
2d(m

)log
d(m

)

(G
eorge

and
Foster,

1997)
+
2[p−

d(m
)]log[p−

d(m
)]

−
d(m

){1
+
log[d(m

)S
S
m
/σ̂

2]}
B
R
C

B
ayesian

R
eference

C
riterion

(B
ernardo,

1999)
see

page
40
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2
.4

D
iscu

ssio
n

In
th
is
ch
ap
ter

w
e
h
ave

critically
rev

iew
ed

classical
an
d
B
ayesian

m
o
d
el

selection
m
eth

o
d
s.

T
h
e
m
ain

classical
com

p
etitors

are
step

w
ise

p
ro
ced

u
res

u
sin

g
sign

ifi
can

ce
tests

an
d
evalu

a-

tion
of

m
o
d
els

v
ia

in
form

ation
criteria

(m
ain

ly
B
IC

an
d
A
IC

).
A
ltern

atively,
p
osterior

o
d
d
s

(an
d
B
ayes

factors)
are

th
e
m
ain

to
ol

for
m
o
d
el
selection

an
d
h
y
p
oth

esis
testin

g
in

B
ayesian

an
aly

sis.
P
rob

lem
s
w
ith

p
rior

sp
ecifi

cation
togeth

er
w
ith

th
e
large

com
p
u
tation

al
b
u
rd
en
,

req
u
ired

for
im

p
lem

en
tin

g
B
ayesian

th
eory,

d
id

n
ot

allow
p
osterior

o
d
d
s
to

b
ecom

e
very

p
op
u
lar

u
n
til

th
e
early

n
in
eties.

T
h
e
d
evelop

m
en
t
of

M
C
M
C

m
eth

o
d
s
an
d
th
eir

im
p
lem

en
-

tation
in

statistical
scien

ce
m
ad
e
th
e
calcu

lation
of

p
osterior

p
rob

ab
ilities

fairly
au
tom

atic.

M
an
y
au
th
ors

(for
ex
am

p
le
B
ayarri

an
d
B
erger,

1998a,b
,c)

h
ave

ex
ten

sively
stu

d
ied

relation
s

b
etw

een
d
iff
eren

t
m
o
d
el

selection
tech

n
iq
u
es.

C
u
rren

t
research

m
ain

ly
in
volves

assessm
en
t

of
b
etter

criteria,
evalu

ation
of

op
tim

al
M
C
M
C

m
eth

o
d
s
an
d
b
en
ch
m
ark

p
riors

for
m
o
d
el

selection
.
In

th
e
follow

in
g
ch
ap
ters

w
e
w
ill

in
tro

d
u
ce

a
n
ew

effi
cien

t,
fl
ex
ib
le
an
d
easy

-to-u
se

M
C
M
C
m
eth

o
d
for

m
o
d
el
selection

;
w
e
w
ill

com
p
are

an
d
u
n
d
erlin

e
relation

s
b
etw

een
M
C
M
C

m
o
d
el

selection
m
eth

o
d
s;
w
e
w
ill

p
rov

id
e
gu
id
an
ce

for
im

p
lem

en
tation

of
th
ese

m
eth

o
d
s
in

gen
eralised

lin
ear

m
o
d
els;

fi
n
ally

w
e
w
ill

d
escrib

e
a
n
ew

p
ersp

ective
an
d
in
terp

retation
of

p
osterior

o
d
d
s.
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In
tro

d
u
ctio

n

T
h
e
p
rob

lem
s
w
ith

B
ayesian

m
o
d
el

selection
are

asso
ciated

w
ith

th
e
com

p
u
tation

of
th
e

in
tegrals

in
volved

in
th
e
calcu

lation
p
osterior

p
rob

ab
ilities.

T
h
ese

in
tegrals

can
b
e
an
aly

t-

ically
evalu

ated
on
ly

in
certain

restricted
ex
am

p
les.

A
fu
rth

er
p
rob

lem
is

th
at

th
e
size

of

th
e
set

of
p
ossib

le
m
o
d
elsM

m
ay

b
e
so

great
th
at

calcu
lation

or
ap
p
rox

im
ation

of
f
(y|m

)

for
all

m
∈
M

b
ecom

es
in
feasib

le.
H
en
ce,

M
C
M
C

m
eth

o
d
s
for

gen
eratin

g
from

th
e
join

t

p
osterior

d
istrib

u
tion

of (m
,β

(m
) )

b
ecom

e
an

ex
trem

ely
attractive

altern
ative.

If
a
sam

-

p
le

(m
(t ′),β

(t ′),
t ′
=

1,...,t)
can

b
e
gen

erated
from

th
is
d
istrib

u
tion

,
th
en

p
osterior

m
o
d
el

p
rob

ab
ilities

can
b
e
estim

ated
d
irectly

b
y

f̂
(m

)
=

1t

t
∑t ′=

1

I
(m

(t ′)
=

m
)

m
∈
M

(3.1)

w
h
ere

I
(·)

is
th
e
in
d
icator

fu
n
ction

.
S
am

p
les

from
f
(β

(m
) |m

,y
)
are

also
au
tom

atically

availab
le
for

m
argin

al
p
aram

etric
in
feren

ce.
In

p
ractice,

all
su
ggested

m
eth

o
d
s
for

gen
eratin

g

from
f
(m

,β
(m

) |y
)
are

b
ased

on
M
arkov

ch
ain

s.

F
u
rth

erm
ore,

in
m
an
y
statistical

m
o
d
els

w
e
m
ay

su
b
stitu

te
th
e
m
o
d
el

in
d
icator

m
∈
M

b
y
(s,γ

)∈
S×

{0,1}
p,
w
h
ere

th
e
in
d
icator

vector
γ
rep

resen
ts

w
h
ich

of
th
e
p
p
ossib

le
sets

of

covariates
are

p
resen

t
in

th
e
m
o
d
el
an
d
s
rep

resen
ts

oth
er

stru
ctu

ral
p
rop

erties
of

th
e
m
o
d
el.

F
or

ex
am

p
le,

in
gen

eralised
lin

ear
m
o
d
els,

s
m
ay

d
escrib

e
th
e
d
istrib

u
tion

,
lin

k
fu
n
ction

an
d
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varian
ce

fu
n
ction

,
an
d
th
e
lin

ear
p
red

ictor
m
ay

b
e
w
ritten

as

η
= ∑j∈V

γ
j X

j β
j

(3.2)

w
h
ereV

is
th
e
set

of
p
ossib

le
regressors,

X
j
is

th
e
d
esign

m
atrix

an
d

β
j
th
e
p
aram

eter

vector
related

to
th
e
jth

term
.
W
h
en

variab
le

selection
p
rob

lem
s
are

con
sid

ered
th
en

w
e

m
ay

u
se

eith
er

th
e
m
o
d
el
in
d
icator

m
or

th
e
variab

le
in
d
icator

vector
γ
.

T
h
e
laten

t
vector

of
b
in
ary

in
d
icators

γ
w
as

in
tro

d
u
ced

b
y
G
eorge

an
d
M
cC

u
llo

ch
(1993)

in
th
e
fi
rst

attem
p
t
to

u
se

M
C
M
C
algorith

m
s
for

m
o
d
el
selection

.
In

th
eir

G
ib
b
s
b
ased

sam
-

p
ler,

called
‘sto

ch
astic

search
variab

le
selection

’
(S
S
V
S
),
th
ey

u
sed

th
e
clever

id
ea

of
keep

in
g

th
e
d
im

en
sion

ality
con

stan
t
across

all
p
ossib

le
m
o
d
els

b
y
lim

itin
g
th
e
p
osterior

d
istrib

u
-

tion
of

n
on
-sign

ifi
can

t
(rem

oved
)
term

s
in

a
sm

all
n
eigh

b
ou
rh
o
o
d
of

zero
in
stead

of
settin

g

it
eq
u
al

to
zero

as
u
su
ally.

S
S
V
S
w
as

origin
ally

im
p
lem

en
ted

in
lin

ear
regression

m
o
d
els

an
d
w
as

follow
ed

b
y
a
series

of
p
u
b
lication

s
w
ith

im
p
lem

en
tation

in
variou

s
scien

tifi
c
fi
eld

s;

p
h
arm

acok
in
etics

m
o
d
ellin

g
(W

akefi
eld

an
d
B
en
n
ett,

1996),
con

stru
ction

of
sto

ck
p
ortfolios

in
fi
n
an
ce

(G
eorge

an
d
M
cC

u
llo

ch
,
1996),

gen
eralised

lin
ear

m
o
d
els

(G
eorge

et
a
l.
,
1996,

G
eorge

an
d
M
cC

u
llo

ch
,
1997),

d
esign

ed
ex
p
erim

en
ts

(C
h
ip
m
an
,
1996,

1997
an
d
C
h
ip
m
an

et
a
l.
,
1997)

an
d
m
u
ltivariate

regression
m
o
d
els

(B
row

n
et

a
l.
,
1998).

A
n
oth

er
p
op
u
lar

m
eth

o
d
is

th
e

M
arkov

chain
M

on
te

C
arlo

m
odel

com
position

(M
C

3)

w
h
ich

w
as

origin
ally

im
p
lem

en
ted

b
y
M
ad
igan

an
d
Y
ork

(1995)
in

grap
h
ical

m
o
d
el
selection

.

D
etails

of
th
is
M
C
M
C

algorith
m

is
also

given
b
y
K
ass

an
d
R
aftery

(1995)
w
h
ile

N
tzou

fras

(1995)
p
rov

id
ed

ex
ten

sive
im

p
lem

en
tation

al
d
etails

for
log-lin

ear
m
o
d
el

selection
.
M
C

3
h
as

b
een

ex
ten

d
ed

in
oth

er
m
o
d
el
selection

p
rob

lem
s
su
ch

as
variab

le,
ou
tlier

an
d
tran

sform
ation

id
en
tifi

cation
in

lin
ear

regression
b
y
H
o
etin

g
et

a
l.
(1995,

1996)
an
d
R
aftery

et
a
l.
(1997),

so
cial

research
b
y
R
aftery

(1995),
ep
id
em

iology
b
y
R
aftery

an
d
R
ich

ard
son

(1996)
an
d
p
ro-

p
ortion

al
h
azard

s
m
o
d
els

b
y
V
olin

sk
y
et

a
l.
(1997).

T
h
ese

early
research

attem
p
ts

w
ere

follow
ed

b
y
C
arlin

an
d
C
h
ib

(1995)
sam

p
ler.

Its

com
p
u
tation

al
com

p
lex

ity
w
as

its
m
ain

d
raw

b
ack

an
d
th
e
m
ain

reason
for

n
ot

b
ein

g
w
id
ely

im
p
lem

en
ted

in
statistical

research
.
A
n
ex
am

p
le

of
com

p
arison

b
etw

een
tw
o
m
o
d
els

u
sin

g

C
arlin

an
d
C
h
ib

m
eth

o
d
u
sin

g
B
U
G
S
softw

are
is
given

b
y
S
p
iegelh

alter
et

a
l.
(1996c).

G
reen

(1995)
in
tro

d
u
ced

a
gen

eralization
of

M
etrop

olis-H
astin

g
algorith

m
for

sam
p
lin

g

from
m
o
d
els

w
ith

d
iff
eren

t
d
im

en
sion

ality,
called

reversible
ju

m
p
(R

J
).
T
h
is
m
eth

o
d
is
ex
-
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trem
ely

fl
ex
ib
le

an
d
can

ju
m
p
from

on
e
m
o
d
el

sp
ace

to
an
oth

er
p
rov

id
ed

th
at

w
e
carefu

lly

select
ap
p
rop

riate
p
rop

osal
d
en
sities.

T
h
is
sam

p
ler

h
as

gain
ed

atten
tion

an
d
h
as

b
een

ap
-

p
lied

b
y
R
ich

ard
son

an
d
G
reen

(1997)
in

selection
of

n
orm

al
m
ix
tu
res,

N
ob
ile

an
d
G
reen

(1997)
in

A
N
O
V
A

m
o
d
els

an
d
factorial

ex
p
erim

en
ts,

T
rou

gh
ton

an
d
G
o
d
sill

(1997)
in

au
-

toregressive
m
o
d
els,

D
ellap

ortas
et

a
l.
(1998)

in
an
aly

sis
of

fi
n
ite

P
oisson

m
ix
tu
res,

V
ron

tos

et
a
l.
(1998)

in
A
R
C
H
/G

A
R
C
H

m
o
d
els,

D
en
ison

et
a
l.
(1998a)

in
C
A
R
T

m
o
d
els,

D
en
ison

et
a
l.
(1998b

)
in

M
A
R
S
m
o
d
els,

G
iu
d
ici

an
d
G
reen

(1998)
in

d
ecom

p
osab

le
grap

h
ical

G
au
s-

sian
m
o
d
els

an
d
D
ellap

ortas
an
d
F
orster

(1999)
in

log-lin
ear

m
o
d
els.

B
ro
ok
s
an
d
G
iu
d
ici

(1998)
h
ave

d
evelop

ed
con

vergen
ce

d
iagn

ostics
for

reversib
le
ju
m
p
ou
tp
u
t
for

sam
p
les

w
ith

in

each
m
o
d
el.

O
th
er

sam
p
lers

are
p
rov

id
ed

b
y
S
m
ith

an
d
K
oh
n
(1996)

for
lin

ear
an
d
n
on
p
aram

etric

regression
m
o
d
els,

C
ly
d
e
et

a
l.
(1996),

C
ly
d
e
(1999),

G
ew

eke
(1996)

an
d
K
u
o
an
d
M
allick

(1998).

In
th
is
ch
ap
ter,

w
e
fo
cu
s
on

th
e
p
rior

sp
ecifi

cation
for

m
o
d
el
selection

u
sed

in
gen

eralised

lin
ear

m
o
d
els

an
d
on

m
eth

o
d
s
of

G
reen

(‘reversib
le
ju
m
p
’,
1995)

an
d
C
arlin

an
d
C
h
ib

(1995).

W
e
fu
rth

er
con

sid
er

ex
isten

t
‘variab

le
selection

’
p
rob

lem
s
in
clu

d
in
g
S
S
V
S
an
d
K
u
o
an
d

M
allick

sam
p
lers.

F
in
ally,

w
e
d
escrib

e
an
d
com

m
en
t
on

th
e
fast

variab
le

selection
m
eth

o
d
s

u
sed

in
n
orm

al
m
o
d
els

u
n
d
er

a
con

ju
gate

p
rior

d
istrib

u
tion

.

3
.2

P
rio

r
S
p
e
cifi

ca
tio

n

T
o
com

p
lete

B
ayesian

form
u
lation

of
an
y
m
o
d
el
selection

p
rob

lem
w
e
d
efi
n
e
p
riors

on
p
aram

-

eters
β

(m
)
an
d
on

m
o
d
el

in
d
icator

m
(or

altern
atively

on
(s,γ

)
).

H
ere

w
e
rev

iew
th
e
m
ost

u
su
al

p
rior

setu
p
s
for

gen
eralised

lin
ear

m
o
d
els.

W
e
fo
cu
s
on

gen
eralised

lin
ear

m
o
d
els

to

facilitate
th
e
read

in
g
of

th
e
follow

in
g
ch
ap
ters

w
h
ich

in
volve

ap
p
lication

s
of

m
o
d
el
selection

m
eth

o
d
s
on

th
is
p
op
u
lar

fam
ily

of
m
o
d
els.

T
h
e
u
su
al

p
rior

sp
ecifi

cation
in

m
o
d
el

selection
is
to

d
efi
n
e
each

m
o
d
el

p
aram

eter
p
rior

d
istrib

u
tion

con
d
ition

ally
on

th
e
m
o
d
el
in
d
icator

m
.
In

variab
le
selection

w
e
m
ay

u
se

a
p
rior

on
th
e
p
aram

eter
vector

of
th
e
fu
ll
m
o
d
el
b
u
t,
in

m
ost

cases,
th
is
is
n
ot

ap
p
rop

riate
sin

ce
th
e

p
aram

eters
h
ave

d
iff
eren

t
in
terp

retation
u
n
d
er

d
iff
eren

t
m
o
d
els.

T
h
is
su
b
section

is
d
iv
id
ed

in
to

th
ree

p
arts,

th
e
fi
rst

on
e
con

cern
in
g
p
riors

for
m
o
d
el

p
aram

eters
con

d
ition

ally
on

th
e
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A
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B
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M
o
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d
V
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S
election

U
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g
M
C
M
C

m
o
d
el

in
d
icator,

th
e
secon

d
con

cern
in
g
p
riors

on
m
o
d
el

sp
ace

w
h
ile

th
e
last

on
e
in
tro

d
u
ces

a
d
iff
eren

t
ap
p
roach

of
p
rior

d
istrib

u
tion

s
sp
ecifi

cation
.

3
.2
.1

P
rio

r
D
istrib

u
tio

n
fo

r
M

o
d
e
l
P
a
ra

m
e
te

rs

A
com

m
on

p
rior

d
istrib

u
tion

u
sed

to
ex
p
ress

p
rior

b
eliefs

ab
ou
t
th
e
m
o
d
el

p
aram

eters
is
a

m
u
ltivariate

n
orm

al
d
istrib

u
tion

.
H
en
ce

th
e
p
rior

is
of

th
e
ty
p
e

β
(m

) |m
∼

N (µ
β
(m

) ,Σ
(m

) )
,

(3.3)

w
h
ere

µ
β
(m

)
an
d
Σ

(m
)
are

th
e
p
rior

m
ean

an
d
covarian

ce
m
atrix

u
n
d
er

m
o
d
el

m
resp

ectively.

T
h
is
p
rior

set
u
p
is
u
sed

th
rou

gh
ou
t
th
is
section

.
D
u
e
to

th
e
L
in
d
ley

’s
an
d
B
artlett’s

p
arad

ox

d
escrib

ed
in

S
ection

2.2.4
w
h
en

n
o
p
rior

in
form

ation
is

availab
le,

w
e
sh
ou
ld

select
a
p
rior

d
istrib

u
tion

w
ith

little
in
form

ation
ab

ou
t
m
o
d
el

p
aram

eters
β

(m
)
w
h
ich

is
n
ot

ex
trem

ely

fl
at.

T
h
e
p
rior

covarian
ce

m
atrix

m
ay

b
e
w
ritten

altern
atively

as
Σ

(m
)
=

c
2V

(m
) ,
w
h
ere

c
2

con
trols

th
e
fl
atn

ess
of

th
e
p
rior

d
istrib

u
tion

an
d

V
(m

)
en
cap

su
lates

th
e
p
rior

correlation

stru
ctu

re.
U
su
al

ch
oice

for
th
e
p
rior

m
ean

,
w
h
en

n
o
p
rior

in
form

ation
is

availab
le,

is
th
e

zero
vector,

th
at

is
µ
β
(m

)
=

0
d
(m

) .

3
.2
.1
.1

In
d
e
p
e
n
d
e
n
t
P
rio

rs
fo

r
E
a
ch

T
e
rm

P
a
ra

m
e
te

r
V
e
cto

r

In
variab

le
selection

p
rob

lem
s
it
is
com

m
on

to
set

in
d
ep
en
d
en
t
p
riors

on
p
aram

eters
of

each

variab
le
or

term
.
In

su
ch

case
th
e
p
rior

is
given

b
y

β
j ∼

N (µ
β

j ,Σ
j )

,
(3.4)

w
h
ere

µ
β

j
an
d

Σ
j
are

th
e
p
rior

m
ean

an
d
covarian

ce
m
atrix

for
term

j
in
d
ep
en
d
en
t
of

th
e

m
o
d
el

in
d
icator

m
(or

γ
).

S
im

ilar
to

th
e
ab

ove
p
rior

setu
p
,
th
e
covarian

ce
m
atrix

can
b
e

altern
atively

w
ritten

as
Σ

j
=

c
2j V

j
an
d
for

n
on
-in

form
ative

cases
th
e
p
rior

m
ean

is
u
su
ally

given
b
y

µ
β

j
=

0
d

j .
G
ew

eke
(1996)

u
sed

in
d
ep
en
d
en
t
tru

n
cated

n
orm

al
p
rior

d
istrib

u
tion

s

in
lin

ear
regression

m
o
d
els.

T
h
is
p
rior

is
p
lau

sib
le

on
ly

w
h
en

th
e
d
esign

or
d
ata

m
atrix

is
orth

ogon
al

sin
ce,

in
su
ch

cases,
m
o
d
el
p
aram

eters
h
ave

sim
ilar

in
terp

retation
over

all
m
o
d
els.

W
e
can

easily
in
corp

o-

rate
su
ch

p
riors

in
A
N
O
V
A

ty
p
e
m
o
d
els

w
ith

su
m
-to-zero

con
strain

ts.
In

oth
er

cases,
w
h
en
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w
e
are

in
terested

in
p
red

iction
rath

er
th
an

d
escrip

tion
of

variab
le
relation

s,
w
e
m
ay

orth
og-

on
alize

th
e
d
esign

m
atrix

an
d
p
ro
ceed

w
ith

m
o
d
el

selection
in

th
e
n
ew

orth
ogon

al
m
o
d
el

sp
ace;

see
C
ly
d
e
et

a
l.
(1996).

In
n
on
-orth

ogon
al

cases,
esp

ecially
w
h
en

h
igh

d
ep
en
d
en
cies

am
on
g
covariates

ex
ist,

th
e
u
se

of
su
ch

p
rior

setu
p
m
ay

resu
lt
in

u
n
p
red

icted
in
fl
u
en
ce

on

th
e
p
osterior

o
d
d
s
an
d
h
en
ce

sh
ou
ld

b
e
avoid

ed
.
F
or

a
sim

p
le
illu

stration
see

C
h
ap
ter

6.

In
th
e
category

of
in
d
ep
en
d
en
t
p
riors

for
term

p
aram

eters
w
e
cou

ld
in
clu

d
e
th
e
p
rior

of

D
ellap

ortas
an
d
F
orster

(1999)
d
efi
n
ed

for
log-lin

ear
m
o
d
el
selection

p
rob

lem
s
in

con
tin

gen
cy

tab
les

w
ith

su
m
-to-zero

con
strain

ts.
T
h
is
p
rior

is
also

p
rop

osed
in

th
is
th
esis

for
b
in
om

ial

logistic
regression

m
o
d
el

selection
p
rob

lem
s
w
ith

categorical
d
ata

an
d
can

b
e
ex
ten

d
ed

in

‘eq
u
ivalen

t’
p
riors

for
b
in
om

ial
m
o
d
els

w
ith

oth
er

lin
k
fu
n
ction

s
th
rou

gh
ap
p
rox

im
ation

of

th
e
T
ay
lor

ex
p
an
sion

.
T
h
e
p
rior

covarian
ce

stru
ctu

re
of

j
term

is
given

b
y

V
j
=

d −
1 ∏ν∈V

(j)

(d
ν
+
1) ⊗ν∈V

(j) (
I
d

ν −
1

d
ν
+
1
J
d

ν )
(3.5)

w
h
ereV

(j)
is
th
e
set

of
factors

creatin
g
th
e
(in

teraction
)
term

j,
ν
is
a
factor

in
clu

d
ed

in

term
j,

d
is
th
e
d
im

en
sion

of
th
e
fu
ll
m
o
d
el
(an

d
th
e
total

n
u
m
b
er

of
cells

in
th
e
con

tin
gen

cy

tab
le),

d
ν
is
th
e
d
im

en
sion

of
ν
factor

(an
d
th
erefore

d
ν
+
1
are

th
e
levels

of
th
is
factor),

I
d

ν

is
th
e
d
ν ×

d
ν
id
en
tity

m
atrix

an
d
J
d

ν
is
th
e
d
ν ×

d
ν
m
atrix

w
ith

every
elem

en
t
eq
u
al

to
on
e.

D
ellap

ortas
an
d
F
orster

(1999)
p
rop

ose
a
valu

e
of

c
2j
=

c
2
=

2d
(tw

ice
th
e
n
u
m
b
er

of
cells)

for
P
oisson

log-lin
ear

m
o
d
els.

A
lb
ert

(1996)
u
sed

sim
ilar

p
rior

w
ith

V
j
=

I
d

j
u
tilizin

g
o
d
d
s

ratios
to

calib
rate

th
e
p
rior

p
aram

eter
c.

T
h
erefore,

h
is
p
rior

rep
resen

ts
th
e
statem

en
t
th
at

th
e
corresp

on
d
in
g
o
d
d
s
ratio

varies
b
etw

een−
2c

an
d
2c

w
ith

p
rob

ab
ility

0.68
w
h
en

th
e
tw
o

variab
les

are
n
ot

in
d
ep
en
d
en
t.

A
n
eq
u
ivalen

t
p
rior

for
logistic

regression
p
rob

lem
s
w
ith

on
ly

categorical
regressors

can

easily
b
e
ad
op
ted

u
sin

g
D
ellap

ortas
an
d
F
orster

(1999)
p
rior.

W
e
sim

p
ly

con
sid

er
th
e
ab

ove

p
rior

covarian
ce

m
atrix

m
u
ltip

lied
b
y
fou

r
sin

ce,
in

su
m
-to-zero

con
strain

ts,
th
e
logistic

regression
p
aram

eters
are

tw
ice

th
e
corresp

on
d
in
g
log-lin

ear
p
aram

eters.
F
or

all
th
e
oth

er

(n
on
-can

on
ical)

lin
k
fu
n
ction

s
T
ay
lor

ex
p
an
sion

m
ay

b
e
u
sed

to
fi
n
d
an

eq
u
ivalen

t
p
rior

varian
ce;

see
C
h
ap
ter

5.
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3
.2
.1
.2

M
o
d
e
l
D
e
p
e
n
d
e
n
t
P
rio

r
D
istrib

u
tio

n
s

In
n
orm

al
lin

ear
m
o
d
els

th
e
p
rior

(3.3)
can

b
e
u
sed

.
A
d
d
ition

ally
w
e
n
eed

to
d
efi
n
e
a
p
rior

on
th
e
resid

u
al

varian
ce.

T
h
e
u
su
al

gam
m
a
d
istrib

u
tion

on
th
e
p
recision

p
aram

eter
τ

=
σ
−

2

(or
in
verse

gam
m
a
on

σ
2)

m
ay

b
e
con

sid
ered

.
T
h
erefore,

th
e
p
rior

is
given

b
y

τ∼
G
(a

τ ,b
τ ).

(3.6)

A
n
im

p
rop

er
p
rior

on
th
e
resid

u
al
p
recision

τ
d
o
es

n
ot

in
fl
u
en
ce

th
e
p
osterior

o
d
d
s
an

d
h
en
ce

(3.6)
w
ith

a
τ
=

b
τ
=

0
m
ay

b
e
u
sed

w
ith

ou
t
an
y
com

p
lication

.
In

n
orm

al
lin

ear
m
o
d
els,

it
is

con
ven

ien
t
to

u
se

p
rior

on
m
o
d
el

p
aram

eters
con

d
ition

ally
on

th
e
resid

u
al

varian
ce

σ
2.

S
o,

in
stead

of
(3.3)

w
e
m
ay

u
se

β
(m

) |σ
2,m

∼
N (µ

β
(m

) ,Σ
(m

) σ
2 )

.
(3.7)

T
h
e
join

t
p
rior

d
istrib

u
tion

f
(β

(m
) ,σ

2|m
)
given

b
y
th
e
p
ro
d
u
ct

of
th
e
m
argin

al
d
istrib

u
tion

s

(3.6)
an
d
(3.7)

is
also

called
n
orm

al
in
verse

gam
m
a
d
istrib

u
tion

an
d
it

is
con

ju
gate

sin
ce

th
e
p
osterior

f
(β

(m
) ,σ

2|m
,y

)
is
also

n
orm

al
in
verse

gam
m
a;

see,
for

ex
am

p
le,

B
ern

ard
o
an
d

S
m
ith

(1994)
or

O
’H
agan

(1994).
S
m
ith

an
d
S
p
iegelh

alter
(1980),

S
m
ith

an
d
K
oh
n
(1996)

an
d
G
eorge

an
d
F
oster

(1997)
ad
op
ted

th
e
p
rior

β
(m

) |σ
2,m

∼
N (µ

β
(m

) ,c
2V

(m
) σ

2 )
.

(3.8)

w
ith

µ
β
(m

)
=

0
d
(m

)
an
d

V
(m

)
= (X

T(m
) X

(m
) )−

1
(3.9)

resu
ltin

g
to

sim
p
le

p
osterior

o
d
d
s
w
ith

n
ice

p
rop

erties
an
d
in
terp

retation
.
T
h
e
p
rior

p
a-

ram
eter

c
fu
lly

con
trols

th
e
d
im

en
sion

ality
p
en
alty

im
p
osed

to
th
e
log-m

ax
im

u
m

p
osterior

d
istrib

u
tion

.
F
or

m
ore

d
etails

see
F
ern

an
d
ez

et
a
l.
(1998)

an
d
C
h
ap
ter

6.
F
or

th
e
sp
ecifi

ca-

tion
of

th
e
p
rior

p
aram

eter
c
2,
S
m
ith

an
d
K
oh
n
(1997)

p
rop

osed
valu

es
b
etw

een
10

an
d
1000

w
h
ile

th
e
valu

es
c
2
=

100
an
d
c
2
=

n
w
ere

h
igh

ly
recom

m
en
d
ed

as
go
o
d
p
ractical

solu
tion

s.

W
e
argu

e
th
at

th
ese

ch
oices

w
ork

w
ell

in
p
ractice

w
h
ile

th
e
ch
oice

c
2
=

n−
1
d
irectly

resu
lts

in
a
B
ayes

factor
w
h
ich

is
eq
u
ivalen

t
to

B
ayes

in
form

ation
criterion

;
see

C
h
ap
ter

6.

Ib
rah

im
an
d
L
au
d
(1994)

an
d
L
au
d
an
d
Ib
rah

im
(1995)

u
sed

sim
ilar

p
riors

in
th
eir

p
red

ictive
m
o
d
el

selection
ap
p
roach

.
T
h
ey

u
sed

covarian
ce

m
atrix

(3.9)
an
d
m
ean

µ
β
(m

)

eq
u
al

to
th
e
m
ax
im

u
m

likelih
o
o
d
estim

ates
β̂

(m
) .
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F
or

th
e
rest

of
gen

eralised
lin

ear
m
o
d
els

w
e
m
ay

u
se

a
m
ore

gen
eral

form
of

p
rior

d
istri-

b
u
tion

given
b
y

β
(m

) |m
∼

N (µ
β
(m

) ,c
2V

(m
) )

.
(3.10)

A
s
m
en
tion

ed
earlier,

a
u
su
al

ch
oice,

w
h
en

n
o
in
form

ation
is
availab

le,
is

µ
β
(m

)
=

0
d
(m

) .
F
or

th
e
covarian

ce
m
atrix

w
e
m
ay

also
con

sid
er

th
e
ch
oice

V
(m

)
= (X

T(m
) X

(m
) )−

1
(3.11)

or
altern

atively
u
se

th
e
in
verse

of
th
e
F
ish

er
in
form

ation
m
atrix

given
b
y

I
β

(m
)
=
− {

E [
∂

2l(β
(m

) )

∂
β
ν
,(m

) ∂
β
j,(m

) ]}
−

1

= (X
T(m

) H
(m

) X
(m

) )−
1
,

w
h
ereH

(m
)
=

D
ia
g
(h

i ),
h
i
= (

∂
µ
i

∂
η
i )

2
1

a
i (φ

)b ′′(ϑ
)
=
{g ′(E

[Y
i ])

2a
i (φ

)v
(E

[Y
i ])} −

1,
(3.12)

l (β
(m

) )
is

th
e
likelih

o
o
d
fu
n
ction

of
m
o
d
el

m
.

A
ltern

atively,
th
e
ab

ove
m
atrix

can
b
e

su
b
stitu

ted
b
y
th
e
in
verse

of
th
e
ob
served

in
form

ation
m
atrix

given
b
y

V
(m

)
=

I
ˆβ

(m
)

=
− [

∂
2l(β

(m
) )

∂
β
ν
,(m

) ∂
β
j,(m

) ]−
1

β
(m

) =
ˆβ

(m
)

= (X
T(m

) Ĥ
(m

) X
(m

) )−
1

(3.13)

w
h
ere

β̂
(m

)
is

th
e
m
ax
im

u
m

likelih
o
o
d
estim

ate
of

β
(m

) .
A
lth

ou
gh

,
p
rior

d
istrib

u
tion

s
u
s-

in
g
a
covarian

ce
resu

ltin
g
from

(3.13)
are

d
ata

d
ep
en
d
en
t,

th
ey

can
b
e
th
ou
gh
t
as

a
n
on
-

in
form

ative
sin

ce
th
ey

d
o
n
ot

in
fl
u
en
ce

th
e
p
osterior

f
(β

(m
) |m

,y
)
for

large
valu

es
of

c
2.

A
d
d
ition

ally,
S
m
ith

an
d
K
oh
n
(1996)

p
rior

is
a
sp
ecial

case
of

th
e
ab

ove
gen

eralization
sin

ce

h
i
=

σ
−

2
for

n
orm

al
m
o
d
els.

S
p
ecial

case
of

p
rior

(3.8)
w
ith

V
(m

)
given

b
y
(3.13)

is
th
e

u
n
it

in
form

ation
prior

(for

c
2
=

n
)
.
T
h
is

p
rior

h
as

p
recision

ap
p
rox

im
ately

eq
u
al

to
th
e
p
recision

p
rov

id
ed

b
y
on
e

d
ata

p
oin

t.
F
ish

er
in
form

ation
m
atrix

m
easu

res
th
e
am

ou
n
t
of

in
form

ation
p
rov

id
ed

b
y

th
e
d
ata

an
d
th
erefore

th
e
p
recision

of
on
e
d
ata

p
oin

t
is
ap
p
rox

im
ately

given
b
y
n
−

1I
−

1

β
(m

) .

M
ore

d
etailed

d
iscu

ssion
of

th
is
p
rior

is
given

b
y
S
p
iegelh

alter
an
d
S
m
ith

(1980),
K
ass

an
d

W
asserm

an
(1995)

an
d
P
au
ler

(1998).
P
au
ler

et
a
l.
(1998)

u
se

th
e
u
n
it
ro
ot

p
rior

for
m
o
d
el

selection
in

varian
ce

com
p
on
en
t
m
o
d
els.
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U
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g
M
C
M
C

M
o
d
el

L
in
k

G
L
M

w
eigh

ts
h
i

N
orm

al
Id
en
tity

σ
−

2

P
oisson

L
og

λ
i

B
in
om

ial
L
ogit

N
i p
i (1−

p
i )

P
rob

it
N
i /[p

i (1−
p
i )ϕ

2(p
i )]

clog-log
−
N
i (1−

p
i )log

2(1−
p
i )/p

i

T
ab
le
3.1:

G
en
eralised

L
in
ear

M
o
d
el
W
eigh

ts
h
i .

3
.2
.1
.3

P
rio

r
D
istrib

u
tio

n
s
o
n

th
e

C
o
e
ffi

cie
n
ts

R
e
su

lte
d

fro
m

th
e

M
o
d
e
l
w
ith

S
ta

n
d
a
rd

ise
d

V
a
ria

b
le
s

R
aftery

(1996a)
d
evelop

ed
a
p
rior

for
gen

eralised
lin

ear
m
o
d
els

w
ith

on
e
d
im

en
sion

al
term

s

b
y
u
sin

g
stan

d
ard

ised
variab

les
n
oted

b
y
Y
s
an
d
X

sj .
H
e
in
itially

con
sid

ered
th
e
case

w
h
ere

h
i
is
con

stan
t
over

all
ob
servation

s
an
d
id
en
tity

lin
k
g
(µ
)
=

µ
.
If
w
e
con

sid
er

th
e
p
aram

eter

vector
of

th
e
fu
ll
m
o
d
el

β
T
=

(β
0 ,β

1 ,...,β
p−

1 )
w
h
ere

β
0
is
th
e
co
effi

cien
t
for

th
e
con

stan
t

term
,
th
en

th
e
n
ew

tran
sform

ed
m
o
d
el
is
given

b
y

µ
si
=

E
(Y

si
)
=

β
s0
+

∑
j∈V

(m
)\{

0}
x
sij β

sj .

R
aftery

(1996a)
u
sed

in
d
ep
en
d
en
t
n
orm

al
p
riors

on
β
s0
an
d
β
sj
given

b
y

β
s0 ∼

N
(µ

β
s0 ,c

20 ),
β
sj ∼

N
(0,c

2),

w
h
ere

c
20
an
d
c
2
are

p
rior

p
aram

eters
to

b
e
sp
ecifi

ed
.
F
rom

th
e
ab

ove
it
is
clear

th
at

β
0
=

ȳ
+

s
y β

s0 −
p−

1
∑j=

1

s
y

s
j x̄

j β
sj ,

β
j
=

s
y

s
j β

sj ,

w
h
ere

ȳ
an
d
s
2y
are

th
e
sam

p
le
m
ean

an
d
varian

ce
of

th
e
resp

on
se

variab
le

Y
,
x̄
j
an
d
s
2j
are

th
e
sam

p
le
m
ean

an
d
varian

ce
of

th
e
regressor

X
j .

T
h
is
lead

s
to

a
m
u
ltivariate

n
orm

al
p
rior

for
th
e
origin

al
p
aram

eters
β
given

b
y
(3.3)

w
ith

p
rior

m
ean

µ
Tβ
(m

)
=

(µ
β

s0
+

ȳ
,0,...,0)
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an
d
p
rior

covarian
ce

m
atrix

given
b
y

Σ
(m

)
=

c
2s

2y 

c −
2c

20 − ∑
s −

2
j

x̄
2j
−
s −

2
2

x̄
2
−
s −

2
3

x̄
3

...
−
s −

2
d
(m

)−
1 x̄

d
(m

)−
1

−
s −

2
2

x̄
2

s −
2

2
0

...
0

−
s −

2
3

x̄
3

0
s −

2
3

...
0

...
...

...
...

−
s −

2
d
(m

)−
1 x̄

d
(m

)−
1

0
...

0
s −

2
d
(m

)−
1


w
h
ere

d
(m

)
is
th
e
d
im

en
sion

of
th
e
m
o
d
el
(an

d
,
w
h
en

w
e
u
se

on
e
d
im

en
sion

al
regressors,

th
e

n
u
m
b
er

of
covariates

in
m
o
d
el

m
).

F
or

gen
eralised

lin
ear

m
o
d
els

w
ith

oth
er

lin
k
fu
n
ction

s
h
e
su
ggested

sim
ilar

p
ro
ced

u
re

as
ab

ove
b
u
t
th
e
sam

p
le

statistics
sh
ou
ld

b
e
w
eigh

ted
b
y
h
i
as

d
efi
n
ed

in
(3.12).

R
aftery

(1996a)
u
sed

tw
o
criteria

(d
esid

erata)
to

d
efi
n
e
p
lau

sib
le

valu
es

for
th
e
p
aram

eter
c
2.

H
e

rep
orts

th
e
valu

e
of

c
=

1.65
as

a
trad

e-off
b
etw

een
th
e
tw
o
criteria

an
d
su
ggests

variou
s

valu
es

from
on
e
to

fi
ve

(1≤
c≤

5).

A
sim

ilar
p
rior

is
d
efi
n
ed

b
y
R
aftery

et
a
l.
(1997)

for
n
orm

al
lin

ear
m
o
d
els.

T
h
e
p
rior

for
th
e
con

stan
t
term

is
given

b
y

β
0 ∼

N
(β̂

0 ,s
2y σ

2)

w
h
ile

for
th
e
oth

er
term

s
b
y

β
j ∼

N
(0,c

2s −
2

j
σ

2)

w
h
en

th
ey

are
con

tin
u
ou
s
an
d
b
yβ
j ∼

N
(0,n

c
2 (X

Tj
X

j )−
1
σ

2)

w
h
en

th
ey

are
categorical

factors
an
d

X
j
is

th
e
d
esign

m
atrix

w
ith

each
d
u
m
m
y
variab

le

cen
tered

on
its

sam
p
le

m
ean

.
R
aftery

et
a
l.
(1997)

follow
in
g
som

e
sp
ecifi

c
criteria

su
ggest

to
u
se

p
rior

valu
es

c
=

2.85,
a
τ
=

1.27
an
d

b
τ
=

0.3612.
T
h
ey

also
argu

e
th
at

th
is

p
rior

corresp
on
d
s
to

a
B
ayesian

su
b
jective

p
rior

an
d
can

b
e
con

sid
ered

as
an

ap
p
rox

im
ation

of

th
is
tru

e
su
b
jective

p
rior.

3
.2
.1
.4

D
e
fi
n
in

g
a

P
rio

r
o
n

th
e
F
u
ll

M
o
d
e
l

A
n
oth

er
strategy

for
th
e
sp
ecifi

cation
of

p
rior

d
istrib

u
tion

s
is

to
u
se

a
p
rior

on
th
e
p
a-

ram
eters

β
of

th
e
fu
ll
m
o
d
el

an
d
th
e
resu

ltin
g
m
argin

al
d
istrib

u
tion

s
for

m
o
d
els

of
low

er

68
I.N

tzou
fras:

A
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ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

d
im

en
sion

.
T
h
is
ap
p
roach

w
as

u
sed

b
y
K
u
o
an
d
M
allick

(1998)
b
u
t
w
e
argu

e
th
at

a
p
rior

on

th
e
fu
ll
m
o
d
el

m
ay

resu
lt
in

in
ap
p
rop

riate
or

u
n
d
esirab

le
p
rior

d
istrib

u
tion

s
for

th
e
m
o
d
els

of
low

er
d
im

en
sion

.
In

cases
of

b
lo
ck

d
iagon

al
p
rior

covarian
ce

m
atrix

th
e
p
rior

d
istrib

u
tion

is
d
ecom

p
osed

to
several

in
d
ep
en
d
en
t
p
rior

d
istrib

u
tion

s
for

th
e
p
aram

eter
vector

β
j
of

each

term
j.

F
ollow

in
g
th
e
logic

of
(3.8),

w
e
m
ay

u
se

β
∼

N (0
,c

2V )
.

C
h
oices

for
th
e

V
are

eith
er

V
=

(X
T
X
) −

1
or

V
=

(X
T
Ĥ

X
) −

1
w
h
ere

X
an
d

Ĥ
are

th
e

d
esign

(or
d
ata)

an
d
w
eigh

t
m
atrices

of
th
e
fu
ll
m
o
d
el
resp

ectively.
N
ote

th
at

su
ch

p
rior

on

P
oisson

log-lin
ear

an
d
logistic

regression
m
o
d
els

w
ith

categorical
regressors

an
d
su
m
-to-zero

con
strain

ts
lead

s
to

th
e
d
istrib

u
tion

of
D
ellap

ortas
an
d
F
orster

(1999)
given

b
y
(3.5).

In

n
orm

al
m
o
d
els

th
e
ab

ove
p
rior

can
also

b
e
d
efi
n
ed

con
d
ition

ally
on

σ
2
sim

ilar
to

S
m
ith

an
d

K
oh
n
(1996)

p
rior.

3
.2
.1
.5

In
trin

sic,
C
o
n
ju

g
a
te

a
n
d

Im
a
g
in

a
ry

S
a
m

p
le
s
P
rio

r
D
istrib

u
tio

n
s

A
n
oth

er
m
ore

com
p
licated

ap
p
roach

is
to

con
sid

er
train

in
g
sam

p
les.

T
rain

in
g
sam

p
les

can

b
e
eith

er
a
su
b
set

of
ou
r
d
ataset

or
an

im
agin

ary
sam

p
le

u
sed

to
ex
p
ress

ou
r
p
rior

b
eliefs.

S
p
iegelh

alter
an
d
S
m
ith

(1982)
favou

r
th
e
id
ea

of
im

agin
ary

train
in
g
sam

p
les.

E
licitation

of
p
rior

b
eliefs

for
variab

le
selection

in
n
orm

al
m
o
d
els

are
given

b
y
G
arth

w
aite

an
d
D
ickey

(1992)
an
d
Ib
rah

im
an
d
C
h
en

(1999).
B
erger

an
d
P
ericch

i
(1996a)

in
tro

d
u
ced

th
e
in
trin

sic

B
ayes

factor
(see

also
S
ection

2.2.5)
b
ased

on
th
e
id
ea

of
u
sin

g
a
m
in
im

al
p
art

of
th
e
d
ata

for
estim

ation
w
h
ile

th
e
rest

for
m
o
d
el

selection
.
T
h
ey

argu
e
th
at

in
trin

sic
B
ayes

factors

corresp
on
d
to

actu
al
B
ayes

factor
for

a
sen

sib
le
p
rior.

T
h
ese

p
riors

are
called

in
trin

sic
p
riors.

A
ltern

ative
ap
p
roach

es
in
clu

d
e
th
e
u
se

of
con

ju
gate

p
riors

on
can

on
ical

p
aram

eters
ϑ
i

p
rop

osed
in

m
in
im

al
K
u
llb

ack
-L
eib

ler
ap
p
roach

b
y
G
ou
tis

an
d
R
ob

ert
(1998).

F
in
ally,

accord
in
g
to

a
d
iff
eren

t
p
ersp

ective,
w
e
m
ay

u
tilize

th
e
id
ea

of
B
ed
rick

et
a
l.

(1996)
for

an
y
m
o
d
el

selection
p
rob

lem
.
F
or

ex
am

p
le

in
th
e
b
in
om

ial
m
o
d
els

w
ith

d
iff
eren

t

lin
k
fu
n
ction

s
a
b
eta

p
rior

on
b
in
om

ial
p
rob

ab
ilities

m
ay

b
e
u
sed

an
d
th
en

calcu
late

th
e

p
rior

d
istrib

u
tion

of
th
e
m
o
d
el

co
effi

cien
ts.

U
sin

g
a
b
eta

p
rior

on
each

p
i
w
ith

p
aram

eters

a
p

i
an
d
b
p

i ,
assu

m
in
g
th
at

th
e
in
verse

of
th
e
d
esign

m
atrix

of
th
e
fu
ll
(satu

rated
)
m
o
d
el

X
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ex
ists,

resu
lts

in

f
(β

)
=

Γ
(a

p
i
+

b
p
i )

Γ
(a

p
i )Γ

(b
p
i )

p∏i=
1

[exp
(x

Ti
β
)] a

p
i

[1
+

exp
(x

Ti
β
)] a

p
i +

b
p
i |X|

(3.14)

for
th
e
logit

lin
k
.
T
h
e
corresp

on
d
in
g
p
rior

for
th
e
p
rob

it
lin

k
is
given

b
y

f
(β

)
=

Γ
(a

p
i
+

b
p
i )

Γ
(a

p
i )Γ

(b
p
i )

p∏i=
1

[exp
(x

Ti
β
)] a

p
i −

1

[1
+

exp
(x

Ti
β
)] a

p
i +

b
p
i −

2
ϕ
(x

Ti
β
)|X|

(3.15)

w
h
ere

ϕ
(.)

is
th
e
d
en
sity

fu
n
ction

of
th
e
stan

d
ard

n
orm

al
d
istrib

u
tion

.
F
in
ally,

th
e
d
en
sity

f
(β

)
=

Γ
(a

p
i
+

b
p
i )

Γ
(a

p
i )Γ

(b
p
i )

p∏i=
1

[exp
(x

Ti
β
)] a

p
i

[1
+

exp
(x

Ti
β
)] a

p
i +

b
p
i −

2
exp (−

e
x

Ti
β )|X|

(3.16)

d
efi
n
es

th
e
p
rior

d
istrib

u
tion

for
th
e
com

p
lem

en
tary

log-log
lin

k
.
T
h
e
ab

ove
p
riors

are
d
efi
n
ed

for
th
e
fu
ll
(satu

rated
)
m
o
d
el
w
h
ile

all
oth

er
p
riors

are
given

b
y
th
e
corresp

on
d
in
g
m
argin

al

d
istrib

u
tion

s.
A
lth

ou
gh

th
ese

p
riors

seem
p
lau

sib
le,

th
ey

d
o
n
ot

solve
th
e
p
rob

lem
of

p
rior

sp
ecifi

cation
sin

ce
a
u
n
iform

p
rior

on
b
in
om

ial
p
rob

ab
ilities

stron
gly

su
p
p
orts

th
e
con

stan
t

m
o
d
el
an
d
it
u
n
n
ecessarily

com
p
licates

th
e
con

d
ition

al
p
osterior

d
istrib

u
tion

s.

3
.2
.2

P
rio

r
D
istrib

u
tio

n
o
n

M
o
d
e
l
S
p
a
ce

T
h
e
p
rob

lem
is
n
ot

on
ly

to
d
efi
n
e
th
e
p
rior

on
m
o
d
el
sp
aceM

b
u
t
also

to
d
ecid

e
h
ow

large

M
sh
ou
ld

b
e.

G
iven

th
at

w
e
restrict

atten
tion

to
a
lim

ited
set

of
m
o
d
elM

,
th
e
u
n
iform

d
istrib

u
tion

on
th
is
m
o
d
el
sp
ace

is
freq

u
en
tly

u
sed

as
‘n
on
-in

form
ative’

p
rior

b
ecau

se
it
gives

th
e
sam

e
w
eigh

t
in

all
m
o
d
els

in
clu

d
ed

in
m
o
d
el
M
.
T
h
erefore,

w
e
h
ave

f
(m

)
=

1

|M
| ,∀

m
∈
M

.
(3.17)

S
u
p
p
ose

th
at

th
e
set

of
all

p
ossib

le
m
o
d
els

isM
∗.

T
h
e
selection

ofM
⊂
M

∗
an
d
assign

m
en
t

of
u
n
iform

d
istrib

u
tion

on
th
is
su
b
set

is
totally

m
islead

in
g
an
d
is
eq
u
ivalen

t
to

con
sid

erM
∗

an
d
set

th
e
p
rior

p
rob

ab
ility

of
all

m
o
d
els

m
∈
M

∗\M
eq
u
al

to
zero.

U
n
d
er

th
is
con

d
ition

th
ere

is
n
ot

an
y
p
rior

d
istrib

u
tion

th
at

can
b
e
assu

m
ed

as
n
on
-in

form
ative

u
n
less

th
e
set

of

all
p
ossib

le
m
o
d
els

can
b
e
ex
actly

d
eterm

in
ed
;
for

fu
rth

er
d
iscu

ssion
on

th
is
very

im
p
ortan

t

issu
e
see

D
rap

er
(1995).

In
variab

le
selection

,
w
h
en

n
o
restriction

s
on

variab
le

com
b
in
ation

s
are

im
p
osed

,
each

m
o
d
el

p
rior

can
b
e
easily

d
ecom

p
osed

to
in
d
ep
en
d
en
t
B
ern

ou
lli

d
istrib

u
tion

s
for

each
term

in
d
icator

γ
j

γ
j ∼

B
ern

ou
lli(π

j ),
j∈

V
,

(3.18)
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S
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U
sin

g
M
C
M
C

w
h
ere

π
j
is
th
e
p
rior

p
rob

ab
ility

to
in
clu

d
e
j
term

in
th
e
m
o
d
el.

In
th
e
n
on
-in

form
ative

case,

th
e
u
n
iform

p
rior

on
M

corresp
on
d
s
to

π
j
=

0.5
for

all
j∈

V
.
T
h
e
ab

ove
p
rior

can
also

b
e

w
ritten

in
th
e
form

f
(γ

)
= ∏j∈V

π
γ

j

j
(1−

π
j )

1−
γ

j.

U
su
ally

w
e
con

sid
er

th
e
sam

e
p
rior

p
rob

ab
ility

for
all

term
s
u
n
d
er

con
sid

eration
,
th
at

is

π
j
=

π
,
for

all
j∈

V
resu

ltin
g
to

f
(γ

)
=

π
d
(γ

)(1−
π
)
p−

d
(γ

)

w
h
ere

d
(γ

)
is
th
e
d
im

en
sion

of
γ
m
o
d
el,

h
en
ce

d
(γ

)
= ∑j∈V

γ
j .

It
is
straigh

tforw
ard

th
at

f
(γ

)∝ (
π

1−
π )

d
(γ

)

=
[P

rO
] d

(γ
)

w
h
ich

d
en
otes

th
at

th
e
p
rior

p
rob

ab
ility

of
a
m
o
d
el
d
ep
en
d
s
on

its
d
im

en
sion

an
d
p
aram

eter

P
rO

w
h
ich

m
easu

res
th
e
p
rior

o
d
d
s
of

in
clu

d
in
g
an
y
term

in
th
e
m
o
d
el
eq
u
ation

.

W
h
en

restriction
s
on

m
o
d
el
sp
ace

are
im

p
osed

(for
ex
am

p
le
selection

of
h
ierarch

ical
m
o
d
-

els
on
ly

in
con

tin
gen

cy
tab

les)
th
e
p
rior

on
γ
n
eed

s
to

b
e
sp
ecifi

ed
h
ierarch

ically.
C
h
ip
m
an

(1996)
d
em

on
strates

h
ow

w
e
can

d
efi
n
e
con

d
ition

al
p
rob

ab
ilities

in
ord

er
to

ach
ieve

th
e
p
rior

(3.17).
H
e
also

allow
ed

to
v
isit

n
on
-h
ierarch

ical
m
o
d
els

w
ith

low
p
rob

ab
ility.

U
sin

g
sim

ilar
id
eas

w
e
argu

e
th
at

th
e
p
rob

ab
ility

of
a
m
o
d
el

sh
ou
ld

b
e
w
ritten

as
a

p
ro
d
u
ct

of
con

d
ition

al
d
istrib

u
tion

s
of

term
in
d
icators

an
d
th
erefore

it
can

b
e
gen

erally

ex
p
ressed

eith
er

as

f
(γ

)
= ∏j∈V

f
(γ

j |{γ
k
:
j∈

V
(k
)})

or

f
(γ

)
= ∏j∈V

f
(γ

j |{γ
k
:
k∈

V
(j)}).

F
or

ex
am

p
le,

th
e
p
rob

ab
ility

of
a
th
ree

w
ay

A
N
O
V
A
m
o
d
el
w
ithV

=
{A

,B
,C

,A
B
,A

C
,B

C
,

A
B
C}

can
b
e
w
ritten

as

f
(γ

)
=

f
(γ

A
B
C
)f
(γ

A
B
,γ

A
C
,γ

B
C |γ

A
B
C
)f
(γ

A |γ
A
B
,γ

A
C
)f
(γ

B |γ
A
B
,γ

B
C
)f
(γ

C |γ
A
C
,γ

B
C
)

orf
(γ

)
=

f
(γ

A
)f
(γ

B
)f
(γ

C
)f
(γ

A
B |γ

A
,γ

B
)f
(γ

A
C |γ

A
,γ

C
)f
(γ

B
C |γ

B
,γ

C
)f
(γ

A
B
C |γ

A
B
,γ

A
C
,γ

B
C
).



C
h
ap
ter

3:
M
o
d
el
S
election

v
ia

M
C
M
C
M
eth

o
d
s

71

L
et

u
s
con

sid
er

th
e
sim

p
le

ex
am

p
le

of
a
tw
o
w
ay

con
tin

gen
cy

tab
le

w
ith

fi
ve

h
ierarch

ical

m
o
d
els

(|M
|
=

5),M
=
{∅,[A

],[B
],[A

][B
],[A

B
]}

an
dV

=
{A

,B
,A

B};
w
h
ere∅

is
th
e
con

-

stan
t
m
o
d
el.

in
itially,

w
e
set

f
(γ

A
B
)
=

1/5
an
d
th
en

f
(γ

A |γ
A
B
)
=

f
(γ

B |γ
A
B
)
=

(1/2)
1−

γ
A

B

resu
ltin

g
in

f
(γ

)
=

1/5
for

all
γ
u
n
d
er

con
sid

eration
.

T
h
e
p
rior

d
istrib

u
tion

s
(3.17)

an
d
(3.18)

w
ith

π
j
=

0.5
(or

P
rO

=
1.0)

are
w
id
ely

u
sed

as

n
on
-in

form
ative

p
riors

sin
ce

th
ey

give
th
e
sam

e
p
rior

w
eigh

t
to

all
m
o
d
els.

G
eorge

an
d
F
oster

(1997)
argu

e
th
at

su
ch

p
rior

d
istrib

u
tion

s
give

m
ore

w
eigh

t
to

m
o
d
els

w
ith

d
im

en
sion

close

to
p/2

an
d
h
en
ce

are
in
form

ative
in

term
s
of

d
im

en
sion

ality.
T
h
ey

altern
atively

p
rop

ose
th
e

sp
ecifi

cation
of

variab
le
p
rob

ab
ilities

u
sin

g
em

p
irical

B
ayes

p
ro
ced

u
res.

O
n
th
e
oth

er
h
an
d
,

L
au
d
an
d
Ib
rah

im
(1996)

p
rop

ose
p
red

ictive
m
eth

o
d
s
for

th
e
sp
ecifi

cation
of

p
rior

m
o
d
el

p
rob

ab
ilities.

A
n
altern

ative
ap
p
roach

in
clu

d
es

sp
ecifi

cation
of

p
rior

m
o
d
el

p
rob

ab
ilities

d
ep
en
d
in
g

on
th
e
p
rior

p
recision

of
m
o
d
el

p
aram

eters
β
.
F
or

th
is

reason
,
th
e
p
rior

p
aram

eter
P
rO

,

in
clu

d
ed

in
f
(m

),
sh
ou
ld

b
e
d
efi
n
ed

as
a
fu
n
ction

of
an
d
p
rior

covarian
ce

Σ
(m

)
or

th
e
p
a-

ram
eter

con
trollin

g
th
e
fl
atn

ess
of

th
e
p
rior

d
istrib

u
tion

,
c
2.

F
or

fu
rth

er
d
etails

an
d
n
ew

d
evelop

m
en
ts

see
C
h
ap
ter

6.

3
.2
.3

A
n

A
lte

rn
a
tiv

e
P
rio

r
S
p
e
cifi

ca
tio

n

A
n
altern

ative
ap
p
roach

can
b
e
u
sed

for
sp
ecify

in
g
th
e
p
rior

d
istrib

u
tion

f
(β

(γ
) ,γ

).
In
stead

of
sp
ecify

in
g
f
(β

(γ
) |γ

)
an
d
f
(γ

)
w
e
m
ay

con
sid

er
th
e
p
ossib

ility,
at

least
in

variab
le
selection

,

to
sp
ecify

f
(γ|β

)
an
d
f
(β

).
C
on
sid

er
th
e
sim

p
le
case

of
y
i ∼

N
(x

i γ
β
,σ

2).
W
e
w
an
t
to

test

w
h
eth

er
β

is
sign

ifi
can

t
or

n
ot,

th
at

is
to

estim
ate

f
(γ
).

T
h
e
p
rior

f
(γ

=
1|β

)
w
ill

th
e

p
rob

ab
ility

of
in
clu

sion
of

X
u
n
d
er

sp
ecifi

c
valu

es
of

β
.
F
or

ex
am

p
le,

th
e
valu

e
β
s
su
ch

th
at

f
(γ

=
1|β

s)
=

0.5
w
ill

b
e
con

sid
ered

as
th
e
valu

e
th
at

w
e
are

a-p
riori

totally
u
n
certain

w
h
eth

er
w
e
sh
ou
ld

in
clu

d
e
or

n
ot

X
in

ou
r
m
o
d
el.

A
lth

ou
gh

th
is
p
rior

h
as

n
ice

in
terp

retation

in
variab

le
selection

p
rob

lem
s,

it
h
as

m
a
jor

d
raw

b
ack

s.
T
h
e
m
ain

d
raw

b
ack

is
th
at

su
ch

p
rior

d
istrib

u
tion

s
w
ill

com
p
licate

th
e
p
osterior

d
istrib

u
tion

s
an
d
th
e
sam

p
lin

g
p
ro
ced

u
res.

A
fu
rth

er
d
raw

b
ack

is
th
at

w
e
d
o
n
ot

k
n
ow

w
h
at

ch
oices

of
f
(γ|β

)
are

p
lau

sib
le

an
d
w
h
at

eff
ect

w
ill

h
ave

on
th
e
M
C
M
C
m
eth

o
d
s.

M
oreover,

it
is
q
u
ite

u
n
clear

w
h
at

d
istrib

u
tion

w
ill
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b
e
ap
p
rop

riate
for

f
(β
).

A
su
ggested

p
rior,

th
at

n
eed

s
fu
rth

er
ex
p
loration

,
is
given

b
y

f
(γ

j
=

1|β
j )
=

ξ
1 e

β
j

ξ
0
+

ξ
1 e

β
j

w
h
ere

ξ
0 /ξ

1
is
th
e
p
rior

o
d
d
s
to

ex
clu

d
e
j
term

from
th
e
m
o
d
el
w
h
en

all
p
aram

eters
are

zero.

T
h
is
in
terp

retation
closely

related
w
ith

th
e
in
terp

retation
of

p
aram

eter
k
j
u
sed

in
S
S
V
S
;
see

S
ection

3.4.1.
A
n
oth

er
p
ossib

le
ch
oice

is

f
(γ

j
=

1|β
j )
=

ξ
1 β

2j

ξ
0
+

ξ
1 β

2j

resu
ltin

g
f
(γ

j
=

1|β
j
=

0)
=

0
so

f
(γ

j
=

1|β
j
=
± √

ξ
0 /ξ

1 )
=

0.5.
A

logical
ch
oice

for
th
e

latter
is √

ξ
0 /ξ

1
=

2 √
V
a
r(β̂

j );
h
ow

ever
w
e
h
ave

n
ot

p
u
rsu

ed
th
is
issu

e
fu
rth

er.

3
.3

M
C
M

C
M

o
d
e
l
S
e
le
ctio

n
M

e
th

o
d
s

3
.3
.1

R
e
v
e
rsib

le
J
u
m

p

R
eversib

le
ju
m
p
(G

reen
,
1995)

is
a
fl
ex
ib
le

M
C
M
C

sam
p
lin

g
strategy

for
gen

eratin
g
ob
ser-

vation
s
from

th
e
join

t
p
osterior

d
istrib

u
tion

f
(m

,β
(m

) |y
).

T
h
e
m
eth

o
d
is
b
ased

on
creatin

g

a
M
arkov

ch
ain

w
h
ich

can
‘ju

m
p
’
b
etw

een
m
o
d
els

w
ith

p
aram

eter
sp
aces

of
d
iff
eren

t
d
i-

m
en
sion

,
w
h
ile

retain
in
g
d
etailed

b
alan

ce
w
h
ich

en
su
res

th
e
correct

lim
itin

g
d
istrib

u
tion

,

p
rov

id
ed

th
e
ch
ain

is
irred

u
cib

le
an
d
ap

erio
d
ic.

S
u
p
p
ose

th
at

th
e
cu
rren

t
state

of
th
e
M
arkov

ch
ain

is (m
,β

(m
) ),

w
h
ere

β
(m

)
h
as

d
im

en
-

sion
d
(m

),
th
en

on
e
version

of
th
e
p
ro
ced

u
re

is
as

follow
s

•
P
rop

ose
a
n
ew

m
o
d
el

m
′
w
ith

p
rob

ab
ility

j(m
,m

′).

•
G
en
erate

u
from

a
sp
ecifi

ed
p
rop

osal
d
en
sity

q(u|β
(m

) ,m
,m

′).

•
S
et

(β
′(m

′) ,u
′)
=

h
m
,m

′(β
(m

) ,u
)
w
h
ere

h
m
,m

′
is

a
sp
ecifi

ed
in
vertib

le
fu
n
ction

.
H
en
ce

d
(m

)
+

d
(u

)
=

d
(m

′)
+

d
(u

′).
N
ote

th
at

h
m

′,m
=

h −
1

m
,m

′ .

•
A
ccep

t
th
e
p
rop

osed
m
ove

to
m
o
d
el

m
′
w
ith

p
rob

ab
ility

α
=

m
in (

1,
f
(y|β

′(m
′) ,m

′)f
(β

′(m
′) |m

′)f
(m

′)j(m
′,m

)q(u
′|β

′(m
′) ,m

′,m
)

f
(y|β

(m
) ,m

)f
(β

(m
) |m

)f
(m

)j(m
,m

′)q(u|β
(m

) ,m
,m

′)

∣∣∣∣∣ ∂
h
(β

(m
) ,u

)

∂
(β

(m
) ,u

) ∣∣∣∣∣ )
.

(3.19)
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T
h
ere

are
m
an
y
variation

s
or

sim
p
ler

version
s
of

reversib
le

ju
m
p
th
at

can
b
e
ap
p
lied

in

sp
ecifi

c
m
o
d
el
selection

p
rob

lem
s.

In
p
articu

lar,
if
all

p
aram

eters
of

th
e
p
rop

osed
m
o
d
el
are

gen
erated

from
a
p
rop

osal
d
istrib

u
tion

,
th
en

(β
′(m

′) ,u
′)
=

(u
,β

(m
) )

w
ith

d
(m

)
=

d
(u

′)
an

d

d
(m

′)
=

d
(u

),
an
d
th
e
J
acob

ian
term

in
(3.19)

is
on
e.

T
h
is
version

of
reversib

le
ju
m
p
cou

ld
b
e

u
sed

for
ju
m
p
in
g
b
etw

een
m
o
d
els

for
w
h
ich

n
o
ap
p
rop

riate
p
aram

eter
tran

sform
ation

ex
ists.

W
h
ere

m
o
d
els

m
an
d
m

′m
ay

b
e
d
escrib

ed
as

n
ested

,
th
en

th
ere

m
ay

b
e
an

ex
trem

ely
n
atu

ral

p
rop

osal
d
istrib

u
tion

an
d
tran

sform
ation

fu
n
ction

h
m
,m

′
(m

ay
b
e
th
e
id
en
tity

fu
n
ction

)
su
ch

th
at

d
(u

′)
=

0
an
d

β
m

′
=

h
m
,m

′(β
(m

) ,u
).

S
ee,

for
ex
am

p
le,

D
ellap

ortas
an
d
F
orster

(1999).

F
in
ally,

if
m

′
=

m
,
th
en

th
e
m
ove

is
a
stan

d
ard

M
etrop

olis-H
astin

gs
step

.

3
.3
.2

C
a
rlin

a
n
d

C
h
ib

’s
M

e
th

o
d

C
arlin

an
d
C
h
ib

(1995)
p
rop

osed
u
sin

g
a
G
ib
b
s
sam

p
ler

to
gen

erate
from

th
e
p
osterior

d
istrib

u
tion

f
(m

,β
(m

) |y
).

In
ord

er
to

d
o
th
is,

it
is
req

u
ired

to
con

sid
er

a
M
arkov

ch
ain

of

realisation
s
of{m

,β
(m

k
)
:
m

k ∈
M
}.

T
h
erefore,

a
p
rior

d
istrib

u
tion

for{m
,β

(m
k
)
:
m

k ∈
M
}
is
n
o
lon

ger
com

p
letely

sp
ecifi

ed
b
y
f
(m

)
an
d
f
(β

(m
) |m

),
so

C
arlin

an
d
C
h
ib

p
rop

osed

th
e
u
se

of
p
seu

d
op
riors

or
lin

k
in
g
d
en
sities

f
(β

(m
k
) |m

�=
m

k ),
m

k ∈
M

.

T
h
e
fu
ll
con

d
ition

al
p
osterior

d
istrib

u
tion

s
are

given
b
y

f
(β

(m
k
) |y

,{β
(m

l )
:
m

l �=
m

k },m
)∝ 

f
(y|β

(m
) ,m

)f
(β

(m
) |m

)
m

k
=

m

f
(β

(m
k
) |m

k �=
m
)

m
k �=

m
(3.20)

w
h
ere{β

(m
l )
:
m

l �=
m

k }
are

th
e
p
aram

eter
vectors

β
(m

l )
for

all
m

l ∈
M
\{m

k }.
T
h
e
fu
ll

con
d
ition

al
p
osterior

d
istrib

u
tion

of
th
e
m
o
d
el
in
d
icator

is
given

b
y

f
(m|{β

(m
k
)
:
m

k ∈
M
},y

)
=

A
m

∑m
k ∈M

A
m

k

(3.21)

w
h
ere{β

(m
k
)
:
m

k ∈
M
}
are

th
e
p
aram

eter
vectors

β
(m

k
)
for

all
m

k ∈
M

an
d

A
m
=

f
(y|β

(m
) ,m

) ∏m
l ∈M

{
f
(β

(m
l ) |m

) }
f
(m

).

W
h
en

m
k
=

m
,
β

(m
k
)
are

gen
erated

from
th
e
con

d
ition

al
p
osterior

d
istrib

u
tion

f
(β

(m
) |m

,y
),

an
d
w
h
en

m
k �=

m
from

th
e
corresp

on
d
in
g
p
seu

d
op
rior,

f
(β

(m
k
) |m

).
S
in
ce

for
m

k �=
m

w
e

gen
erate

d
irectly

from
th
e
p
seu

d
op
riors

f
(β

(m
k
) |m

),
C
arlin

an
d
C
h
ib

sam
p
ler

w
ill

b
e
op
ti-

m
al

w
h
en

th
ese

d
en
sities

are
go
o
d
ap
p
rox

im
ation

s
of

th
e
con

d
ition

al
p
osterior

d
istrib

u
tion

s
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B
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M
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V
ariab

le
S
election

U
sin

g
M
C
M
C

f
(β

(m
k
) |m

k ,y
)
an
d
th
erefore

w
e
on
ly

n
eed

on
e
d
en
sity

f
(β

(m
k
) |m

)
for

all
m
∈
M
\{m

k }.
In

th
e
follow

in
g
w
e
d
en
ote

th
is
com

m
on

p
seu

d
op
rior

as
f
(β

(m
k
) |m

k �=
m
)
for

all
m
∈
M
\{m

k }.
T
h
e
m
o
d
el
in
d
icator

m
is
gen

erated
as

a
d
iscrete

ran
d
om

variab
le.

T
h
e
m
ain

d
raw

b
ack

of
th
is

m
eth

o
d
is

th
e
u
n
avoid

ab
le

sp
ecifi

cation
of,

an
d
gen

eration

from
,
m
an
y
p
seu

d
op
rior

d
istrib

u
tion

s.
C
arlin

an
d
C
h
ib

(1995)
p
oin

t
ou
t
th
at,

p
seu

d
op
riors

sh
ou
ld

b
e
ch
osen

to
m
ake

th
e
m
eth

o
d
effi

cien
t,
sin

ce
th
ey

d
o
n
ot

en
ter

th
e
m
argin

al
p
osterior

d
istrib

u
tion

s
f (m

,β
(m

) |y )
of

in
terest.

H
ow

ever,
gen

eration
from

|M
|−

1
p
seu

d
op
riors

at

every
cy
cle

of
th
e
G
ib
b
s
sam

p
ler

is
still

req
u
ired

,
an
d
th
is
is
com

p
u
tation

ally
d
em

an
d
in
g.

3
.3
.3

M
a
rk

o
v

C
h
a
in

M
o
n
te

C
a
rlo

M
o
d
e
l
C
o
m

p
o
sitio

n
(M

C
3)

M
arkov

ch
ain

M
on
te

C
arlo

m
o
d
el
com

p
osition

(M
C

3)
w
as

in
tro

d
u
ced

b
y
M
ad
igan

an
d
Y
ork

(1995)
in

grap
h
ical

m
o
d
el
selection

.
V
arian

ts
of

M
C

3
w
ere

u
sed

in
n
orm

al
lin

ear
m
o
d
els

b
y

H
o
etin

g
et

a
l.
(1995,

1996),
R
aftery

et
a
l.
(1997).

M
C

3
is

a
sim

p
le

M
etrop

olis
algorith

m

w
h
ich

h
elp

s
to

ex
p
lore

th
e
m
o
d
el

sp
ace

w
h
en

th
e
n
u
m
b
er

of
can

d
id
ate

m
o
d
els

is
large.

W
e

d
efi
n
e
as

n
eigh

b
ou
rh
o
o
d
of

m
o
d
el

m
th
e
set

n
b(m

)
w
h
ich

in
clu

d
es

all
m
o
d
els

th
at

d
iff
er

from

m
b
y
on
e
term

or
variab

le.
W
e
also

select
a
tran

sition
fu
n
ction

j(m
,m

′)
for

all
m
,m

′∈
M

w
h
ich

in
d
icates

th
e
p
rob

ab
ility

of
p
rop

osin
g
m
o
d
el

m
′
w
h
en

w
e
are

cu
rren

tly
in

m
o
d
el

m
.

N
ote

th
at

j(m
,m

′)
=
|n
b(m

)| −
1,

for
all

m
′∈

n
b(m

)
an
d
j(m

,m
′)
=

0,
for

all
m

′
/∈
n
b(m

);

w
h
ere

|n
b(m

)|
are

th
e
n
u
m
b
er

of
m
o
d
els

in
n
b(m

).
If

th
e
ch
ain

is
cu
rren

tly
in

state
m

th
en

w
e
p
rop

ose
m
o
d
el

m
′
w
ith

p
rob

ab
ility

j(m
,m

′)
an
d
accep

t
th
is
p
rop

osed
m
o
d
el

w
ith

p
rob

ab
ility

α
=

m
in (

1,
f
(m

′|y
)|n

b(m
)|

f
(m|y

)|n
b(m

′)| )
.

T
h
e
ab

ove
p
ro
ced

u
re

com
p
oses

th
e
d
efi
n
ition

of
M

C
3
for

grap
h
ical

m
o
d
el
selection

b
y
M
ad
i-

gan
an
d
R
aftery

(1994).
In

th
e
case

w
h
ere|n

b(m
)|
=
|n
b(m

′)|
th
e
ab

ove
accep

tan
ce

p
rob

-

ab
ility

is
sim

p
lifi

ed
to

α
=

m
in
(1,P

O
m

′,m
),
as

given
b
y
K
ass

an
d
R
aftery

(1995),
M
ad
igan

et
a
l.
(1995)

an
d
R
aftery

et
a
l.
(1997).

W
e
can

easily
gen

eralise
M

C
3
b
y
u
sin

g
an
y
j(m

,m
′)

an
d
th
erefore

accep
t
th
e
p
rop

osed
m
o
d
el

m
′

α
=

m
in (

1,
f
(m

′|y
)j(m

′,m
)

f
(m|y

)j(m
′,m

) )
.

(3.22)

In
cases

at
w
h
ich

th
e
p
osterior

o
d
d
s
(or

B
ayes

factor)
can

n
ot

b
e
calcu

lated
an
aly

tically,
B
IC

or
L
ap
lace

ap
p
rox

im
ation

s
m
ay

b
e
u
sed

in
stead

.
T
h
e
M
etrop

olis
step

,
w
h
en

w
e
are

in
m
o
d
el



C
h
ap
ter

3:
M
o
d
el
S
election

v
ia

M
C
M
C
M
eth

o
d
s
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m
an
d
p
rop

ose
to

sw
itch

to
m
o
d
el

m
′,
is
given

b
y

α
=

m
in 

1, |X
T(m

′) Ĥ
(m

′) X
(m

′) |
12f
(y|β̂

(m
′) ,m

′)f
(β̂

(m
′) |m

′)j(m
′,m

)

|X
T(m

) Ĥ
(m

) X
(m

) |
12f
(y|β̂

(m
) ,m

)f
(β̂

(m
) |m

)j(m
,m

′)
(2π

)
[d

(m
′)−

d
(m

)]/
2 

w
h
en

L
ap
lace

ap
p
rox

im
ation

is
ad
op
ted

or

α
=

m
in 

1,
f
(y|β̂

(m
′) ,m

′)j(m
′,m

)

f
(y|β̂

(m
) ,m

)j(m
,m

′)
n
−

[d
(m

′)−
d
(m

)]/
2 

is
b
ased

on
B
IC

ap
p
rox

im
ation

.

T
h
e
resu

lts
from

ap
p
rox

im
ate

M
C

3
sam

p
lers

can
b
e
u
sed

as
a
yard

stick
for

fu
rth

er

an
aly

sis
or

as
p
rop

osal
d
istrib

u
tion

s
in

m
ore

ad
van

ced
M
C
M
C

m
o
d
el

selection
algorith

m
s

su
ch

as
reversib

le
ju
m
p
an
d
C
arlin

an
d
C
h
ib

sam
p
ler.

T
h
ese

ap
p
rox

im
ation

sh
ou
ld

b
e

h
an
d
led

w
ith

care
sin

ce
regu

larity
con

d
ition

s
m
u
st
h
old

;
for

d
etails

see
P
au
ler

(1998).
L
ap
lace

ap
p
rox

im
ation

s
sh
ou
ld

b
e
p
referred

sin
ce

it
p
rov

id
es

m
ore

accu
rate

resu
lts

an
d
allow

s
for

p
rior

ad
ju
stm

en
t.

3
.4

V
a
ria

b
le

S
e
le
ctio

n

A
s
w
e
h
ave

alread
y
m
en
tion

ed
,
in

variab
le

selection
p
rob

lem
s
statistical

m
o
d
els

m
ay

b
e

rep
resen

ted
n
atu

rally
as

(s,γ
)∈

S
×
{0,1}

p,
w
h
ere

th
e
in
d
icator

vector
γ
rep

resen
ts

w
h
ich

of
th
e
p
p
ossib

le
sets

of
covariates

are
p
resen

t
in

th
e
m
o
d
el
an
d
s
rep

resen
ts

oth
er

stru
ctu

ral

p
rop

erties
of

th
e
m
o
d
el.

F
or

ex
am

p
le,

in
gen

eralised
lin

ear
m
o
d
els,

s
m
ay

d
escrib

e
th
e

d
istrib

u
tion

,
lin

k
fu
n
ction

an
d
varian

ce
fu
n
ction

,
an
d
th
e
lin

ear
p
red

ictor
is
given

b
y
(3.2).

In
th
e
follow

in
g,

w
e
restrict

con
sid

eration
to

variab
le

selection
asp

ects
assu

m
in
g
th
at

s
is

k
n
ow

n
,
or

d
ealt

w
ith

in
an
oth

er
w
ay

an
d
th
erefore

w
e
su
b
stitu

te
γ
for

m
o
d
el

in
d
icator

m
.

F
or

ex
am

p
le,

w
e
can

ap
p
ly

reversib
le

ju
m
p
to

variab
le

selection
b
y
su
b
stitu

tin
g

γ
for

m
in

(3.19).

3
.4
.1

S
to

ch
a
stic

S
e
a
rch

V
a
ria

b
le

S
e
le
ctio

n

S
to
ch
astic

S
earch

V
ariab

le
S
election

(S
S
V
S
)
w
as

in
tro

d
u
ced

b
y
G
eorge

an
d
M
cC

u
llo

ch
(1993)

for
lin

ear
regression

m
o
d
els

an
d
h
as

b
een

ad
op
ted

for
m
ore

com
p
licated

cases
in

p
h
arm

a-

cok
in
etics,

fi
n
an
ce,

gen
eralised

lin
ear

m
o
d
els,

log-lin
ear

m
o
d
els

an
d
m
u
ltivariate

regression

m
o
d
els.
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3
.4
.1
.1

T
h
e

M
e
th

o
d

T
h
e
d
iff
eren

ce
b
etw

een
S
S
V
S
an
d
oth

er
variab

le
selection

ap
p
roach

es
is
th
at

th
e
p
aram

eter

vector
β

is
sp
ecifi

ed
to

b
e
of

fu
ll
d
im

en
sion

p
u
n
d
er

all
m
o
d
els,

so
th
e
lin

ear
p
red

ictor
is

η
=

X
β

in
stead

of
(3.2)

for
all

m
o
d
els,

w
h
ere

X
con

tain
s
all

th
e
p
oten

tial
ex
p
lan

atory

variab
les.

T
h
e
in
d
icator

variab
les

γ
j
are

in
volved

in
th
e
m
o
d
ellin

g
p
ro
cess

th
rou

gh
th
e
p
rior

β
j |γ

j ∼
γ
j N

(0,Σ
j )
+
(1−

γ
j )N

(0,k −
2

j
Σ

j )
(3.23)

for
sp
ecifi

ed
k
j
an
d
Σ

j .
T
h
e
p
rior

p
aram

eters
k
j
an
d
Σ

j
in

(3.23)
are

ch
osen

so
th
at

w
h
en

γ
j
=

0
(covariate

is
‘ab

sen
t’
from

th
e
lin

ear
p
red

ictor)
th
e
p
rior

d
istrib

u
tion

for
β
j
en
su
res

th
at

β
j
is

con
strain

ed
to

b
e
‘close

to
0
’.

W
h
en

γ
j
=

1
th
e
p
rior

is
d
iff
u
se,

assu
m
in
g
th
at

little
p
rior

in
form

ation
is
availab

le
ab

ou
t

β
j .

T
h
e
fu
ll
con

d
ition

al
p
osterior

d
istrib

u
tion

s
of

β
j
an
d
γ
j
are

given
b
y

f
(β

j |β
\
j ,γ

,y
)∝

f
(y|β

,γ
)f
(β

j |γ
j )

(3.24)

an
d

f
(γ

j
=

1|β
,γ

\
j ,y

)

f
(γ

j
=

0|β
,γ

\
j ,y

)
=

f
(β|γ

j
=

1,γ
\
j )

f
(β|γ

j
=

0,γ
\
j )

f
(γ

j
=

1,γ
\
j )

f
(γ

j
=

0,γ
\
j )

(3.25)

w
h
ere

γ
\
j
d
en
otes

all
term

s
of

γ
ex
cep

t
γ
j .

If
w
e
u
se

th
e
p
rior

d
istrib

u
tion

s
for

β
an
d

γ
d
efi
n
ed

b
y
(3.23)

an
d
assu

m
e
th
at

f
(γ

j
=

0,γ
\
j )
=

f
(γ

j
=

1,γ
\
j )
=
|M
| −

1
for

all
j∈

V
,
th
en

f
(γ

j
=

1|β
,γ

\
j ,y

)

f
(γ

j
=

0|β
,γ

\
j ,y

)
=

k −
d

j

j
ex

p (
k

2j −
1

2
β
Tj
Σ

−
1

j
β
j )

.
(3.26)

3
.4
.1
.2

P
rio

rs
fo

r
S
to

ch
a
stic

S
e
a
rch

V
a
ria

b
le

S
e
le
ctio

n

T
h
e
p
osterior

m
o
d
el
p
rob

ab
ilities

are
h
eav

ily
d
ep
en
d
en
t
on

th
e
ch
oice

of
th
e
p
rior

p
aram

eters

k
2j
an
d

Σ
j .

O
n
e
w
ay

of
sp
ecify

in
g
th
ese

p
aram

eters
is
b
y
settin

g
Σ

j
as

a
d
iff
u
se

p
rior

(for

γ
j
=

1)
an
d
th
en

ch
o
osin

g
k

2j
b
y
con

sid
erin

g
th
e
valu

e
of|β

j |
at

w
h
ich

th
e
d
en
sities

of
th
e

tw
o
com

p
on
en
ts
of

th
e
p
rior

d
istrib

u
tion

are
eq
u
al.

T
h
is
can

b
e
con

sid
ered

to
b
e
th
e
sm

allest

valu
e
of|β

j |
at

w
h
ich

th
e
term

is
con

sid
ered

of
p
ractical

sign
ifi
can

ce.

W
h
en

β
j
is
on
e-d

im
en
sion

al
th
en

sp
ecifi

cation
of

th
e
p
rior

m
ay

b
e
com

p
leted

b
y
u
sin

g
th
e

m
eth

o
d
ology

of
G
eorge

an
d
M
cC

u
llo

ch
(1993),

u
sin

g
th
e
valu

e
of|β

j |
at

w
h
ich

th
e
d
en
sities

of
th
e
tw
o
com

p
on
en
ts

of
th
e
p
rior

d
istrib

u
tion

are
eq
u
al.

In
th
is
case

f
(γ

j
=

0|β
j )
=

f
(γ

j
=



C
h
ap
ter

3:
M
o
d
el
S
election

v
ia

M
C
M
C
M
eth

o
d
s

77

1|β
j ),

an
d
th
erefore

it
m
ay

b
e
con

sid
ered

as
th
e
sm

allest
valu

e
for

w
h
ich

th
e
term

is
th
ou
gh
t

to
b
e
of

p
ractical

sign
ifi
can

ce.
N
ow

,
su
p
p
ose

th
at

δ
j
is
th
e
sm

allest
valu

e
of

β
j
of

p
ractical

sign
ifi
can

ce.
T
h
en

δ
j

=

√√√√
Σ
j
2
log

k
j

(k
2j −

1)
≈
√√√√
Σ
j
2
log

k
j

k
2j

,
(3.27)

w
h
ere

Σ
j
is

th
e
p
rior

varian
ce

w
h
en

j
is

in
clu

d
ed

in
th
e
m
o
d
el.

F
rom

th
e
ab

ove
w
e
m
ay

sp
ecify

δ
j
an
d
th
en

try
to

id
en
tify

op
tim

al
selection

s
of

Σ
j
an
d

k
j .

In
som

e
cases,

th
e

u
ser

d
efi
n
es

th
e
‘large’

varian
ce

(Σ
j )

an
d
m
ay

u
se

th
e
ab

ove
eq
u
ation

to
d
efi
n
e
th
e
‘sm

all’

varian
ce.

M
oreover,

δ
j k

j Σ
−

1
/
2

j
ch
an
ges

slow
ly

w
ith

variation
s
of

k
j
sin

ce
for

k
j
=
10,

100,

1,000,
10,000,

100,000
th
en

δ
j k

j Σ
−

1
/
2

j
=

2.1,
3.1,

3.7,
4.3,

4.8.
T
h
e
sem

iau
tom

atic
ap
-

p
roach

con
sid

ers
th
e
tw
o
m
argin

al
d
istrib

u
tion

s
β̂
j |σ

2β̂
j ,γ

j
=

0
∼

N (
0,σ

2β̂
j
+

k −
2

j
Σ
j )

an
d

β̂
j |σ

2β̂
j ,γ

j
=

1∼
N (

0,σ
2β̂

j
+
Σ
j )
,
w
h
ere

σ
2β̂

j
is
th
e
varian

ce
of

th
e
least

sq
u
are

estim
ates

β̂
j

an
d
th
eir

in
tersection

p
oin

t;
for

m
ore

d
etails

see
G
eorge

an
d
M
cC

u
llo

ch
(1993).

A
ccord

in
g
to

G
eorge

an
d
M
cC

u
llo

ch
(1997),

S
S
V
S
gives

resu
lts

close
to

th
e
actu

al
p
os-

terior
p
rob

ab
ilities

for
large

valu
es

of
k
j .

O
n
th
e
oth

er
h
an
d
,
th
e
largest

th
e
p
rior

p
aram

eter

k
j
th
e
slow

est
th
e
con

vergen
ce

of
th
e
ch
ain

.
H
en
ce,

w
e
p
rop

ose
to

sp
ecify

Σ
j
as

d
escrib

ed
in

u
su
al

B
ayesian

m
o
d
el

selection
m
eth

o
d
s
an
d
k
j
in

su
ch

w
ay

th
at

gives
resu

lts
close

to
th
e

actu
al

p
osterior

p
rob

ab
ilities

an
d
also

d
o
es

n
ot

p
reven

t
th
e
ch
ain

to
con

verge
in

reason
ab
le

tim
e.

W
e
rep

ort
th
at

k
j
=

1000
is
a
sen

sib
le
ch
oice.

M
oreover,

f
(γ

j
=

0|β
j
=

0)

f
(γ

j
=

1|β
j
=

0)
=

k
j f

(γ
j
=

0)

f
(γ

j
=

1) .

an
d
th
erefore

k
j
can

b
e
in
terp

reted
as

th
e
p
rior

o
d
d
s
th
at

j
term

sh
ou
ld

b
e
ex
clu

d
ed

from
th
e

m
o
d
el
if
β
j
is
zero

an
d
f
(γ

j
=

1)
=

1/2.
U
n
d
er

th
is
in
terp

retation
th
e
valu

es
100

<
k
j
<

1000

seem
p
lau

sib
le

ch
oices.

W
e
can

still
u
se

(3.27)
to

m
on
itor

th
e
area

of
n
on
-sign

ifi
can

t
valu

es

for
d
iff
eren

t
ch
oices

of
p
riors.

S
im

ilar
m
eth

o
d
s
are

p
rop

osed
in

C
h
ap
ter

4
for

th
e
sp
ecifi

cation

of
p
rior

d
istrib

u
tion

s
in

log-lin
ear

in
teraction

m
o
d
els

w
h
ere

β
j
term

s
are

m
u
ltid

im
en
sion

al.

G
eorge

an
d
M
cC

u
llo

ch
(1993)

also
p
rop

osed
an

altern
ative

p
rior

set-u
p
b
ased

on
a
m
u
l-

tivariate
n
orm

al
d
istrib

u
tion

.
T
h
is
p
rior

is
given

b
y

β|γ
∼

N
(0

,D
γ

R
γ

D
γ
),

D
γ
=

d
ia
g
[k

γ
j −

1
j

Σ
1
/
2

j
]

(3.28)

w
h
ere

R
γ

is
th
e
p
rior

correlation
m
atrix

an
d
Σ
j
is

th
e
p
rior

varian
ce

w
h
en

th
e
j
term

is

in
th
e
m
o
d
el.

G
eorge

an
d
M
cC

u
llo

ch
(1993)

p
rop

ose
R

γ
=

I
an
d

R
γ
∝

(X
T
X
) −

1.
W
e

78
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

m
ay

gen
eralise

th
e
latter

p
rop

osed
p
rior

correlation
for

all
gen

eralised
lin

ear
m
o
d
els

b
y
u
sin

g

R
γ
∝

I
ˆβ
;
for

fu
rth

er
d
etails

see
G
eorge

an
d
M
cC

u
llo

ch
(1997).

3
.4
.2

K
u
o

a
n
d

M
a
llick

V
a
ria

b
le

S
e
le
ctio

n

K
u
o
an
d
M
allick

(1998)
ad
vo
cated

th
e
u
se

of
th
e
lin

ear
p
red

ictor
(3.2)

for
variab

le
selection

.

T
h
ey

con
sid

ered
a
p
rior

d
istrib

u
tion

f
(β

)
w
h
ich

is
in
d
ep
en
d
en
t
of

γ
(an

d
th
erefore

m
)
so

th
at

f
(β

j |β
\
j ,γ

)
=

f
(β

j |β
\
j )

T
h
erefore,

th
e
fu
ll
con

d
ition

al
p
osterior

d
istrib

u
tion

s
are

given
b
y

f
(β

j |β
\
j ,γ

,y
)∝ 

f
(y|β

,γ
)f
(β

j |β
\
j )

γ
j
=

1

f
(β

j |β
\
j )

γ
j
=

0
(3.29)

an
d

f
(γ

j
=

1|β
,γ

\
j ,y

)

f
(γ

j
=

0|β
,γ

\
j ,y

)
=

f
(y|β

,γ
j
=

1,γ
\
j )

f
(y|β

,γ
j
=

0,γ
\
j )

f
(γ

j
=

1,γ
\
j )

f
(γ

j
=

0,γ
\
j ) .

(3.30)

T
h
e
ab

ove
ap
p
roach

is
ex
trem

ely
straigh

tforw
ard

.
It

on
ly

req
u
ires

to
sp
ecify

th
e
u
su
al

p
rior

on
β
(for

th
e
fu
ll
m
o
d
el)

an
d
th
e
con

d
ition

al
p
rior

d
istrib

u
tion

s
f
(β

j |β
\
j )

rep
lace

th
e

p
seu

d
op
riors

req
u
ired

b
y
C
arlin

an
d
C
h
ib
’s
m
eth

o
d
.
H
ow

ever,
th
is
sim

p
licity

m
ay

also
b
e
a

d
raw

b
ack

,
as

th
ere

is
n
o
fl
ex
ib
ility

h
ere

to
alter

th
e
m
eth

o
d
to

im
p
rove

effi
cien

cy.
In

p
ractice,

if,
for

an
y

β
j ,
th
e
p
rior

is
d
iff
u
se

com
p
ared

w
ith

th
e
p
osterior,

th
e
m
eth

o
d
m
ay

b
e
in
effi

cien
t.

3
.5

M
o
d
e
l
S
e
le
ctio

n
M

e
th

o
d
s
fo

r
L
in

e
a
r
N
o
rm

a
l

M
o
-

d
e
ls

U
sin

g
M

a
rg

in
a
l
P
o
ste

rio
r
D
istrib

u
tio

n
s

T
h
is
section

critically
rev

iew
s
an
d
gen

eralises
M
C
M
C

m
eth

o
d
ologies

u
sed

to
ex
p
lore

m
o
d
el

sp
ace

in
n
orm

al
m
o
d
els.

In
n
orm

al
m
o
d
els

w
e
can

ex
actly

evalu
ate

th
e
p
osterior

o
d
d
s
if
w
e

u
se

th
e
p
rior

d
istrib

u
tion

s
(3.6)

an
d
(3.7)

w
h
ich

resu
lt

to
th
e
con

ju
gate

join
t
p
rior

called

n
orm

al
in
verse

gam
m
a.

T
h
e
on
ly

p
rob

lem
is

su
ch

cases
is

th
e
calcu

lation
of

all
p
osterior

p
rob

ab
ilities

w
h
en

th
e
set

of
m
o
d
els

is
large.

T
h
erefore

th
ese

m
eth

o
d
s
sam

p
le

d
irectly

from
th
e
target

d
istrib

u
tion

f
(γ|y

),
or

f
(m|y

),
w
ith

ou
t
th
e
n
eed

to
gen

erate
sam

p
les

also

from
m
o
d
el

p
aram

eters
β

(γ
)
an
d

σ
2
or

an
y
oth

er
p
seu

d
o-p

aram
eters.

F
or

th
is

reason
w
e

call
th
ese

m
eth

o
d
s
‘fast’

m
o
d
el

selection
algorith

m
s.

S
im

ilar
term

in
ology

w
as

also
u
sed

b
y
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C
h
ip
m
an

(1997).
W
e
d
iv
id
e
th
is

su
b
section

in
to

th
ree

p
arts.

T
h
e
fi
rst

d
escrib

es
all

th
e

variab
le

selection
m
eth

o
d
s
an
d
th
eir

asso
ciation

s,
th
e
secon

d
d
escrib

es
th
e
tran

sform
ation

s

ad
vo
cated

an
d
th
e
last

is
con

cern
ed

w
ith

th
e
ou
tlier

id
en
tifi

cation
.

3
.5
.1

F
a
st

V
a
ria

b
le

S
e
le
ctio

n
A
lg
o
rith

m
s

In
th
is
section

w
e
con

sid
er

th
e
con

ju
gate

p
rior

(3.6)
an
d
(3.7)

resu
ltin

g
to

a
n
orm

al
in
verse

gam
m
a
p
rior

d
istrib

u
tion

for
β

(m
)
an
d
σ

2.

T
h
e
fast

variab
le

selection
m
eth

o
d
s
in
volve

gen
eration

of
th
e
m
o
d
el

in
d
icator

m
or

γ

d
irectly

from
th
e
m
argin

al
p
osterior

d
istrib

u
tion

f
(m|y

)
or

f
(γ|y

).
T
h
e
ap
p
roach

varies

accord
in
g
to

th
e
sam

p
ler

(M
etrop

olis
or

G
ib
b
s
ap
p
roach

),
th
e
p
rior

d
istrib

u
tion

s
u
sed

an
d

th
e
m
o
d
el

in
d
icator

ap
p
roach

ad
op
ted

(m
or

γ
).

W
e
w
ill

try
to

b
e
as

gen
eral

as
p
ossib

le

ad
op
tin

g
th
e
gen

eral
n
orm

al
in
verse

gam
m
a
p
rior

setu
p
an
d
restrict

atten
tion

to
sp
ecial

cases

p
resen

ted
b
y
oth

er
au
th
ors.

S
m
ith

an
d
K
oh
n
(1996)

d
evelop

ed
a
G
ib
b
s
sam

p
ler

for
variab

le
selection

for
n
on
p
aram

et-

ric
regression

in
n
orm

al
m
o
d
els.

T
h
e
resu

lted
G
ib
b
s
sam

p
ler

in
volves

seq
u
en
tial

gen
eration

of
each

γ
j
from

a
B
ern

ou
lli

d
istrib

u
tion

w
ith

su
ccess

p
rob

ab
ility

O
j /(1

+
O
j );

w
h
ere

O
j
is

given
b
y

O
j
=

f
(γ

j
=

1|γ
\
j ,y

)

f
(γ

j
=

0|γ
\
j ,y

)
=

=  |Σ̃
(γ

j =
1
,γ

\
j ) ||Σ

(γ
j =

0
,γ

\
j ) |

|Σ
(γ

j =
1
,γ

\
j ) ||Σ̃

(γ
j =

0
,γ

\
j ) | 

1
/
2 

S
S
γ

j =
1
,γ

\
j
+
2b

τ

S
S
γ

j =
0
,γ

\
j
+
2b

τ 
−
n
/
2−

a
τ

f
(γ

j
=

1,γ
\
j )

f
(γ

j
=

0,γ
\
j ) ,

(3.31)

w
h
ere

a
τ
an
d
b
τ
are

p
rior

p
aram

eters
of

th
e
p
recision

w
ith

u
su
al

ch
oices

of
a
τ
=

b
τ
=

0,
Σ̃

γ

is
th
e
p
osterior

covarian
ce

m
atrix

given
b
y

Σ̃
γ
= (X

T( γ
) X

(γ
)
+

Σ
−

1
( γ

) )−
1

an
d
S
S
γ
are

th
e
p
osterior

resid
u
al

su
m

of
sq
u
ares

given
b
y

S
S
γ
=

y
T
y
+

µ
Tβ
(γ

) Σ
−

1
( γ

) µ
β
(γ

) − (X
T( γ

) y
+

Σ
−

1
( γ

) µ
β

γ )
T
Σ̃

(γ
) (X

T( γ
) y

+
Σ

−
1

( γ
) µ

β
γ )

(3.32)

w
h
en

th
e
gen

eral
n
orm

al
in
verse

gam
m
a
p
rior

setu
p
is

ad
op
ted

.
S
m
ith

an
d
K
oh
n
(1996)

u
sed

th
e
m
ore

restrictive
p
rior

(3.8)
w
ith

p
rior

p
aram

eters
given

b
y
(3.9)

w
h
ich

is
related

to

80
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

Z
elln

er’s
g-p

riors;
see

Z
elln

er
(1986).

T
h
e
p
osterior

d
istrib

u
tion

s
are

n
ow

sim
p
lifi

ed
to

O
j
=

f
(γ

j
=

1|γ
\
j ,y

)

f
(γ

j
=

0|γ
\
j ,y

)
=

(c
2
+
1) −

d
j /

2 
S
S
γ

j =
1
,γ

\
j
+
2b

τ

S
S
γ

j =
0
,γ

\
j
+
2b

τ 
−
n
/
2−

a
τ

f
(γ

j
=

1,γ
\
j )

f
(γ

j
=

0,γ
\
j ) ,

(3.33)

w
h
ere

w
h
ere

S
S
γ
are

given
b
y

S
S
γ
=

y
T
y−

c
2

c
2
+
1
y
T
X

(γ
) (X

T(γ
) X

(γ
) )−

1
X

T(γ
) y

.
(3.34)

U
n
d
er

th
e
sam

e
p
rior

setu
p
S
m
ith

an
d
K
oh
n
(1996)

ty
p
e
of

G
ib
b
s
sam

p
lers

are
closely

related
to

M
C

3
for

n
orm

al
m
o
d
els

p
rov

id
ed

th
at

w
e
su
b
stitu

te
th
e
m
o
d
el
in
d
icator

m
b
y

γ

an
d
th
e
M
etrop

olis
step

b
y
seq

u
en
tial

G
ib
b
s
step

s.
O
n
e
sam

p
lin

g
step

in
M
C

3
is
eq
u
ivalen

t

to
u
p
d
atin

g
on

e
γ
j
u
sin

g
a
M
etrop

olised
version

of
S
m
ith

an
d
K
oh
n
sam

p
ler.

T
h
erefore,

th
e

M
C

3
step

for
accep

tin
g
a
p
rop

osed
m
ove

from
m
o
d
el

m
to

m
o
d
el

m
′∈

n
b(m

′)
(m

o
d
el

m
′

d
iff
ers

from
m
o
d
el

m
on
ly

in
j
term

)
is
given

b
y

α
=


m
in (1,O

j
j(m

′,m
)

j(m
,m

′) )
w
h
en

γ
j
=

1

m
in (1,O

−
1

j
j(m

′,m
)

j(m
,m

′) )
w
h
en

γ
j
=

0
.

T
h
e
ratio

O
j
w
ill

b
e
given

b
y
eq
u
ation

s
(3.31)

an
d
(3.32)

if
th
e
gen

eral
n
orm

al
in
verse

gam
m
a

setu
p
is
ad
op
ted

or
b
y
eq
u
ation

s
(3.33)

an
d
(3.34)

in
th
e
case

of
th
e
S
m
ith

an
d
K
oh
n
p
rior

setu
p
.

C
on
sid

er
n
ow

tw
o
m
o
d
els

γ
′
an
d

γ
′′
d
iff
erin

g
on
ly

in
th
e
jth

term
,
th
at

is
γ ′j

=
1

an
d

γ ′′j
=

0
w
h
ile

γ ′ν
=

γ ′′ν
for

all
ν
∈
V
\{j}.

T
h
en

w
ith

ou
t
loss

of
gen

erality
w
e
set

X
(γ

′)
=

[X
(γ

′′) ,X
j ].

U
n
d
er

th
e
ab

ove
assu

m
p
tion

,
th
e
p
osterior

resid
u
al

su
m

of
sq
u
ares

w
ith

S
m
ith

an
d
K
oh
n
(1996)

p
rior

is
given

b
y

S
S
γ

′
=

S
S
γ

′′+
c
2

c
2
+
1
y
T (I−

P
γ

′′ ) (
X

j (X
Tj
X

j −
X

Tj
P

γ
′′X

j )−
1
X

Tj )(I−
P

γ
′′ )

y

w
h
ere

P
γ
=

X
(γ

) (X
T( γ

) X
(γ

) )−
1
X

T( γ
) .

In
orth

ogon
al

cases
th
e
p
osterior

resid
u
al

su
m

of
sq
u
ares

(3.34)
sim

p
lifi

es
to

S
S
γ
=

y
T
y−

c
2

c
2
+
1 ∑j∈V

γ
j F

j

F
j
=

y
T
X

j (X
Tj
X

j )−
1
X

Tj
y
=

β̂
Tj
X

Tj
X

j β̂
j .

(3.35)
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S
u
b
stitu

tin
g
th
e
ab

ove
form

u
la

in
th
e
p
osterior

d
istrib

u
tion

of
variab

le
in
d
icators

resu
lts

in

C
ly
d
e
et

a
l.
(1996)

G
ib
b
s
sam

p
ler

for
orth

ogon
al

cases
w
ith

p
rior

(3.9)
an
d
a
τ
=

b
τ
=

0.

T
h
e
resu

ltin
g
con

d
ition

al
p
osterior

term
p
rob

ab
ilities

are
given

b
y

f
(γ

j
=

1|γ
\
j ,y

)

f
(γ

j
=

0|γ
\
j ,y

)
=

(c
2
+
1) −

d
j /

2 (
1−

c
2

c
2
+
1
F
j /S

S
γ

j =
0
,γ

\
j )

−
n
/
2

.
(3.36)

C
ly
d
e
(1999)

in
tro

d
u
ced

a
straigh

tforw
ard

sam
p
ler

for
lin

ear
regression

m
o
d
els

w
ith

k
n
ow

n
varian

ce.
A

m
ore

gen
eral

version
of

C
ly
d
e
(1999),

id
eal

for
A
N
O
V
A

m
o
d
el

selec-

tion
w
ith

su
m
-to-zero

con
strain

ts,
is
d
evelop

ed
in

th
is
section

.
C
ly
d
e
(1999)

u
tilizes

clever

id
eas

sim
ilar

to
F
oster

an
d
G
eorge

(1994)
w
h
ere

th
ey

u
se

in
form

ation
criteria

in
orth

ogon
al

d
ata

to
select

variab
les

rath
er

th
an

m
o
d
els.

A
ssu

m
in
g
k
n
ow

n
σ

2
an
d
th
e
p
rior

d
istrib

u
tion

(3.4)
th
e
p
osterior

con
d
ition

al
for

γ
j
w
ill

b
e
(as

u
su
ally

)
B
ern

ou
lli

w
ith

su
ccess

p
rob

ab
ility

O
j /(1

+
O
j )

an
d
O
j
is
given

b
y

O
j
=

f
(γ

j
=

1|y
,σ

2,γ
\
j )

f
(γ

j
=

0|y
,σ

2,γ
\
j )

=
f
(γ

j
=

1,γ
\
j )

f
(γ

j
=

0,γ
\
j ) O

′j

O
′j
= (|X

Tj
X

j /σ
2
+

Σ
−

1
j
|

|Σ
−

1
j
|

)
−

1
/
2

ex
p (

12
A

∗
T
j
(X

Tj
X

j /σ
2
+

Σ
−

1
j
) −

1A
∗j −

12
µ
Tβ

j Σ
−

1
j

µ
β

j )

A
∗j
=

(X
Tj
X

j β̂
j /σ

2
+

Σ
−

1
j

µ
β

j )

w
h
ere

O
′j
is
th
e
B
ayes

factor
to

in
clu

d
e
th
e
j
term

,
β̂
j
are

th
e
m
ax
im

u
m

likelih
o
o
d
estim

ates

of
th
e
p
aram

eters
of

th
e
j
term

.

F
or

u
n
k
n
ow

n
σ

2,
an

altern
ative

p
rior

sp
ecifi

cation
is
given

b
y

β
j ∼

N
d

j (0,c
2(X

Tj
X

j ) −
1σ

2)

an
d
σ
−

2∼
G
(a

τ ,b
τ )

resu
ltin

g
to

th
e
G
ib
b
s
sam

p
ler

step
s

γ
j |σ

2,γ
\
j ,y

∼
B
ern

ou
lli (

O
j

1
+

O
j )

O
j
=

f
(γ

j
=

1,γ\
j )

f
(γ

j
=

0,γ\
j ) (c

2
+
1) −

d
j /

2ex
p (

12σ
2

c
2

c
2
+
1
F
j )

an
d

σ
−

2|γ
,y
∼

G (
a
τ
+

n
/2,b

τ
+
(y

T
y−

c
2

c
2
+
1

p
∑i=

1

γ
j F

j )/2 )
.

If
in
stead

of
sam

p
lin

g
σ

2
w
e
in
tegrate

it
ou
t
w
e
resu

lt
in

C
ly
d
e
et

a
l.
(1996)

sam
p
ler

for

orth
ogon

al
d
ata

as
given

b
y
(3.36).

T
h
e
m
ain

ad
van

tage
of

C
ly
d
e
(1999)

is
th
e
com

p
u
tation

al
sp
eed

sin
ce

it
is
m
u
ch

faster

th
an

oth
er

M
C
M
C

m
eth

o
d
s.

M
oreover,

it
is
su
itab

le
for

A
N
O
V
A

m
o
d
els

w
h
ere

th
e
d
esign

82
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

m
atrix

is
orth

ogon
al.

O
n
th
e
oth

er
h
an
d
,
th
e
assu

m
p
tion

s
of

orth
ogon

ality
an
d
k
n
ow

n
resid

-

u
al

varian
ce

req
u
ired

in
n
orm

al
m
o
d
els

is
n
ot

gen
erally

th
e
case.

T
h
e
req

u
ired

orth
ogon

ality

is
restrictive

an
d
can

n
ot

b
e
u
sed

w
h
en

in
terp

retation
of

casu
al

relation
sh
ip
s
or

selection
of

a
p
arsim

on
iou

s
m
o
d
el

is
th
e
m
ain

in
terest.

G
en
erally,

S
m
ith

an
d
K
oh
n
(1996)

sam
p
ler

or

M
C

3
in

lin
ear

m
o
d
els

can
b
e
easily

im
p
lem

en
ted

an
d
can

h
an
d
le

n
on
-orth

ogon
al

d
ata

an
d

u
n
k
n
ow

n
resid

u
al

varian
ce.

T
h
e
ex
ten

sion
of

C
ly
d
e
(1999)

to
n
on
-n
orm

al
or

n
on
-orth

ogon
al

m
o
d
els

is
p
rob

lem
atic.

T
h
e
m
eth

o
d
d
o
es

n
ot

p
rov

id
e
go
o
d
ap
p
rox

im
ation

s
w
h
en

regressors
w
ith

low
correlation

are
u
sed

.
M
oreover

it
d
o
es

n
ot

gen
erally

w
ork

in
P
oisson

or
b
in
om

ial
m
o
d
els

sin
ce

th
e

assu
m
p
tion

of
con

stan
t
varian

ce
resu

lts
in

b
ad

ap
p
rox

im
ation

s.
A

to
ol

sh
ou
ld

b
e
d
evelop

ed

for
id
en
tify

in
g
cases

w
h
ere

th
is
m
eth

o
d
m
ay

b
e
ap
p
lied

.
A
n
altern

ative
G
ib
b
s
sam

p
ler

for

regression
m
o
d
els

w
as

in
tro

d
u
ced

b
y
G
ew

eke
(1996)

w
h
ich

w
as

con
stru

cted
b
y
in
tegratin

g
ou
t

from
th
e
m
o
d
el
selection

step
for

th
e
j
term

on
ly

th
e
corresp

on
d
in
g
p
aram

eter
β
j .

S
u
m
m
ary

of
th
e
ab

ove
p
aragrap

h
s
is
given

as
a
d
iscu

ssion
of

C
ly
d
e
(1999)

p
ap

er;
see

N
tzou

fras
(1999a).

G
eorge

an
d
M
cC

u
llo

ch
(1997)

d
evelop

ed
a
sam

p
ler

sim
ilar

to
S
m
ith

an
d
K
oh
n
(1996)

sam
p
ler

b
ased

on
S
S
V
S
.
T
h
ey

u
sed

a
m
u
ltivariate

n
orm

al
p
rior

for
th
e
p
aram

eter
vector

on

th
e
fu
ll
m
o
d
el
given

b
y

β|σ
2,γ

∼
N
(0

p ,[D
γ

R
γ

D
γ
]σ

2)

an
d
th
e
u
su
al
gam

m
a
p
rior

(3.6)
for

th
e
resid

u
al
p
recision

p
aram

eter.
T
h
e
resu

ltin
g
p
osterior

is
given

b
y

f
(γ

j
=

1|γ
\
j ,y

)

f
(γ

j
=

0|γ
\
j ,y

)
=

(c
2
+
1) −

d
j /

2 
S
S
∗γ
j =

1
,γ

\
j
+
2b

τ

S
S
∗γ
j =

0
,γ

\
j
+
2b

τ 
−
n
/
2−

a
τ

,
(3.37)

w
h
ere

S
S
∗γ
are

th
e
p
osterior

su
m

of
sq
u
ares

for
S
S
V
S
given

b
y

S
S
∗γ
=

y
T
y−

y
T
X (X

T
X

+
[D

γ
R

γ
D

γ
] −

1 )−
1
X

T
y
.

w
h
ere

D
γ

R
γ

D
γ

is
th
e
S
S
V
S
p
rior

varian
ce

d
efi
n
ed

in
(3.28).

W
e
m
ay

u
se

th
e
sim

p
lifi

ed

p
rior

(3.23)
b
y
settin

g
[D

γ
R

γ
D

γ
] −

1
=

d
ia
g
[k

2
(1−

γ
j )

j
Σ

−
1

j
].

In
orth

ogon
al

cases,
u
sin

g
th
is

p
rior

setu
p
,
resu

lts
to

a
G
ib
b
s
sam

p
ler

sim
ilar

to
C
ly
d
e
et

a
l.
(1996)

sam
p
ler

w
ith

S
S
∗γ
=

y
T
y− ∑j∈V

k −
2
(1−

γ
j )

j
y
T
X

j (X
Tj
X

j
+

Σ
−

1
j )−

1
X

Tj
y
.
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In
ord

er
to

m
ake

th
e
ab

ove
eq
u
ation

com
p
arab

le
to

(3.36)
w
e
u
se

th
e
eq
u
ivalen

t
to

S
m
ith

an
d
K
oh
n
(1996)

p
rior

th
at

is
Σ

j
=

c
2 (X

Tj
X

j )−
1
resu

ltin
g
to

S
S
∗γ
=

y
T
y−

c
2

c
2
+
1 ∑j∈V

k −
2
(1−

γ
j )

j
F
j

w
h
ere

F
j
is

given
b
y
(3.35).

In
th
is

case
S
S
∗γ
=

S
S
γ
+ ∑

j:γ
j =

0
k −

2
j

F
j
an
d
for

large
k
j
w
e

h
ave

S
S
∗γ
≈

S
S
γ
.
T
h
e
ab

ove
fast

version
of

S
S
V
S
for

orth
ogon

al
cases

u
sin

g
S
m
ith

an
d

K
oh
n
(1996)

ty
p
e
p
rior

d
iff
ers

on
ly

in
th
e
su
m
m
ation

w
h
ere

γ
j
is

su
b
stitu

ted
b
y
k −

2
(1−

γ
j )

j
.

T
h
e
resu

ltin
g
con

d
ition

al
p
osterior

is
given

b
y

f
(γ

j
=

1|γ
\
j ,y

)

f
(γ

j
=

0|γ
\
j ,y

)
=

(c
2
+
1) −

d
j /

2 (
1−

k
2j −

1

k
2j

c
2

c
2
+
1
F
j /S

S
∗γ
j =

0
,γ

\
j )

−
n
/
2

.
(3.38)

B
row

n
et

a
l.
(1998)

ex
p
an
d
ed

th
e
id
ea

of
fast

variab
le

selection
u
sin

g
S
S
V
S
setu

p
in

m
u
ltivariate

n
orm

al
regression

m
o
d
els.

T
h
e
resu

ltin
g
p
osterior

for
variab

le
selection

h
as

sim
ilar

form
to

th
e
ab

ove
in
volv

in
g
m
ore

com
p
licated

m
atrices.

S
im

ilar
ap
p
roach

can
b
e

u
sed

to
ex
ten

d
S
m
ith

an
d
K
oh
n
(1996)

m
eth

o
d
ology

to
m
u
ltivariate

regression
m
o
d
els.

3
.5
.2

T
ra

n
sfo

rm
a
tio

n
s

A
very

freq
u
en
t
p
rob

lem
,
esp

ecially
in

n
orm

al
m
o
d
els,

is
th
e
id
en
tifi

cation
of

an
ap
p
rop

riate

tran
sform

ation
of

th
e
resp

on
se

variab
le

Y
.
H
o
etin

g
et

a
l.
(1995)

h
ave

u
sed

M
C

3
an
d
tried

to
id
en
tify

w
h
ich

tran
sform

ation
w
as

ap
p
rop

riate.
W
e
con

sid
er

th
e
B
ox
-C
ox

tran
sform

ation
s

an
d
th
erefore

th
e
n
orm

al
lin

ear
m
o
d
el
is
n
ow

w
ritten

Y
(ρ
)∼

N
(η

,I
σ

2),
Y
(ρ
)
= 

(Y
ρ−

1)/ρ
ρ�=

0

log
(Y

)
ρ
=

0
.

H
o
etin

g
et

a
l.
(1995)

con
sid

er
a
lim

ited
set

for
valu

es
of

ρ∈
{−

1,0,1/2,1}
b
u
t
also

con
tin

-

u
ou
s
valu

es
can

b
e
con

sid
ered

.
In

th
e
fi
rst

step
w
e
p
rop

ose
to

m
ove

from
m

(or
γ
)
to

a
n
ew

m
o
d
el

m
′∈

n
b(m

)
(or

γ
′)
w
h
ich

d
iff
ers

b
y
on
ly

on
e
covariate

(say
in

j
term

).
T
h
erefore

th
e

M
C

3
step

is
given

b
y

α
=

m
in (

1,
f
(1−

γ
j |ρ

,γ
\
j ,y

)j(γ
′,γ

)

f
(γ

j ,γ
\
j |ρ

,y
)j(γ

,γ
′)

)

w
h
ile

in
th
e
secon

d
step

w
e
p
rop

ose
ρ
to

ch
an
ge

to
ρ ′

w
ith

p
rob

ab
ility

j(ρ ′,ρ
)
an
d
accep

t

th
e
m
ove

w
ith

p
rob

ab
ility

α
=

m
in (

1,
f
(ρ ′|γ

,y
)j(ρ ′,ρ

)j(ρ
,ρ ′)

f
(ρ ′|γ

,y
)j(ρ

,ρ ′)j(ρ ′,ρ
) )

.

84
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

A
ltern

atively,
a
G
ib
b
s
sam

p
ler

is
given

b
y
sam

p
lin

g
γ
j
from

th
e
B
ern

ou
lli

w
ith

su
ccess

p
rob

ab
ility

O
j /(1

+
O
j )

w
ith

O
j
eq
u
al

to
(3.31)

in
w
h
ich

w
e
su
b
stitu

te
S
S
γ
b
y
S
S
ρ
,γ

given

b
y

S
S
ρ
,γ

=
y
(ρ
)
T
y
(ρ
)+

µ
Tβ
(γ

) Σ
−

1
( γ

) µ
β
(γ

) −
(X

T( γ
) y
(ρ
)+

Σ
−

1
( γ

) µ
β
(γ

) )
T
Σ̃

(γ
) (X

T( γ
) y
(ρ
)+

Σ
−

1
( γ

) µ
β
(γ

) ).

an
d

f
(ρ|γ

,y
)∝

[S
S
ρ
,γ

+
2b

τ ] −
n
/
2−

a
τf
(ρ
).

F
or

th
e
sim

p
lifi

ed
p
rior

of
S
m
ith

an
d
K
oh
n
(1996)

th
e
p
osterior

resid
u
al

su
m

of
sq
u
ares

red
u
ces

to

S
S
ρ
,γ

=
y
(ρ
)
T
y
(ρ
)−

c
2

c
2
+
1
y
(ρ
)
T
X

(γ
) (X

T( γ
) X

(γ
) )−

1
X

T( γ
) y
(ρ
).

T
h
e
u
n
iform

p
rior

on
th
e
set

of
p
ossib

le
valu

es
of

ρ
,R

can
b
e
u
sed

w
ith

ou
t
an
y
p
rob

lem
.

P
ossib

le
p
rop

osal
d
istrib

u
tion

s
for

ρ
can

b
e
a
n
orm

al
d
istrib

u
tion

w
ith

m
ean

valu
e
eq
u
al

to

ρ ′.

3
.5
.3

O
u
tlie

r
Id

e
n
tifi

ca
tio

n

T
h
e
m
ost

com
m
on

m
eth

o
d
for

ou
tlier

id
en
tifi

cation
is
called

varian
ce

in
fl
ation

m
eth

o
d
an
d

w
as

u
sed

b
y
H
o
etin

g
et

a
l.(1996)

for
lin

ear
m
o
d
els

an
d
A
lb
ert

an
d
C
h
ib

(1997)
for

gen
eralised

lin
ear

m
o
d
els.

A
n
altern

ative
m
eth

o
d
is

p
rop

osed
in

n
ex
t
ch
ap
ter.

S
im

ilar
to

variab
le

selection
p
ro
ced

u
res,

w
e
in
tro

d
u
ce

a
laten

t
vector

of
b
in
ary

variab
les

v
w
h
ich

in
d
icates

ou
tliers

b
y
v
i
=

0.

In
th
e
varian

ce
in
fl
ation

m
eth

o
d
,
th
e
n
orm

al
lin

ear
m
o
d
el
is
m
o
d
ifi
ed

to

y
∼

N (X
(γ

) β
(γ

) ,Q
v
σ

2 )
,

w
h
ere

Q
v
=

D
ia
g
[K

2
(1−

v
i )]

an
d
K

is
a
fi
x
ed

p
aram

eter
to

b
e
sp
ecifi

ed
.
H
o
etin

g
et

a
l.
(1996)

su
ggested

K
=

7
an
d
f
(v

i
=

0)
=

0.10
for

sm
all

d
atasets

(n
<

50)
an
d
f
(v

i
=

0)
=

0.02
for

larger
d
atasets.

T
h
ey

u
sed

M
C

3
for

variab
le

an
d
ou
tlier

id
en
tifi

cation
b
u
t
also

S
m
ith

an
d

K
oh
n
(1996)

ap
p
roach

can
b
e
ad
op
ted

.

U
sin

g
M

C
3
for

b
oth

variab
le

an
d
ou
tlier

id
en
tifi

cation
resu

lts
in

tw
o
M
etrop

olis
step

s.

In
th
e
fi
rst

w
e
p
rop

ose
a
n
ew

m
o
d
el

w
ith

covariates
given

b
y

γ
′
d
iff
erin

g
b
y

γ
on
ly

in
on
e
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M
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d
s

85

term
an
d
accep

t
th
e
m
ove

w
ith

p
rob

ab
ility

α
=

m
in (

1,
f
(1−

γ
j |γ

\
j ,v

,y
)j(γ

′,γ
)

f
(γ

j |γ
\
j ,v

,y
)j(γ

,γ
′)

)
.

(3.39)

T
h
en

w
e
p
rop

ose
w
ith

p
rob

ab
ility

j(v
,v

′)
to

m
ove

from
v
to

v
′
th
at

d
iff
er

on
ly

in
th
e
ith

co
ord

in
ator

an
d
accep

t
th
e
m
ove

w
ith

p
rob

ab
ility

α
=

m
in (

1,
f
(1−

v
i |γ

,v
\
i ,y

)j(v
′,v

)

f
(v

i |γ
,v

\
i ,y

)j(v
,v

′)

)
(3.40)

If
a
p
rior

of
th
e
form

β
(γ

) |v
,γ
∼

N
(µ

β
(γ

) ,Σ
(γ

,v
) )

is
ad
op
ted

th
en

th
e
G
ib
b
s
sam

p
ler

is
given

b
y
seq

u
en
tial

gen
eration

s
of

γ
j
from

th
e
B
ern

ou
lli

w
ith

su
ccess

p
rob

ab
ility

O
j /(1

+
O
j )

w
ith

O
j
given

b
y
(3.31)

b
u
t
th
e
p
osterior

covarian
ce

m
atrix

is
n
ow

given
b
y

Σ̃
(γ

,v
)
= (X

T( γ
) Q

−
1

v
X

(γ
)
+

Σ
−

1
( γ

,v
) )−

1

w
h
ile

th
e
p
osterior

resid
u
al

su
m

of
sq
u
ares

S
S
γ
is
su
b
stitu

ted
b
y

S
S
γ

,v
=

y
T
Q

−
1

v
y
+

µ
Tβ
(
γ
) Σ

−
1

( γ
,v

) µ
β
(
γ
) −

(X
T( γ

) Q
−

1
v

y
+

Σ
−

1
( γ

,v
) µ

β
(
γ
) )

T
Σ̃

(γ
,v

) (X
T( γ

) Q
−

1
v

y
+

Σ
−

1
( γ

,v
) µ

β
(
γ
) ).

(3.41)

S
im

ilarly
th
e
ou
tlier

id
en
tifi

cation
step

w
ill

in
volve

seq
u
en
tial

gen
eration

s
from

sim
ilar

B
er-

n
ou
lli

step
s
w
ith

su
ccess

p
rob

ab
ility

O
∗i /(1

+
O

∗i );
w
h
ere

O
∗i
is
given

b
y

O
∗i

=
f
(v

i
=

1|γ
,v

\
i ,y

)

f
(v

i
=

0|γ
,v

\
i ,y

)

=

 |Σ̃
(γ

,v
i =

1
,v

\
i ) ||Σ

(γ
,v

i =
0
,v

\
i ) |

|Σ
(γ

,v
i =

1
,v

\
i ) ||Σ̃

(γ
,v

i =
0
,v

\
i ) | 

1
/
2(

S
S

(γ
,v

i =
1
,v

\
i )
+
2b

τ

S
S

(γ
,v

i =
0
,v

\
i )
+
2b

τ )
−
n
/
2−

a
τ
f
(v

i
=

1,v
\
i )

f
(v

i
=

0,v
\
i ) .

If
w
e
ad
op
t
th
e
p
rior

β
(γ

) |σ
2,v

,γ
∼

N (
0
,c

2 (X
T( γ

) Q
−

1
v

X
(γ

) )−
1
σ

2 )

th
e
sam

p
ler

is
red

u
ced

to

f
(γ

j
=

1|v
,γ

\
j ,y

)

f
(γ

j
=

0|v
,γ

\
j ,y

)
=

(c
2
+
1) −

d
j /

2 
S
S
γ

j =
1
,γ

\
j ,v

+
2b

τ

S
S
γ

j =
0
,γ

\
j ,v

+
2b

τ 
−
n
/
2−

a
τ

f
(γ

j
=

1,γ
\
j )

f
(γ

j
=

0,γ
\
j )

an
d

f
(y|v

i
=

1,v
\
i ,γ

)

f
(y|v

i
=

0,v
\
i ,γ

)
= (

S
S
v

i =
1
,v

\
i ,γ

+
2b

τ

S
S
v

i =
0
,v

\
i ,γ

+
2b

τ )
−
n
/
2−

a
τ
f
(v

i
=

1,v
\
i )

f
(v

i
=

0,v
\
i )

S
S
v
,γ

=
y
T
Q

−
1

v
y−

c
2

c
2
+
1
y
T
Q

−
1

v
X

(γ
) (X

T( γ
) Q

−
1

v
X

(γ
) )−

1
X

T( γ
) Q

−
1

v
y
.
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p
te

r
4

F
u
rth

e
r
D
e
v
e
lo
p
m

e
n
ts

o
f
M

C
M

C

M
o
d
e
l
a
n
d

V
a
ria

b
le

S
e
le
ctio

n

In
th
is
ch
ap
ter

w
e
in
tro

d
u
ce

n
ew

M
C
M
C

m
o
d
el

selection
algorith

m
s,
d
escrib

e
asso

ciation
s

an
d
con

n
ection

s
b
etw

een
M
C
M
C

m
eth

o
d
s,

d
evelop

S
S
V
S
p
riors

for
factors

w
ith

m
u
ltip

le

categories
an
d
log-lin

ear
m
o
d
els

an
d
p
rov

id
e
im

p
lem

en
tation

al
d
etails.

W
e
fo
cu
s
on

th
e

m
eth

o
d
s
of

G
reen

(‘reversib
le

ju
m
p
’,
1995)

an
d
C
arlin

an
d
C
h
ib

(1995),
an
d
d
escrib

e
a

con
n
ection

b
etw

een
th
em

.
W
e
also

con
sid

er
‘variab

le
selection

’
p
rob

lem
s
w
h
ere

th
e
m
o
d
els

u
n
d
er

con
sid

eration
can

b
e
n
atu

rally
rep

resen
ted

b
y
a
set

of
b
in
ary

in
d
icator

variab
les

so
th
at

M
⊆
{0,1}

p,
w
h
ere

p
is
th
e
total

p
ossib

le
n
u
m
b
er

of
variab

les.
W
e
in
tro

d
u
ce

a
m
o
d
ifi
cation

of
C
arlin

an
d
C
h
ib
’s
m
eth

o
d
for

variab
le
selection

p
rob

lem
s,
w
h
ich

is
m
ore

effi
cien

t
in

certain

ex
am

p
les.

E
lem

en
ts

of
th
is
ch
ap
ter

an
d
com

p
arison

s
of

M
C
M
C
m
o
d
el
selection

m
eth

o
d
s
are

also
su
m
m
arised

in
tw
o
research

p
ap

ers;
see

D
ellap

ortas
et

a
l.
(1998,

1999).

4
.1

F
u
rth

e
r
G
ib

b
s
S
a
m

p
le
rs

fo
r
V
a
ria

b
le

S
e
le
ctio

n

4
.1
.1

G
ib

b
s
V
a
ria

b
le

S
e
le
ctio

n

T
h
e
fi
rst

ap
p
roach

is
a
n
atu

ral
h
y
b
rid

of
S
S
V
S
an
d
th
e
‘U
n
con

d
ition

al
P
riors’

ap
p
roach

of

K
u
o
an
d
M
allick

(1998).
T
h
e
lin

ear
p
red

ictor
is
assu

m
ed

to
b
e
of

th
e
form

of
(3.2)

w
h
ere,

u
n
like

S
S
V
S
,
variab

les
corresp

on
d
in
g
to

γ
j
=

0
are

gen
u
in
ely

ex
clu

d
ed

from
th
e
m
o
d
el.

F
u
rth

erm
ore,

it
d
o
es

n
ot

req
u
ire

u
n
n
ecessary

gen
eration

from
p
seu

d
op
riors.
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W
e
sp
ecify

th
e
p
rior

for
(β

,γ
)
as

f
(β

,γ
)
=

f
(β|γ

)f
(γ

).
If
w
e
con

sid
er

a
p
artition

of
β

in
to {

β
(γ

) ,β
(\γ

) }
corresp

on
d
in
g
to

th
ose

com
p
on
en
ts

of
β

w
h
ich

are
in
clu

d
ed

(γ
j
=

1)
or

n
ot

in
clu

d
ed

(γ
j
=

0)
in

th
e
m
o
d
el,

th
en

th
e
p
rior

f
(β|γ

)
m
ay

b
e
p
artition

ed
in
to

m
o
d
el

p
rior

f
(β

(γ
) |γ

)
an
d
p
seu

d
op

rior
f
(β

(\γ
) |β

(γ
) ,γ

).

T
h
e
fu
ll
con

d
ition

al
p
osterior

d
istrib

u
tion

s
are

given
b
y

f
(β

(γ
) |β

(\γ
) ,γ

,y
)
∝

f
(y|β

,γ
)f
(β

(γ
) |γ

)f
(β

(\γ
) |β

(γ
) ,γ

)
(4.1)

f
(β

(\γ
) |β

(γ
) ,γ

,y
)
∝

f
(β

(\γ
) |β

(γ
) ,γ

)
(4.2)

an
d

O
j
=

f
(γ

j
=

1|γ
\
j ,β

,y
)

f
(γ

j
=

0|γ
\
j ,β

,y
)
=

f
(y|β

,γ
j
=

1,γ
\
j )

f
(y|β

,γ
j
=

0,γ
\
j )

f
(β|γ

j
=

1,γ
\
j )

f
(β|γ

j
=

0,γ
\
j )

f
(γ

j
=

1,γ
\
j )

f
(γ

j
=

0,γ
\
j )

(4.3)

N
ote

th
at

(4.1)
seem

s
less

n
atu

ral
th
an

(3.20)
as

f
(β

(γ
) |β

(\γ
) ,γ

,y
)
m
ay

d
ep
en
d
on

β
(\γ

) .

O
n
e
w
ay

of
avoid

in
g
th
is
is
to

assu
m
e
p
rior

con
d
ition

al
in
d
ep
en
d
en
ce

of
β
j
term

s
given

γ
,

in
w
h
ich

case
f
(β

(\γ
) |β

(γ
) ,γ

)
van

ish
es

from
(4.1).

T
h
is

is
a
restrictive

assu
m
p
tion

b
u
t

m
ay

b
e
realistic

w
h
en

p
riors

are
in
ten

d
ed

to
b
e
n
on
-in

form
ative,

p
articu

larly
if
th
e
colu

m
n
s

of
d
iff
eren

t
X

j
in

(3.2)
are

orth
ogon

al
to

each
oth

er.
T
h
en
,
each

p
rior

for
β
j |γ

con
sists

of

a
m
ix
tu
re

of
tw
o
d
en
sities.

T
h
e
fi
rst,

f
(β

j |γ
j
=

1,γ
\
j ),

is
th
e
tru

e
p
rior

for
th
e
p
aram

eter

w
h
ereas

th
e
secon

d
,
f
(β

j |γ
j
=

0,γ
\
j ),

is
a
p
seu

d
op
rior.

A
n
oth

er
w
ay

to
m
ake

(4.1)
u
sab

le

is
to

d
efi
n
e
p
riors

f
(β

(γ
) |β

(\γ
) ,γ

)
=
f
(β

(γ
) |γ

)
so

th
at

w
e
n
eed

to
calcu

late
th
e
tru

e
p
rior

con
d
ition

al
d
en
sity

as
f
(β

j |β
\
j ,γ

j
=

1,γ
\
j ).

T
h
is
ap
p
roach

is
sim

p
lifi

ed
if
w
e
assu

m
e
th
at

th
e
p
rior

for
β
j
d
ep
en
d
s
on
ly

on
γ
j
an
d
is

given
b
y

f
(β

j |γ
j )
=

γ
j N

(0
,Σ

j )
+
(1−

γ
j )N

(µ̄
j ,S

j ),
(4.4)

w
h
ere

µ̄
j
an
d

S
j
are

p
seu

d
op
rior

p
aram

eters
th
at

can
b
e
sp
ecifi

ed
carefu

lly
in

ord
er

to
ach

ieve

op
tim

al
con

vergen
ce

of
th
e
M
C
M
C
algorith

m
.
T
h
e
ab

ove
p
rior,

f
(β

j |γ
j ),

p
oten

tially
m
akes

th
e
m
eth

o
d
less

effi
cien

t
an
d
is

m
ost

ap
p
rop

riate
in

ex
am

p
les

w
h
ere

X
is

orth
ogon

al.
If

p
red

iction
,
rath

er
th
an

in
feren

ce
ab

ou
t
th
e
variab

les
th
em

selves,
is
of

p
rim

ary
in
terest,

th
en

X
m
ay

alw
ay
s
b
e
ch
osen

to
b
e
orth

ogon
al

(see
C
ly
d
e
et

a
l.
,
1996).

T
h
ere

is
a
sim

ilarity
b
etw

een
th
is
p
rior

an
d
th
e
p
rior

u
sed

in
S
S
V
S
.
H
ow

ever,
h
ere

th
e
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fu
ll
con

d
ition

al
p
osterior

d
istrib

u
tion

is
given

b
y

f
(β

j |β
\
j ,γ

,y
)∝ 

f
(y|β

,γ
)N

(0,Σ
j )

γ
j
=

1

N
(µ̄

j ,S
j )

γ
j
=

0

an
d
a
clear

d
iff
eren

ce
b
etw

een
th
is
an
d
S
S
V
S
is
th
at

th
e
p
seu

d
op
rior

f
(β

j |γ
j
=

0)
d
o
es

n
ot

aff
ect

th
e
p
osterior

d
istrib

u
tion

an
d
m
ay

b
e
ch
osen

as
a
‘lin

k
in
g
d
en
sity

’
to

in
crease

th
e

effi
cien

cy
of

th
e
sam

p
ler,

in
th
e
sam

e
w
ay

as
th
e
p
seu

d
op
riors

of
C
arlin

an
d
C
h
ib
’s
m
eth

o
d
.

P
ossib

le
ch
oices

of
µ̄
j
an
d

S
j
m
ay

b
e
ob
tain

ed
from

a
p
ilot

ru
n
of

th
e
fu
ll
m
o
d
el;

see,

for
ex
am

p
le,

D
ellap

ortas
an
d
F
orster

(1999).
F
or

m
ore

d
etails

on
selection

of
p
seu

d
op
rior

p
aram

eters
see

S
ection

4.5.1.

4
.1
.2

V
a
ria

b
le

S
e
le
ctio

n
U
sin

g
C
a
rlin

a
n
d

C
h
ib

S
a
m

p
le
r

H
ere

w
e
illu

strate
h
ow

C
arlin

an
d
C
h
ib

(1995)
sam

p
ler

can
b
e
sim

p
lifi

ed
for

variab
le
selection

p
rob

lem
s.

T
h
is

varian
t
w
ill

b
e
called

C
arlin

an
d
C
h
ib

variab
le

selection
m
eth

o
d
(C

C
V
S
).

W
e
su
b
stitu

te
th
e
m
o
d
el
in
d
icator

m
b
y
th
e
term

in
d
icator

vector
γ
an
d
th
erefore

for
m
o
d
el

γ
w
e
h
ave

to
con

sid
er

th
e
corresp

on
d
in
g
p
aram

eter
vector

β
(γ

) .
T
h
is
resu

lts
in

O
∗j
=

f
(γ

j
=

1|{β
γ

∗,γ
∗∈

M
},γ

\
j ,y

)

f
(γ

j
=

0|{β
γ

∗,γ
∗∈

M
},γ

\
j ,y

)
=

L
R
j ×

P
R
j ×

P
S
R
j ×

f
(γ

j
=

1,γ
\
j )

f
(γ

j
=

0,γ
\
j )

(4.5)

w
h
ere{β

γ
∗,γ

∗∈
M
}
d
en
otes

all
p
ossib

le
p
aram

eter
vectors,

L
R
j ,

P
R
j
an
d
P
S
R
j
are

th
e

likelih
o
o
d
ratio,

th
e
p
rior

an
d
p
seu

d
op
rior

d
en
sity

ratios
given

b
y

L
R
j

=
f
(y|β

(γ
j =

1
,γ

\
j ) ,γ

j
=

1,γ
\
j )

f
(y|β

(γ
j =

0
,γ

\
j ) ,γ

j
=

0,γ
\
j ) ,

P
R
j

=
f
(β

(γ
j =

1
,γ

\
j ) |γ

j
=

1,γ
\
j )

f
(β

(γ
j =

0
,γ

\
j ) |γ

j
=

0,γ
\
j ) ,

P
S
R
j

=
f
(β

(γ
j =

0
,γ

\
j ) |γ

j
=

1,γ
\
j )

f
(β

(γ
j =

1
,γ

\
j ) |γ

j
=

0,γ
\
j ) .

T
h
e
sam

p
lin

g
p
ro
ced

u
re

of
C
arlin

an
d
C
h
ib

variab
le

selection
sam

p
ler

can
b
e
su
m
m
arized

b
y

•
G
en
erate

β
(γ

)
from

th
e
corresp

on
d
in
g
con

d
ition

al
p
osterior

f
(β

(γ
) |γ

,y
).

•
F
or

all
j∈

V
rep

eat
th
e
step

s

90
I.N

tzou
fras:

A
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of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
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U
sin

g
M
C
M
C

–
G
en
erate

β
(1−

γ
j ,γ

\
j )
from

th
e
p
seu

d
op
rior

f (
β

(1−
γ

j ,γ
\
j ) |γ )

.

–
G
en
erate

γ
j
accord

in
g
to

(4.5).

T
h
e
ab

ove
m
o
d
ifi
cation

sim
p
lifi

es
th
e
C
arlin

an
d
C
h
ib

sam
p
ler

an
d
m
akes

it
effi

cien
t
for

variab
le

selection
p
rob

lem
s.

N
ow

w
e
d
o
n
ot

n
eed

to
gen

erate
2
p
vectors

from
p
seu

d
op
riors

b
u
t
on
ly

th
e
on
es

n
ecessary

for
th
e
calcu

lation
of

(4.5)
red

u
cin

g
th
e
n
u
m
b
er

of
p
seu

d
op
rior

gen
eration

s
to

p.
T
ab
le

4.1
gives

a
b
rief

com
p
arison

of
G
ib
b
s
m
eth

o
d
s.

A
n
oth

er
ap
p
roach

can
b
e
ad
op
ted

is
th
e
B
ed
rick

et
a
l.
(1996)

p
rior

setu
p
as

d
escrib

ed
in

S
ection

3.2.1.5.

4
.2

E
x
te

n
sio

n
s
o
f
F
a
st

V
a
ria

b
le

S
e
le
ctio

n
A
lg
o
rith

m
s

4
.2
.1

E
x
te

n
sio

n
to

E
rro

r
D
e
p
e
n
d
e
n
t
a
n
d

A
u
to

re
g
re

ssiv
e

M
o
d
e
ls

W
e
can

easily
ex
ten

d
fast

variab
le
selection

m
eth

o
d
ologies

(in
clu

d
in
g
M

C
3)

in
error

d
ep
en
-

d
en
t
m
o
d
els.

In
th
e
case

w
h
ere

th
e
m
o
d
el
likelih

o
o
d
can

b
e
w
ritten

as
y
∼

N
(η

,T
σ

2)
w
h
ere

T
d
en
otes

a
k
n
ow

n
covarian

ce
stru

ctu
re.

If
w
e
u
se

th
e
M
C

3
algorith

m
th
en

w
e
p
rop

ose

to
m
ove

from
m
o
d
el

γ
to

m
o
d
el

γ
′
th
at

d
iff
er

on
ly

in
j
term

w
ith

p
rob

ab
ility

j(γ
,γ

′)
an
d

accep
t
th
e
p
rop

osed
m
ove

w
ith

p
rob

ab
ility

eq
u
al

to

α
=

m
in (

1,
f
(1−

γ
j |T

,γ
\
j ,y

)j(γ
′,γ

)

f
(γ

j |T
,γ

\
j ,y

)j(γ
,γ

′)

)
.

A
ltern

atively,
a
G
ib
b
s
sam

p
ler

w
ith

p
rior

setu
p
given

b
y
n
orm

al
in
verse

gam
m
a
d
istri-

b
u
tion

(eq
u
ation

s
3.6

an
d
3.7)

w
ill

resu
lt
to

seq
u
en
tial

gen
eration

s
of

γ
j
from

th
e
B
ern

ou
lli

w
ith

su
ccess

p
rob

ab
ility

O
j /(1

+
O
j )

w
ith

O
j
given

b
y
(3.31)

b
u
t
th
e
p
osterior

covarian
ce

m
atrix

is
n
ow

given
b
y

Σ̃
(γ

)
= (X

T( γ
) T

−
1X

(γ
)
+

Σ
−

1
( γ

) )−
1

w
h
ile

th
e
p
osterior

resid
u
al

su
m

of
sq
u
ares

S
S
γ
are

su
b
stitu

ted
b
y

S
S
T
,γ
=

y
T
T

−
1y
+

µ
Tβ
(γ

) Σ
−

1
( γ

) µ
β
(γ

) − (
X

T( γ
) T

−
1y
+

Σ
−

1
( γ

) µ
β
(γ

) )
T

Σ̃
(γ

) (
X

T( γ
) T

−
1y
+

Σ
−

1
( γ

) µ
β
(γ

) )
.

(4.6)

If
w
e
u
se

th
e
p
rior

m
ean

µ
β
(γ

)
=

0
an
d
th
e
p
rior

covarian
ce

m
atrix

is
given

b
y

Σ
(γ

)
=

c
2 (X

T( γ
) T

−
1X

(γ
) )−

1
σ

2
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th
en

th
e
fu
ll
con

d
ition

al
p
osterior

o
d
d
s
of

j
term

,
O
j ,
are

sim
p
lifi

ed
to

O
j
=

f
(γ

j
=

1|T
,γ

\
j ,y

)

f
(γ

j
=

0|T
,γ

\
j ,y

)
=

(c
2
+
1) −

d
j /

2 
S
S
T
,γ

j =
1
,γ

\
j
+
2b

τ

S
S
T
,γ

j =
0
,γ

\
j
+
2b

τ 
−
n
/
2−

a
τ

f
(γ

j
=

1,γ
\
j )

f
(γ

j
=

0,γ
\
j ) ,

an
d
th
e
p
osterior

su
m

of
sq
u
ares

is
red

u
ced

to

S
S
T
,γ

=
y
T
T

−
1y−

c
2

c
2
+
1
y
T
T

−
1X

(γ
) (X

T( γ
) T

−
1X

(γ
) )−

1
X

T( γ
) T

−
1y

.

In
th
e
case

w
h
ere

T
is

u
n
k
n
ow

n
or

it
h
as

sp
ecial

stru
ctu

re,
th
e
m
o
d
el

m
igh

t
b
e
given

b
y

y
∼

N
(η

,T
)
an
d
u
sin

g
th
e
p
rior

β
(γ

) |T
∼

N (
0
,c

2 (X
T( γ

) T
−

1X
(γ

) )−
1 )
,
resu

lts
in

th
e

p
osterior

d
istrib

u
tionf

(T
,γ|y

)∝
|T| −

1
/
2ex

p (−
12
S
S
T
,γ )

f
(T|γ

)f
(γ

).

F
ast

variab
le

selection
m
eth

o
d
s
h
ave

b
een

also
d
evelop

ed
for

au
toregressive

m
o
d
els

b
y

T
rou

gh
ton

an
d
G
o
d
sill

(1998)
u
sin

g
reversib

le
ju
m
p
an
d
M

C
3
w
h
ile

B
arn

ett
et

a
l.
(1996)

u
sed

a
G
ib
b
s
sam

p
ler.

A
d
d
ition

ally,
S
m
ith

et
a
l.
(1998)

u
sed

sim
ilar

G
ib
b
s
b
ased

ap
p
roach

in
n
on
p
aram

etric
regression

w
ith

au
toregressive

errors.

4
.2
.2

F
a
st

V
a
ria

b
le

S
e
le
ctio

n
M

e
th

o
d
s
fo

r
P
ro

b
it

M
o
d
e
ls

H
ere

w
e
con

sid
er

th
e
p
rob

it
regression

m
o
d
el
for

categorical
ou
tcom

es
u
sin

g
con

tin
u
ou
s
laten

t

variab
les

as
d
efi
n
ed

b
y
A
lb
ert

an
d
C
h
ib

(1993).
F
or

d
ich

otom
ou
s
resp

on
ses

Y
i
w
e
d
efi
n
e
th
e

laten
t
valu

es
Z
i
th
at

satisfy
th
e
con

d
ition

Y
i
=

1
if
Z
i
>

0
an
d
Y
i
=

0
if
Z
i ≤

0
an
d
assu

m
e

th
at

Z
i
follow

a
d
istrib

u
tion

al
law

.
If
th
e
assu

m
ed

d
istrib

u
tion

is
n
orm

al
th
en

w
e
h
ave

th
e

p
rob

it
m
o
d
el

Z
∼

N
(η

,I
).

In
th
is
m
o
d
el
form

u
lation

w
e
can

ad
op
t
th
e
p
rior

d
istrib

u
tion

β
(γ

) |γ
∼

N (
0
,c

2 (X
T( γ

) X
(γ

) )−
1 )

w
h
ich

resu
lts

in

f
(Z

,γ|y
)∝

(c
2
+
1) −

d
(m

)/
2ex

p (−
12
S
S
Z
,γ )

f
(γ

)
n∏i=
1 E

i

w
ith

E
i
=

I
(Z

i
>

0)I
(Y

i
=

1)
+

I
(Z

i ≤
0)I

(Y
i
=

0)
an
d

S
S
Z
,γ

are
th
e
p
osterior

su
m

of

sq
u
ares

as
d
efi
n
ed

in
(3.34)

w
ith

resp
on
se

valu
es

given
b
y
th
e
laten

t
vector

Z
.
T
h
e
G
ib
b
s

sam
p
ler

can
b
e
con

stru
cted

b
y
tw
o
step

s

f
(Z|γ

,y
)
=

N
n 

0
, [I−

c
2

c
2
+
1
X

(γ
) (X

T( γ
) X

(γ
) )−

1
X

T( γ
) ]−

1 
n∏i=
1 E

i
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sin

g
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C
M
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f
(γ

j
=

1|γ
\
j ,Z

,y
)

f
(γ

j
=

0|γ
\
j ,Z

,y
)
=

(c
2
+
1) −

d
j /

2ex
p (−

12
[S
S
Z
,γ

j =
1
,γ

\
j −

S
S
Z
,γ

j =
0
,γ

\
j ] )

f
(γ

).

F
or

p
oly

ch
otom

ou
s
resp

on
ses

th
e
p
ro
ced

u
re

is
sim

ilar
b
u
t
th
e
lim

itsE
i
sh
ou
ld

b
e
ad
ju
sted

eq
u
ivalen

tly.
W
h
en

oth
er

d
istrib

u
tion

s,
su
ch

as
S
tu
d
en
t
are

p
referred

,
th
en

a
G
ib
b
s
variab

le

or
a
reversib

le
ju
m
p
setu

p
sh
ou
ld

b
e
ad
op
ted

.
S
im

ilar
ap
p
roach

es
can

b
e
ad
op
ted

if
w
e
w
an
t

to
in
corp

orate
d
istrib

u
tion

selection
or

oth
er

ch
aracteristics.

4
.3

C
o
n
n
e
ctio

n
s
B
e
tw

e
e
n

M
a
rk

o
v

C
h
a
in

M
o
n
te

C
a
rlo

M
o
d
e
l
S
e
le
ctio

n
M

e
th

o
d
s

S
p
ecial

cases
of

reversib
le

ju
m
p
sam

p
ler

are
d
escrib

ed
in

d
etail

h
ere.

T
h
e
gen

eral
sam

p
lin

g

sch
em

e
of

th
e
algorith

m
is
given

in
S
ection

3.3.1
in

w
h
ich

w
e
can

su
b
stitu

te
m

b
y

γ
w
h
en

w
e

are
in
terested

in
covariate

selection
on
ly.

M
etrop

olised
C
arlin

an
d
C
h
ib

m
eth

o
d
is
in
tro

d
u
ced

as
a
sp
ecial

case
of

reversib
le
ju
m
p
.
W
ork

on
th
e
relation

sh
ip
s
of

M
C
M
C
m
eth

o
d
s
w
as

also

rep
orted

b
y
G
o
d
sill

(1998).

4
.3
.1

R
e
v
e
rsib

le
J
u
m

p
a
n
d

‘M
e
tro

p
o
lise

d
’
C
a
rlin

a
n
d

C
h
ib

T
h
e
G
ib
b
s
sam

p
ler

p
rop

osed
b
y
C
arlin

an
d
C
h
ib

(1995)
req

u
ires

th
e
calcu

lation
of

all
A
m
in

th
e
d
en
om

in
ator

of
(3.21).

A
n
altern

ative
ap
p
roach

is
a
h
y
b
rid

G
ib
b
s/M

etrop
olis

strategy,

w
h
ere

th
e
‘m

o
d
el

selection
’
step

is
n
ot

b
ased

on
th
e
fu
ll
con

d
ition

al,
b
u
t
on

a
p
rop

osal
for

a
m
ove

to
m
o
d
el

m
′,
follow

ed
b
y
accep

tan
ce

or
rejection

of
th
is

p
rop

osal.
If

th
e
cu
rren

t

state
is
m
o
d
el

m
an
d
w
e
p
rop

ose
m
o
d
el

m
′
w
ith

p
rob

ab
ility

j(m
,m

′),
th
en

th
e
accep

tan
ce

p
rob

ab
ility

is
given

b
y

α
=

m
in (

1,
A
m

′j(m
′,m

)

A
m
j(m

,m
′) )

=
m
in (

1,
f
(y|β

(m
′) ,m

′)f
(β

(m
′) |m

′)f
(β

(m
) |m

′)f
(m

′)j(m
′,m

)

f
(y|β

(m
) ,m

)f
(β

(m
) |m

)f
(β

(m
′) |m

)f
(m

)j(m
,m

′) )
(4.7)

as
all

oth
er

p
seu

d
op
riors

can
cel.

N
ote

th
at

w
h
en

w
e
are

in
m
o
d
el

m
an
d
w
e
p
rop

ose
m
o
d
el

m
′,
w
e
req

u
ire

on
ly

valu
es

of
β

(m
)
an
d

β
(m

′)
to

calcu
late

α
in

(4.7).
F
u
rth

erm
ore,

w
e
are

assu
m
in
g
th
at

m
o
d
el

m
′
is

p
rop

osed
w
ith

p
rob

ab
ility

j(m
,m

′),
in
d
ep
en
d
en
tly

of
th
e
valu

es
of

an
y
m
o
d
el

p
aram

eters.
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T
h
erefore

if
w
e
reverse

th
e
ord

er
of

sam
p
lin

g
from

j(m
,m

′)
an
d
th
e
fu
ll
con

d
ition

al
d
istrib

u
-

tion
s
for

β
(m

k
)
in

(3.20),
th
ere

is
n
o
n
eed

to
sam

p
le

from
an
y
p
seu

d
op
riors

oth
er

th
an

th
at

for
m

′.
T
h
e
m
eth

o
d
n
ow

con
sists

of
th
e
follow

in
g
th
ree

step
s

•
P
rop

ose
a
n
ew

m
o
d
el

m
′
w
ith

p
rob

ab
ility

j(m
,m

′).

•
G
en
erate

β
(m

′)
from

th
e
p
seu

d
op
rior

f
(β

(m
′) |m

�=
m

′).

•
A
ccep

t
th
e
p
rop

osed
m
ove

to
m
o
d
el

m
′
w
ith

p
rob

ab
ility

α
given

b
y
(4.7).

It
is

straigh
tforw

ard
to

see
th
at

b
y
a
sim

p
le

m
o
d
ifi
cation

(‘M
etrop

olisin
g’

th
e
m
o
d
el

selection
step

),
C
arlin

an
d
C
h
ib
’s
m
eth

o
d
b
ecom

es
a
sp
ecial

case
of

reversib
le
ju
m
p
w
ith

(β
′(m

′) ,u
′ )
= (u

,β
(m

) )
,

u
′
=
{β

(m
l )
:
m

l �=
m

′},
u
=
{β

(m
l )
:
m

l �=
m},

w
h
ere{β

(m
l )
:
m

l �=
m}

are
th
e
p
aram

eter
vectors

β
(m

l )
for

all
m

l ∈
M
\{m},

w
h
ile

th
e

p
rop

osal
d
en
sities

are
rep

laced
b
y

q(u|β
(m

) ,m
,m

′)
=

∏
m

l ∈M
\{
m

′} {
f
(β

(m
l ) |m

′) }

an
d

q(u
′|β

′(m
′) ,m

′,m
)
=

∏
m

l ∈M
\{
m
} {

f
(β

(m
l ) |m

) }
.

W
e
sh
ou
ld

fu
rth

er
n
ote

th
at

th
e
ab

ove
con

stru
cted

reversib
le

ju
m
p

(an
d

th
e
eq
u
iv
-

alen
t
M
etrop

olised
C
arlin

an
d
C
h
ib
)
coin

cid
e
to

a
sim

p
ler

reversib
le

ju
m
p
sch

em
e
w
ith

(β
′(m

′) ,u
′ )

= (u
,β

(m
) ),

u
′
=

β
(m

) ,
u

=
β

′(m
′) ,

an
d
p
rop

osal
q(u|β

(m
) ,m

,m
′)
rep

laced
b
y

p
seu

d
op
rior

f
(β

(m
′) |m

�=
m

′).

4
.3
.2

U
sin

g
P
o
ste

rio
r
D
istrib

u
tio

n
s
a
s
P
ro

p
o
sa

ls

S
u
p
p
ose

th
at,

for
each

m
,
th
e
p
osterior

d
en
sity

f
(β

(m
) |m

,y
)
is

availab
le,

in
clu

d
in
g
th
e

n
orm

alisin
g
con

stan
t
w
h
ich

is
th
e
m
argin

al
likelih

o
o
d
f
(y|m

).
If
th
is
d
istrib

u
tion

is
u
sed

as

a
p
seu

d
op
rior

th
en

th
e
accep

tan
ce

p
rob

ab
ility

in
(4.7)

is
given

b
y

α
=

m
in (

1,
f
(y|β

′(m
′) ,m

′)f
(β

′(m
′) |m

′)f
(m

′)j(m
′,m

)f
(β

(m
) |m

,y
)

f
(y|β

(m
) ,m

)f
(β

(m
) |m

)f
(m

)j(m
,m

′)f
(β

′(m
′) |m

′,y
) )

=
m
in (

1,
f
(y|β

′(m
′) ,m

′)f
(β

′(m
′) |m

′)f
(m

′)j(m
′,m

)f
(β

(m
) ,m

,y
)/f

(m
,y

)

f
(y|β

(m
) ,m

)f
(β

(m
) |m

)f
(m

)j(m
,m

′)f
(β

′(m
′) ,m

′,y
)/f

(m
′,y

) )

=
m
in (

1,B
m

′m
f
(m

′)j(m
′,m

)

f
(m

)j(m
,m

′) )
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w
h
ere

B
m

′m
is

th
e
B
ayes

factor
of

m
o
d
el

m
′
again

st
m
o
d
el

m
.

In
p
ractice,

w
e
can

n
ot

u
su
ally

calcu
late

B
m

′m
.
In

th
e
sp
ecial

case
w
h
ere

m
o
d
els

are
d
ecom

p
osab

le
grap

h
ical

m
o
d
els,

M
ad
igan

an
d
Y
ork

(1995)
u
sed

ex
actly

th
is

ap
p
roach

,
w
h
ich

th
ey

called
M

C
3.

F
rom

th
e

ab
ove

it
is

clear
th
at

M
C

3
is

a
sp
ecial

case
of

b
oth

M
etrop

olised
C
arlin

an
d
C
h
ib

an
d

reversib
le

ju
m
p
algorith

m
s.

H
ere

th
ere

is
n
o
n
eed

to
gen

erate
th
e
m
o
d
el

p
aram

eters
β

(m
)

as
p
art

of
th
e
M
arkov

ch
ain

.
T
h
ese

can
b
e
gen

erated
sep

arately
from

th
e
k
n
ow

n
p
osterior

d
istrib

u
tion

s
f
(β

(m
) |m

,y
)
if
req

u
ired

.

4
.3
.3

R
e
v
e
rsib

le
J
u
m

p
fo

r
C
o
v
a
ria

te
S
e
le
ctio

n

W
h
en

m
o
d
el

selection
is

restricted
in

covariate
selection

an
d
th
e
regressors

are
n
ot

h
igh

ly

correlated
th
en

w
e
can

u
se

sim
p
le
reversib

le
ju
m
p
.
In

th
is
sim

p
le
version

of
reversib

le
ju
m
p

w
e
m
ay

su
b
stitu

te
th
e
m
o
d
el

in
d
icator

m
b
y
th
e
corresp

on
d
in
g
vector

of
b
in
ary

in
d
icators

γ
.
In

su
ch

case
th
e
p
rop

osal
j(m

,m
′)
is

su
b
stitu

ted
b
y
j(γ

,γ
′).

U
su
ally

th
e
strategy

to

m
ove

in
n
eigh

b
ou
rh
o
o
d
m
o
d
els

as
d
efi
n
ed

b
y
M
ad
igan

an
d
Y
ork

(1995)
an
d
w
as

also
u
sed

b
y
D
ellap

ortas
an
d
F
orster

(1999)
is

ad
op
ted

.
In

su
ch

case
j(γ

,γ
′)
can

b
e
su
b
stitu

ted
b
y

th
e
p
ro
d
u
ct

q
1 (γ

,j)×
q
2 (γ

j ,1−
γ
j ).

T
h
e
fi
rst

p
rop

osal
q
1
d
en
otes

th
e
p
rob

ab
ility

w
e
p
rop

ose

to
ch
an
ge

j
term

w
h
en

w
e
are

in
m
o
d
el

γ
w
h
ile

q
2
d
en
otes

th
e
p
rob

ab
ility

for
th
is
term

to

ch
an
ge

from
γ
j
to

1−
γ
j .

U
su
al

ch
oices

are
q
1 (γ

,j)
=

1/p
an
d
q
2 (γ

j ,1−
γ
j )

=
1.0,

th
at

is,

select
eq
u
al

p
rob

ab
ility

on
e
term

j
an
d
alw

ay
p
rop

ose
to

ch
an
ge

it;
for

fu
rth

er
d
etails

see

S
ection

4.5.1.2.

T
h
is
sim

p
lifi

ed
version

of
reversib

le
ju
m
p
is
su
m
m
arized

b
y
th
e
follow

in
g
step

s

•
G
en
erate

β
(γ

)
from

th
e
fu
ll
con

d
ition

al
p
osterior

d
istrib

u
tion

f
(β

(γ
) |γ

,y
).

•
S
elect

a
can

d
id
ate

term
j
to

ch
an
ge

w
ith

p
rob

ab
ility

1/p
an
d
p
rop

ose
to

ch
an
ge

from

γ
j
to

1−
γ
j
w
ith

p
rob

ab
ility

on
e.

•
If

γ
j
=

0
th
en

[a
]
G
en
erate

th
e
ad
d
ition

al
p
aram

eters
β

′j
from

th
e
p
rop

osal
d
en
sity

q
j (β

′j ),

[b
]
S
et

β
′(γ ′)

=
[β

(γ
) ,β

′j ]
an
d

[c]
A
ccep

t
th
e
p
rop

osed
m
ove

w
ith

p
rob

ab
ility

α
=

m
in (

1,
f
(y|γ

′,β
′( γ

′) )f
(β

′( γ
′) |γ

′)f
(γ

′)

f
(y|γ

,β
(γ

) )f
(β

(γ
) |γ

)f
(γ

)q
j (β

′j ) )
.

(4.8)
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•
If

γ
j
=

1
th
en

[a
]
S
et

β
′(γ ′)

eq
u
al

to
th
e
p
aram

eters
of

β
(γ

)
rem

ov
in
g
th
e
p
aram

eters
th
at

corresp
on
d

to
j
term

an
d

[b
]
A
ccep

t
th
e
p
rop

osed
m
ove

w
ith

p
rob

ab
ility

α
=

m
in (

1,
f
(y|γ

′,β
′( γ

′) )f
(β

′( γ
′) |γ

′)f
(γ

′)q
j (β

j )

f
(y|γ

,β
(γ

) )f
(β

(γ
) |γ

)f
(γ

)

)
.

(4.9)

If
a
d
iff
eren

t
p
rop

osal
sch

em
e
for

th
e
m
o
d
el
in
d
icators

is
d
esired

th
en

m
u
st

p
rop

ose
th
e
n
ew

m
o
d
el

w
ith

p
rob

ab
ility

to
m
ove

from
m
o
d
el

γ
to

γ
′
an
d
fu
rth

er
m
u
ltip

ly
th
e
accep

tan
ce

p
rob

ab
ilities

b
y
th
e
ratio

j(γ
′,γ

)/j(γ
,γ

′).

4
.3
.4

M
e
tro

p
o
lis

w
ith

in
G
ib

b
s
V
a
ria

b
le

S
e
le
ctio

n

G
ib
b
s
variab

le
selection

as
d
efi
n
ed

in
S
ection

4.1.1
can

b
e
su
b
stitu

ted
b
y
th
e
corresp

on
d
in
g

M
etrop

olis
w
ith

in
G
ib
b
s
step

.
A
ssu

m
in
g
th
at

γ
j
an
d

γ ′j
=

1−
γ
j
are

th
e
cu
rren

t
an

d

th
e
p
rop

osed
valu

es
of

th
e
in
d
icator

variab
le

corresp
on
d
in
g
to

β
j ,

resp
ectively,

th
en

th
e

M
etrop

olis
accep

tan
ce

p
rob

ab
ility

is
given

b
y

α
=

m
in (

1,
f
(y|β

,γ ′j ,γ
\
j )f

(β|γ ′j ,γ
\
j )f

(γ ′j ,γ
\
j )j(γ ′j ,γ

j )

f
(y|β

,γ
j ,γ

\
j )f

(β|γ
j ,γ

\
j )f

(γ
j ,γ

\
j )j(γ

j ,γ ′j ) )
(4.10)

w
h
ere

j(γ
j ,γ ′j )

an
d
j(γ ′j ,γ

j )
d
en
ote

th
e
p
rob

ab
ility

of
p
rop

osin
g
th
e
term

s
γ ′j

an
d
γ
j
resp

ec-

tively.

E
ach

of
th
e
ab

ove
M
etrop

olis
w
ith

in
G
ib
b
s
step

is
a
reversib

le
ju
m
p
step

.
S
u
p
p
ose

th
at

w
e
p
rop

ose
to

m
ove

to
‘n
eigh

b
ou
rh
o
o
d
’
m
o
d
els

(m
o
d
els

th
at

d
iff
er

in
on
e
term

)
an
d
th
at

th
e
cu
rren

t
m
o
d
el

m
corresp

on
d
s
to

an
in
d
icator

vector
γ
an
d
th
e
p
rop

osed
m
o
d
el

m
′
to

th
e

vector
γ
′
th
en

∃
j∈

V
:

γ ′j
=

1−
γ
j
an
d

γ ′l
=

γ
l ,
∀

l∈
V
\{j}.

F
rom

th
e
ab

ove
w
e
h
ave

th
at

f
(m

)
=

f
(γ

)
=

f
(γ

j ,γ
\
j ),

f
(m

′)
=

f
(γ

′)
=

f
(γ ′j ,γ

\
j ).

an
d

j(m
,m

′)
=

j(γ
,γ

′)
=

q
1 (j)q

2 (γ
j ,γ ′j )
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U
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M
C
M
C

w
h
ere

q
1 (j)

is
th
e
p
rob

ab
ility

to
p
rop

ose
j
term

to
ch
an
ge

an
d
q
2 (γ

j ,γ ′j )
is
th
e
p
rob

ab
ility

th
at

γ
j
w
ill

ch
an
ge

to
γ ′j .

W
e
w
ill

n
ow

sh
ow

th
at

th
e
accep

tan
ce

p
rob

ab
ility

given
in

(4.10)
is
a
sp
ecial

case
of

th
e

reversib
le

ju
m
p
w
ith

accep
tan

ce
p
rob

ab
ility

given
b
y
(3.19).

F
irst,

w
e
sp
lit

th
e
p
aram

eter

vector
β

in
to

vectors
β

(γ
)
an
d

β
(\γ

)
elem

en
ts

of
β

w
h
ich

are
in
clu

d
ed

or
n
ot

in
m
o
d
el

m

resp
ectively.

T
h
u
s,

β
(γ

)
con

tain
s
on
ly

th
e
elem

en
ts

β
j
w
ith

γ
j
=

1
w
h
ile

β
(\γ

)
con

tain
s

th
e
rem

ain
in
g
elem

en
ts

(w
ith

γ
j
=

0).
T
h
e
ab

ove
d
efi
n
ition

im
p
lies

th
at

β
(m

)
=

β
(γ

)
an
d

th
erefore

th
e
p
rior

d
istrib

u
tion

f
(β

(m
) |m

)
is
given

b
y
th
e
d
en
sity

f
(β

(γ
) |γ

).
U
sin

g
u
=

β
(\γ

)

an
d
as

p
rop

osal
th
e
p
seu

d
op
rior

f
(β

(\γ
) |β

(γ
) ,γ

)
resu

lts
in

f
(β

(m
) |m

)q(u|β
(m

) ,m
′,m

)
=

f
(β

(γ
) |γ

)f
(β

(\γ
) |β

(γ
) ,γ

)
=

f
(β|γ

)
=

f
(β|γ

j ,γ
\
j )

an
df
(β

′(m
′) |m

′)q(u
′|β

′(m
′) ,m

,m
′)
=

f
(β

(γ
′) |γ

′)f
(β

(\γ
′) |β

(γ
′) ,γ

′)
=

f
(β|γ

′)
=

f
(β|γ ′j ,γ

\
j ).

F
in
ally,

it
is
clear

th
at

for
th
e
likelih

o
o
d
term

s
in

(3.19)
w
e
h
ave

f
(y|β

(m
) ,m

)
=

f
(y|β

(γ
) ,γ

)
=

f
(y|β

,γ
j ,γ

\
j ),

f
(y|β

′(m
′) ,m

′)
=

f
(y|β

(γ ′) ,γ
′)
=

f
(y|β

,γ ′j ,γ
\
j ).

S
u
b
stitu

tin
g
th
e
ab

ove
eq
u
ation

s
in

(3.19)
th
e
accep

tan
ce

p
rob

ab
ility

is
eq
u
al

to
(4.10).

If

in
G
ib
b
s
variab

le
selection

w
e
u
se

p
riors

(4.4)
an
d
p
seu

d
op
riors

given
b
y

f
(β

j |γ
j ,γ

\
j )
=

f
(β

j |γ
j )

(4.11)

th
en

th
e
accep

tan
ce

p
rob

ab
ility

(4.10)
sim

p
lifi

es
to

reversib
le
ju
m
p
on
e
of

S
ection

4.3.3.
T
h
e

n
u
m
b
er

of
p
aram

eters
th
at

w
e
n
eed

to
gen

erate
d
rop

s
from

th
e
d
im

en
sion

of
th
e
fu
ll
m
o
d
el

m
o
d
el,

to
d
(γ

)
+
(1−

γ
j )d

j
w
h
ich

is
th
e
m
ax
im

u
m

n
u
m
b
er

of
p
aram

eters
b
etw

een
m
o
d
els

γ

an
d

γ
′.

T
h
e
ab

ove
M
etrop

olis
w
ith

in
G
ib
b
s
variab

le
selection

step
is
eq
u
ivalen

t
to

a
M
etrop

olised

G
ib
b
s
sam

p
ler

as
d
efi
n
ed

b
y
L
iu

(1996a,b
),

if
w
e
u
se

q
2 (γ

j ,1−
γ
j )

=
1.

T
h
is

version

of
M
etrop

olis
w
ith

in
G
ib
b
s
variab

le
selection

,
accord

in
g
to

L
iu

(1996a,b
),

is
op
tim

al
an
d

reach
es

con
vergen

ce
q
u
icker

th
an

an
y
oth

er
M
etrop

olis
or

G
ib
b
s
sam

p
ler.
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4
.4

C
o
m

p
a
riso

n
o
f
V
a
ria

b
le

S
e
le
ctio

n
M

e
th

o
d
s

E
x
p
ression

(4.3)
is
sim

ilar
to

ex
p
ression

s
(3.25)

an
d
(3.30)

in
oth

er
p
rop

osed
variab

le
selection

m
eth

o
d
s.

G
eorge

an
d
M
cC

u
llo

ch
(1993)

p
rop

ose
S
S
V
S
strategy

w
h
ich

assu
m
es

th
e
m
ax
im

al

m
o
d
el

th
rou

gh
ou

t,
b
u
t
con

strain
s

β
j
p
aram

eters
to

b
e
close

to
zero

w
h
en

γ
j
=

0.
In

th
is

situ
ation

,
f
(y|β

,γ
)
is
in
d
ep
en
d
en
t
of

γ
an
d
so

th
e
fi
rst

ratio
on

th
e
righ

t
h
an
d
sid

e
of

(4.3)

van
ish

es.
K
u
o
an
d
M
allick

(1998)
p
rop

ose
a
sim

ilar
ap
p
roach

to
th
e
ab

ove
b
u
t
u
se

a
p
rior

d
istrib

u
tion

for
(γ

,β
)
w
ith

β
in
d
ep
en
d
en
t
of

γ
.
T
h
en
,
th
e
secon

d
term

on
th
e
righ

t
h
an

d

sid
e
of

(4.3)
van

ish
es.

F
or

th
is

reason
,
G
ib
b
s
variab

le
selection

can
b
e
th
ou
gh

as
a
trad

e

off
b
etw

een
S
S
V
S
an
d
K
u
o
an
d
M
allick

sam
p
ler

sin
ce

th
e
variab

le
selection

step
d
ep
en
d
s
on

b
oth

likelih
o
o
d
an
d
on

p
rior

d
en
sities

ratios.
T
h
e
asso

ciation
b
etw

een
th
e
variab

le
selection

G
ib
b
s
sam

p
lers

are
su
m
m
arized

in
T
ab
le
4.1.

C
arlin

an
d
C
h
ib
’s

m
eth

o
d
in
volves

a
sin

gle
m
o
d
el

in
d
icator

p
aram

eter.
T
h
erefore,

at

each
iteration

of
th
e
G
ib
b
s
sam

p
ler

all
p
aram

eters
β

(m
)
of

all
m
o
d
els

m
∈
M

are
gen

er-

ated
from

eith
er

p
osterior

d
istrib

u
tion

or
p
seu

d
op
rior

an
d
th
e
m
o
d
el

selection
step

allow
s

a
sim

u
ltan

eou
s
ch
an
ge

of
all

γ
j s.

In
G
ib
b
s
variab

le
selection

,
an

ob
servation

of
γ
is
gen

er-

ated
follow

in
g
gen

eration
of

th
e
w
h
ole

p
aram

eter
vector

β
= [β

(γ
) ,β

(\γ
) ]

from
eith

er
th
e

p
osterior

d
istrib

u
tion

s
for

β
(γ

)
or

th
e
p
seu

d
op
rior

d
en
sities

for
β

(\γ
) .

T
h
is
p
ro
ced

u
re

w
ill

gen
erally

in
volve

gen
eratin

g
each

term
p
aram

eter
vector

β
j
from

p
con

d
ition

al
d
istrib

u
tion

s,

a
m
u
ch

sm
aller

b
u
rd
en

th
an

req
u
ired

for
C
arlin

an
d
C
h
ib
’s
m
eth

o
d
.
F
u
rth

erm
ore,

it
w
ou
ld

seem
to

b
e
m
ore

effi
cien

t
to

gen
erate

p
airs

of
(β

j ,γ
j )

su
ccessively,

p
ossib

ly
b
y
a
ran

d
om

scan
,
so

th
at

m
ore

lo
cal

m
oves

in
m
o
d
el
sp
ace

are
attem

p
ted

.

T
h
e
m
o
d
ifi
ed

version
of

C
arlin

an
d
C
h
ib

sam
p
ler

for
variab

le
selection

is
also

effi
cien

t
an
d

faster
th
an

th
e
origin

al
m
eth

o
d
.
T
h
e
m
a
jor

d
iff
eren

ce
b
etw

een
G
ib
b
s
variab

le
selection

an
d

th
is
m
o
d
ifi
ed

algorith
m

is
th
at

in
th
e
form

er
w
e
sp
ecify

p
seu

d
op
riors

on
ly

for
th
e
ad
d
ition

al

term
s
w
h
ile

in
th
e
latter

for
th
e
w
h
ole

p
aram

eter
vector

of
each

m
o
d
el.

A
lth

ou
gh

th
e
latter

is

a
d
raw

b
ack

in
term

s
of

com
p
u
tin

g
tim

e
it
gives

to
C
arlin

an
d
C
h
ib

ty
p
e
of

variab
le
selection

sam
p
ler

th
e
fl
ex
ib
ility

to
h
an
d
le
p
rob

lem
s
w
ith

h
igh

ly
correlated

regressors
w
h
ere

th
e
sim

p
ler

G
ib
b
s
variab

le
selection

d
em

on
strates

con
vergen

ce
d
iffi

cu
lties.

C
learly,

m
oves

b
etw

een
m
o
d
els

m
(γ

)
an
d
m

′
(γ

′)
m
ay

also
b
e
b
ased

on
a
M
etrop

olis

step
,
as

w
as

su
ggested

in
S
ection

4.3.1.
T
h
en

th
e
p
seu

d
op
riors

m
ay

b
e
th
ou
gh
t
of

as
p
art

of

98
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

th
e
p
rop

osal
d
en
sity

for
p
aram

eters
w
h
ich

are
p
resen

t
in

on
e
m
o
d
el
b
u
t
n
ot

in
th
e
oth

er.
T
h
is

h
igh

ligh
ts

a
d
raw

b
ack

of
th
e
variab

le
selection

ap
p
roach

es
d
iscu

ssed
in

th
is
section

,
n
am

ely

th
at

p
aram

eters
w
h
ich

are
‘com

m
on
’
to

b
oth

m
o
d
els

rem
ain

u
n
ch
an
ged

,
an
d
th
erefore

th
e

p
ro
ced

u
re

w
ill

n
ot

b
e
effi

cien
t
u
n
less

p
osterior

d
istrib

u
tion

s
of

su
ch

p
aram

eters
are

sim
ilar

u
n
d
er

b
oth

m
o
d
els.

N
ote

th
at

G
ib
b
s
variab

le
selection

corresp
on
d
s
to

th
e
sim

p
le
version

of

reversib
le

ju
m
p
for

variab
le

selection
w
h
ile

C
arlin

an
d
C
h
ib

ty
p
e
variab

le
selection

sam
p
ler

corresp
on
d
s
to

M
etrop

olised
version

of
C
arlin

an
d
C
h
ib

sam
p
ler.

O
j

M
eth

o
d

η
P
S
R
j

L
R
j

P
R
j

S
S
V
S

X
β

√

K
M

∑
γ
j X

j β
j

√

G
V
S

∑
γ
j X

j β
j

√
√

√

C
C
V
S

X
(γ

) β
(γ

)

√
√

√

T
ab
le

4.1:
C
om

p
on
en
ts

of
F
u
ll
C
on
d
ition

al
P
osterior

O
d
d
s
for

In
clu

sion
of

T
erm

j,
O
j ,
in

E
ach

V
ariab

le
S
election

A
lgorith

m
(P

S
R
=

P
seu

d
op
rior

R
atio,

L
R
=

L
ikelih

o
o
d
R
ation

,
P
R

=
P
rior

D
en
sity

R
atio).

4
.5

F
u
rth

e
r
C
o
n
sid

e
ra

tio
n
s

T
h
is
section

d
iscu

sses
asp

ects
of

sp
ecial

in
terest

in
volved

in
M
C
M
C
m
o
d
el
selection

m
eth

o
d
s

in
clu

d
in
g
p
rop

osed
strategies

for
sp
ecifi

cation
of

p
rop

osal
an
d
p
seu

d
op
rior

d
en
sities

an
d

p
aram

etrization
s
th
at

w
e
sh
ou
ld

u
se.

4
.5
.1

P
ro

p
o
sa

l
D
istrib

u
tio

n
s

A
cru

cial
asp

ect
in

M
C
M
C

for
m
ost

m
o
d
el

selection
m
eth

o
d
s
d
escrib

ed
in

th
is

th
esis

is

th
e
ch
oice

of
p
rop

osal
or

p
seu

d
op
rior

d
istrib

u
tion

s
w
h
ich

con
trol

th
e
con

vergen
ce

rates
of

th
e
resu

lted
ch
ain

s.
F
or

th
is

reason
,
w
e
p
rop

ose
sim

p
le

ru
les

for
th
e
selection

of
p
rop

osal

or
p
seu

d
op
rior

d
istrib

u
tion

s
for

gen
eralised

lin
ear

m
o
d
els.

T
w
o
su
b
section

s
are

p
resen

ted
;
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M
C
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M
o
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an
d
V
ariab

le
S
election

M
eth

o
d
s

99

th
e
fi
rst

su
ggests

p
rop

osal
d
istrib

u
tion

s
for

m
o
d
el

p
aram

eters,
w
h
ile

th
e
secon

d
for

m
o
d
el

in
d
icator

m
.

4
.5
.1
.1

P
ro

p
o
sa

l
D
istrib

u
tio

n
s
fo

r
M

o
d
e
l
P
a
ra

m
e
te

rs

T
h
e
sim

p
lest

w
ay

to
sp
ecify

of
p
rop

osal
or

p
seu

d
op
rior

d
istrib

u
tion

s
is
to

con
sid

er
in
d
ep
en
-

d
en
t
n
orm

al
d
istrib

u
tion

s
for

each
term

j
given

b
y

N
(µ̄

j ,S
j )

(4.12)

w
ith

m
ean

µ
j
an
d
covarian

ce
m
atrix

S
j
estim

ated
from

a
sm

all
p
ilot

ru
n
of

th
e
fu
ll
m
o
d
el.

In
m
ost

cases,
M
C
M
C

u
sin

g
th
ese

p
rop

osal
d
istrib

u
tion

s
p
erform

s
w
ell

b
u
t
m
ay

ex
h
ib
it

con
vergen

ce
d
iffi

cu
lties

in
cases

w
h
ere

h
igh

ly
correlated

regressors
are

con
sid

ered
.

A
secon

d
‘au

tom
atic’

sp
ecifi

cation
of

p
rop

osal
d
istrib

u
tion

s
is

to
con

sid
er

d
istrib

u
tion

s

of
ty
p
e

N
(0

d
j ,Σ

j /k
2j )

w
ith

covarian
ce

eq
u
al

to
th
e
p
rior

covarian
ce

m
atrix

d
iv
id
ed

b
y
th
e
p
seu

d
op
rior

p
aram

eter

k
2j
follow

in
g
th
e
n
otion

of
S
S
V
S
p
rior

setu
p
(3.23).

In
su
ch

case,
th
e
p
aram

eters
p
rop

osed

b
y
th
e
M
C
M
C

algorith
m

w
ill

b
e
w
ith

in
a
n
eigh

b
orh

o
o
d
of

zero.
T
h
e
p
aram

eter
k
j
is
n
ow

a
p
seu

d
op
rior

p
aram

eter
w
h
ich

con
trols

th
e
area

of
th
e
p
rop

osed
valu

es
an
d
large

valu
es

of

k
j
slow

d
ow

n
th
e
con

vergen
ce

of
th
e
ch
ain

.
T
h
e
ch
oice

of
k
j
=

10
ap
p
ears

a
go
o
d
d
efau

lt

ch
oice

for
th
e
p
seu

d
op
rior

sp
ecifi

cation
w
h
ich

p
erform

s
su
ffi
cien

tly
w
ell

in
m
ost

cases.
T
h
is

ap
p
roach

is
closely

related
to

th
e
au
tom

atic
ch
oices

p
rop

osed
b
y
G
iu
d
ici

an
d
R
ob

erts
(1998)

in
reversib

le
ju
m
p
sam

p
ler.

A
b
etter

p
rop

osal
can

b
e
b
ased

in
m
o
d
el

sp
ecifi

c
m
ax
im

u
m

likelih
o
o
d
estim

ates
an
d

th
erefore

for
th
e
n
orm

al
m
o
d
el
w
e
m
ay

u
se

q(β
′(m

′) |σ
2,β

(m
) ,m

′,m
)
=

N (
β̂

(m
) , (X

T(m
) X

(m
) )−

1
σ

2 )

w
h
ere

β̂
(m

)
are

th
e
m
ax
im

u
m

likelih
o
o
d
estim

ates
u
n
d
er

m
o
d
el

m
.
U
n
d
er

th
e
gen

eralised

lin
ear

m
o
d
el
sp
ecifi

cation
w
e
can

u
se

as
a
p
rop

osal

q(β
′(m

′) |β
(m

) ,m
′,m

)
=

N (
β̂

(m
) , (X

T(m
) Ĥ

(m
) X

(m
) )−

1 )
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tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

w
h
ere

Ĥ
(m

)
is
given

b
y
(3.12).

A
n
altern

ative
easy

-to-u
se

ch
oice

is
given

b
y

q(β
′(m

′) |β
(m

) ,m
′,m

)
=

N
(β̂

(m
) ,Σ

(m
) /k

2).

T
h
e
ab

ove
ch
oice

greatly
sim

p
lifi

es
th
e
com

p
u
tation

s
in

th
e
m
o
d
el
selection

step
an
d
p
rov

id
es

th
e
p
ossib

ility
to

con
trol

th
e
con

vergen
ce

of
th
e
ch
ain

v
ia

th
e
p
aram

eter
k

2.
T
h
ese

p
rop

osals

com
p
licate

th
e
m
o
d
el

selection
step

sin
ce,

in
each

iteration
,
w
e
n
eed

to
calcu

late
th
e
m
ax
-

im
u
m

likelih
o
o
d
estim

ates
for

each
p
rop

osed
m
o
d
el

b
u
t
it
h
igh

ly
in
creases

th
e
effi

cien
cy

of

th
e
M
C
M
C
algorith

m
.

In
th
e
case

of
sim

p
le

reversib
le

ju
m
p
w
e
m
ay

altern
atively

p
rop

ose
ad
d
ition

al
term

s
in

su
ch

a
w
ay

th
at

th
e
likelih

o
o
d
of

th
e
p
rop

osed
m
o
d
el

m
′
is
m
ax
im

ized
,
con

d
ition

ally
on

th
e

rest
m
o
d
el
p
aram

eters.
T
h
erefore

w
e
h
ave

q(β
j |β

(γ
j =

0
,γ

\
j ) ,γ

j
=

1,γ
j
=

0,γ
\
j )
=

N ((X
Tj
Ĥ

X
j )−

1
X

Tj
Ĥ

η
∗j , (X

Tj
Ĥ

X
j )−

1 )
,

w
h
ere

Ĥ
is
th
e
w
eigh

t
m
atrix

u
sed

in
ob
served

in
form

ation
m
atrix

of
th
e
‘satu

rated
’
m
o
d
el

an
d

η
∗j
is
a
vector

w
ith

elem
en
ts

given
b
y

{η
∗j }

i
=

g
(y

i )−
∑l∈V\{

j}
γ
l x

il β
l .

W
h
en

th
e
j
term

is
u
n
ivariate

th
en

th
e
ab

ove
p
rop

osal
is
sim

p
ly

given
b
y

q(β
j |β

(γ
j =

0
,γ

\
j ) ,γ

j
=

1,γ
j
=

0,γ
\
j )
=

N (∑
ni=

1
x
ij h

i {η
∗j }

i
∑

ni=
1
h
i x

2ij

,
1

∑
ni=

1
h
i x

2ij )
.

A
ltern

atively,
for

sim
p
licity,

w
e
m
ay

su
b
stitu

te
th
e
covarian

ce
m
atrix

b
y
Σ

j /k
2.

G
iu
d
ici

an
d
R
ob

erts
(1998)

d
evelop

ed
a
m
eth

o
d
for

au
tom

atic
ch
oice

of
scale

p
aram

eter

in
p
rop

osal
d
istrib

u
tion

s
u
sed

in
reversib

le
ju
m
p
for

n
ested

m
o
d
els.

T
h
is

scale
p
aram

eter

varies
in

each
iteration

accord
in
g
to

th
e
p
rop

osed
valu

es
an
d
m
ax
im

izes
th
e
accep

tan
ce

p
rob

ab
ility

w
h
en

th
e
p
rop

osed
p
aram

eters
are

con
sid

ered
eq
u
al

to
zero.

4
.5
.1
.2

P
ro

p
o
sa

l
D
istrib

u
tio

n
s
o
n

M
o
d
e
l
S
p
a
ce

T
h
e
m
ost

com
m
on

p
rop

osal
d
istrib

u
tion

u
sed

for
m
o
d
el
sp
ace

is
th
e
u
n
iform

d
istrib

u
tion

over

a
restrictive

set
of

m
o
d
els.

T
h
is
restrictive

set
of

m
o
d
els

w
as

origin
ally

called
b
y
M
ad
igan

an
d
Y
ork

(1995)
‘n
eigh

b
orh

o
o
d
of

m
o
d
el

m
’
in
clu

d
in
g
m
o
d
els

th
at

d
iff
er

b
y
on
e
variab

le.

D
ellap

ortas
an
d
F
orster

(1999)
also

u
sed

sim
ilar

restrictive
set

of
p
rop

osed
m
o
d
els.

T
h
is
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F
u
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M
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V
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S
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M
eth

o
d
s
101

k
in
d
of

p
rop

osal
d
istrib

u
tion

s
w
ill

b
e
called

‘lo
cal’

w
h
ile

p
rop

osals
th
at

con
sid

er
all

p
ossib

le

m
o
d
els

w
ill

b
e
called

‘glob
al’.

G
lob

al
m
o
d
el

p
rop

osals
resu

lt
in

low
accep

tan
ce

rates
an
d
th
erefore

lo
cal

p
rop

osals
are

p
referred

esp
ecially

th
ere

is
som

e
n
atu

ral
stru

ctu
re

in
th
e
m
o
d
el

sp
ace,

for
ex
am

p
le

n
ested

m
o
d
els.

G
en
erally,

reversib
le
ju
m
p
ch
ain

s
w
ith

lo
cal

p
rop

osals
p
erform

w
ell

b
u
t
m
ay

ex
h
ib
it

d
iffi

cu
lties

in
som

e
ill-p

osed
p
rob

lem
s
for

ex
am

p
le

w
h
en

h
igh

ly
correlated

regressors
are

in
clu

d
ed

in
on
e
m
o
d
el.

In
su
ch

cases
u
sin

g
a
com

b
in
ation

of
lo
cal

an
d
glob

al
p
rop

osals
m
ay

b
e
an

op
tim

al
ch
oice.

T
h
e
ch
oice

of
th
e
valu

e
of

th
e
p
rob

ab
ility

j(m
,m

)
is

of
cru

cial
in
terest.

L
iu

(1996a,b
)

su
ggested

an
im

p
roved

M
etrop

olis
sam

p
ler

for
d
iscrete

ran
d
om

variab
les

w
h
ich

com
b
in
es

th
e

ad
van

tages
of

G
ib
b
s
an
d
M
etrop

olis
algorith

m
s.

A
ccord

in
g
to

h
is
w
ork

it
is
m
ore

effi
cien

t

to
u
se

a
M
etrop

olis
sam

p
ler

in
w
h
ich

w
e
p
rop

ose
th
e
sam

e
valu

e
w
ith

p
rob

ab
ility

zero
an
d

an
d
th
e
rest

of
th
e
ou
tcom

es
w
ith

p
rob

ab
ility

eq
u
al

to
th
e
fu
ll
con

d
ition

al
p
osterior

given

th
at

th
e
p
rob

ab
ility

p
rop

ose
th
e
sam

e
valu

e
is
con

strain
t
to

zero.

W
e
p
rop

ose
to

u
se

h
is

argu
m
en
ts

in
th
e
variab

le
selection

sam
p
lers

u
sed

in
th
is

th
esis.

In
th
e
variab

le
selection

sam
p
lers

w
e
m
ay

ad
op
t
th
e
follow

in
g
tw
o
sam

p
lin

g
step

s

1.
R
an

dom
scan

G
ibbs

variable
selection

:
P
ick

a
laten

t
term

in
d
icator

γ
j
at

ran
d
om

an
d

u
p
d
ate

it
from

f
(γ

j |β
,γ

\
j ,y

).

2.
S
im

ple
R
eversible

J
u
m

p
for

variable
selection

:
P
rop

ose
to

m
ove

to
a
n
ew

m
o
d
el

γ
′∈

n
b(γ

)
(or

m
′∈

n
b(m

))
w
h
ich

is
eq
u
ivalen

t
to

p
ick

an
in
d
icator

term
γ
j
an
d
p
rop

ose

to
ch
an
ge

it
to

1−
γ
j .

T
h
erefore

vector
γ
′
d
iff
ers

from
cu
rren

t
γ

on
ly

in
th
e
jth

co
ord

in
ate.

A
ccep

t
th
e
m
ove

w
ith

p
rob

ab
ility

given
b
y
(4.8)

or
(4.9).

If
w
e
ad
op
t
th
e
id
eas

of
L
iu

(1996a,b
)
th
en

a
M
etrop

olis
algorith

m
alw

ay
s
p
rop

osin
g
to

ch
an
ge

γ
j
to

1−
γ
j
is
b
etter

th
an

th
e
corresp

on
d
in
g
G
ib
b
s
algorith

m
.
F
u
rth

erm
ore,

w
e
argu

e
th
at

p
ractical

w
ork

in
gen

eralised
lin

ear
m
o
d
els

h
as

in
d
icated

th
at

th
e
ch
oice

of
j(m

,m
)
=

0
is

m
ore

effi
cien

t
th
an

j(m
,m

)
>

0.

F
or

th
is
reason

,
reversib

le
ju
m
p
w
ith

in
G
ib
b
s
variab

le
selection

w
ith

q
2 (γ

j ,1−
γ
j )

=
1

sh
ou
ld

b
e
p
referred

.
S
im

ilar
argu

m
en
ts

can
b
e
u
sed

for
th
e
varian

ts
of

C
arlin

an
d
C
h
ib

sam
p
ler

in
tro

d
u
ced

in
th
is
th
esis

(M
etrop

olised
an
d
variab

le
selection

version
s).

G
en
erally,

102
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

th
e
ch
oice

of
j(m

,m
)
=

0
sh
ou
ld

b
e
p
referred

.
W
ith

sim
ilar

argu
m
en
ts
w
e
can

u
se

M
etrop

olis

step
s
for

u
p
d
atin

g
each

γ
j
in

S
m
ith

an
d
K
oh
n
(1996)

resu
ltin

g
to

an
op
tim

al
M
C
M
C
strategy.

U
n
d
er

th
is
ch
oice

th
e
ab

ove
p
rop

osal
sligh

tly
ch
an
ges

to

j(m
′,m

)
=

1/|n
b(m

′)|

w
h
ere

n
b(m

)
is
th
e
set

of
m
o
d
els

th
at

d
iff
er

from
m

in
on
e
term

.

A
go
o
d
ch
oice

for
m
o
d
el

p
rop

osals
m
ay

b
e
ob
tain

ed
b
y
u
sin

g
eith

er
L
ap
lace

or
B
IC

ap
p
rox

im
ation

.
F
or

ex
am

p
le
w
e
m
ay

u
se

th
e
p
rop

osal

j(m
′,m

)
=

(2π
)

d
(m

)
2
|X

T(m
) Ĥ

(m
) X

(m
) |

12f
(y|β̂

(m
) ,m

)f
(β̂

(m
) |m

)
∑

m
l ∈
n
b(m

′)
(2π

)
d
(m

l )

2
|X

T(m
l ) Ĥ

(m
l ) X

(m
l ) |

12f
(y|β̂

(m
l ) ,m

)f
(β̂

(m
l ) |m

)

b
ased

on
th
e
L
ap
lace

ap
p
rox

im
ation

or

j(m
′,m

)
=

n
−
d
(m

)/
2[f

(y|β̂
(m

) ,m
)]

∑
m

l ∈
n
b(m

′)
n
−
d
(m

l )/
2[f

(y|β̂
(m

l ) ,m
l )]

b
ased

on
B
IC

ap
p
rox

im
ation

.
T
h
e
latter

m
u
st

b
e
h
an
d
led

w
ith

care
sin

ce
in

som
e
cases

m
ay

n
ot

give
accu

rate
ap
p
rox

im
ation

s.

S
im

ilarly
in

‘glob
al’

m
oves

w
e
m
ay

u
se

an
y
of

th
e
ab

ove
ap
p
rox

im
ation

s.
In

cases
w
h
ere

th
e
n
u
m
b
er

of
m
o
d
els

is
h
u
ge

w
e
m
ay

u
se

an
M

C
3
ty
p
e
algorith

m
b
ased

on
B
I
C

or
L
ap
lace

ap
p
rox

im
ation

s
to

get
rou

gh
estim

ates
of

p
osterior

w
eigh

ts.
T
h
is
m
ay

in
crease

th
e
com

p
u
-

tation
eff
ort

b
u
t
im

p
rove

th
e
effi

cien
cy

of
th
e
reversib

le
ju
m
p
.

4
.5
.2

P
a
ra

m
e
triza

tio
n
s
a
n
d

D
a
ta

T
ra

n
sfo

rm
a
tio

n
s

It
is
clear

th
at

w
h
en

th
e
d
ata

m
atrix

X
(m

)
is
orth

ogon
al

m
o
d
el

selection
b
ecom

es
straigh

t-

forw
ard

;
see

for
im

p
lem

en
tation

F
oster

an
d
G
eorge

(1994),
C
ly
d
e
et

a
l.
(1996)

an
d
C
ly
d
e

(1999).
T
h
erefore,

if
ou
r
m
ain

in
terest

is
p
red

iction
rath

er
th
an

in
terp

retation
of

casu
al

rela-

tion
sh
ip
s,
th
en

orth
ogon

alizin
g
is
th
e
id
eal

solu
tion

to
ou
r
p
rob

lem
s.

P
aram

eters
h
ave

sim
ilar

in
terp

retation
across

all
m
o
d
els

an
d
sim

p
le

m
eth

o
d
s
w
ith

straigh
tforw

ard
p
rop

osals
can

b
e

u
sed

w
ith

ou
t
an
y
d
iffi

cu
lty

;
see

C
ly
d
e
et

a
l.
(1996)

an
d
C
ly
d
e
(1999).

O
n
th
e
oth

er
h
an
d
,

M
C

3
an
d
S
m
ith

an
d
K
oh
n
(1996)

sam
p
lers

for
n
orm

al
m
o
d
els

can
h
an
d
le

n
on
-orth

ogon
al

d
ata

an
d
p
rov

id
e
accu

rate
resu

lts
very

fast.
T
h
erefore,

for
n
orm

al
m
o
d
els

th
ere

is
n
o
n
eed

for
orth

ogon
alizin

g.
In

gen
eralised

lin
ear

m
o
d
els

th
e
p
rob

lem
is
m
ore

com
p
licated

.
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S
in
ce

orth
ogon

alizin
g
sim

p
lifi

es
m
o
d
el

selection
p
ro
ced

u
res,

w
e
sh
all

ad
op
t
orth

ogon
al

con
strain

ts
w
h
en

categorical
factors

are
con

sid
ered

as
p
ossib

le
regressors.

S
u
ch

an
ap
p
roach

w
as

u
sed

b
y
D
ellap

ortas
an
d
F
orster

(1999)
for

log-lin
ear

m
o
d
el
selection

.

A
n
oth

er
cru

cial
q
u
estion

is
w
h
eth

er
w
e
sh
ou
ld

stan
d
ard

ise
all

variab
les.

T
h
is
w
ill

resu
lt

in
a
n
ew

tran
sform

ed
m
o
d
el.

M
oreover,

u
sin

g
p
riors

on
th
e
tran

sform
ed

m
o
d
el

is
straigh

t-

forw
ard

sin
ce

each
m
o
d
el

co
effi

cien
t
h
as

sim
ilar

in
terp

retation
(th

at
is,

as
X

j
in
creases

b
y

on
e
stan

d
ard

d
ev
iation

,
s
j ,
Y

w
ill

in
crease

b
y
β
j
tim

es
s
y ;
w
h
ere

s
y
is
th
e
stan

d
ard

d
ev
iation

of
Y
).

T
h
is
ap
p
roach

w
as

ad
op
ted

b
y
R
aftery

et
a
l.
(1997).

A
lth

ou
gh
,
stan

d
ard

izin
g
m
ay

solve
som

e
p
rior

sp
ecifi

cation
p
rob

lem
s,

it
d
o
es

n
ot

solve
all

p
rob

lem
s
ap
p
earin

g
in

m
o
d
el

selection
sin

ce
p
ossib

le
correlation

s
b
etw

een
m
o
d
el
p
aram

eters
are

n
ot

elim
in
ated

.

4
.6

Im
p
le
m

e
n
ta

tio
n

o
f
M

C
M

C
V
a
ria

b
le

S
e
le
ctio

n
A
l-

g
o
rith

m
s
in

G
e
n
e
ra

lise
d

L
in

e
a
r
M

o
d
e
ls

A
very

p
op
u
lar

m
o
d
el
form

u
lation

is
given

b
y
th
e
gen

eralised
lin

ear
m
o
d
els.

F
or

th
is
reason

,
a

lot
of

w
ork

h
ave

b
een

p
u
b
lish

ed
on

B
ayesian

m
o
d
el
selection

for
m
em

b
ers

of
th
e
gen

eralised

lin
ear

m
o
d
els

in
clu

d
in
g
L
in
d
ley

(1968),
A
tk
in
son

(1978),
S
m
ith

an
d
S
p
iegelh

alter
(1980),

S
p
iegelh

alter
an
d
S
m
ith

(1982),
M
itch

ell
an
d
B
eau

ch
am

p
(1988),

A
lb
ert

(1991,
1996)

an
d

R
aftery

(1996a).
M
C
M
C

sam
p
lers

w
ere

d
evelop

ed
for

gen
eralised

lin
ear

m
o
d
els

after
th
e

early
n
in
eties

an
d
in
clu

d
e
G
eorge

an
d
M
cC

u
llo

ch
(1993,

1996,
1997),

G
eorge

et
a
l.
(1996),

C
arlin

an
d
C
h
ib

(1995),
G
reen

(1995),
H
o
etin

g
et

a
l.
(1995,

1996),
S
m
ith

an
d
K
oh
n
(1996),

C
ly
d
e
et

a
l.
(1996),

G
ew

eke
(1996),

C
h
ip
m
an

(1996,
1997),

C
h
ip
m
an

et
a
l.
(1997),

R
aftery

et
a
l.
(1997),

C
ly
d
e
an
d
D
eS
im

on
e-S

asin
ow

ska
(1997),

C
ly
d
e
(1999),

T
rou

gh
ton

an
d
G
o
d
sill

(1997),
A
lb
ert

an
d
C
h
ib

(1997),
K
u
o
an
d
M
allick

(1998),
P
etris

an
d
T
ard

ella
(1998)

an
d

D
ellap

ortas
an
d
F
orster

(1999).

T
h
e
aim

of
th
is

section
is

to
form

u
late

a
gen

eral
fram

e
u
n
d
er

w
h
ich

all
M
C
M
C

m
eth

-

o
d
s
can

b
e
su
m
m
arized

.
U
n
d
er

th
is
fram

ew
ork

w
e
can

easily
u
n
d
erstan

d
th
e
p
ecu

liarities,

u
sefu

ln
ess

an
d
th
e
w
ork

in
g
m
ech

an
ism

of
each

algorith
m
.

T
h
e
gen

eral
form

of
th
e
likelih

o
o
d
of

a
gen

eralised
lin

ear
m
o
d
el
is
given

b
y

f
(y|β

(γ
) ,φ

,γ
)
=

ex
p {

n
∑i=

1

y
i g ∗

(η
i )−

b{
g ∗

(η
i )}

a
i (φ

)
+

n
∑i=

1

c(y
i ,a

i (φ
)) }

(4.13)
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g
M
C
M
C

w
h
ere

η
i
is
th
e
lin

ear
p
red

ictor
for

i
ob
servation

an
d
is
given

b
y
d
iff
eren

t
eq
u
ation

d
ep
en
d
in
g

th
e
m
eth

o
d
u
sed

,
g ∗(x

)
is

fu
n
ction

con
n
ectin

g
th
e
p
aram

eter
ϑ
i
of

th
e
ex
p
on
en
tial

fam
ily

an
d
th
e
lin

ear
p
red

ictor
an
d
is
given

b
y
ϑ
i
=

ϑ
(µ

i )
=

ϑ
(g −

1(η
i ))

[h
en
ce

g ∗(x
)
=

ϑ
(g −

1(x
))

]
an
d
g
(x
)
is
th
e
lin

k
fu
n
ction

con
n
ectin

g
th
e
ex
p
ected

valu
e
of

y
i
w
ith

th
e
lin

ear
p
red

ictor

η
i .
F
or

th
e
G
ib
b
s
variab

le
selection

η
= ∑j∈V

γ
j X

j β
j

(4.14)

w
h
ich

is
eq
u
ivalen

t
to

η
=

X
(γ

) β
(γ

)
(4.15)

w
h
ere

X
(γ

)
an
d

β
(γ

)
d
en
ote

th
e
d
esign

or
d
ata

m
atrix

an
d
th
e
vector

of
co
effi

cien
ts

con
-

stru
cted

from
all

term
s
in
clu

d
ed

in
th
e
m
o
d
el.

T
h
e
ab

ove
lin

ear
p
red

ictor
is

also
u
sed

in

C
arlin

an
d
C
h
ib

ty
p
e
of

sam
p
lers

b
u
t
each

β
(γ

)
takes

d
iff
eren

t
valu

es.
In

S
S
V
S
th
e
m
o
d
el

in
d
icator

γ
is
n
ot

in
volved

in
th
e
lin

ear
p
red

ictor
(or

gen
erally

in
th
e
likelih

o
o
d
)
an
d
th
erefore

η
=

X
β

(4.16)

for
all

m
o
d
els.

T
h
e
in
clu

sion
of

th
e
variab

les
is
greatly

con
trolled

v
ia

th
e
p
rior

d
istrib

u
tion

u
sed

.T
o
com

p
lete

th
e
B
ayesian

form
u
lation

of
gen

eralised
lin

ear
m
o
d
els

w
e
u
se

p
rior

d
istrib

u
-

tion
s
d
iscu

ssed
in

S
ection

3.2.
A
lth

ou
gh

w
e
m
ay

p
refer

to
ad
op
t
in
d
ep
en
d
en
t
p
rior

d
istrib

u
-

tion
s
for

th
eir

sim
p
licity

an
d
straigh

tforw
ard

in
terp

retation
,
w
e
gen

erally
sh
ou
ld

avoid
th
em

sin
ce

th
ey

aff
ect

th
e
p
osterior

m
o
d
el
p
rob

ab
ilities;

see
C
h
ap
ter

6.

G
en
erally

th
e
p
ro
ced

u
re

of
M
C
M
C
m
eth

o
d
s
can

b
e
su
m
m
arized

in
th
e
follow

in
g
step

s:

1.
G
en
erate

β
(γ

)
from

f
(β

(γ
) |φ

,γ
,y

)∝

ex
p 

n
∑i=

1

y
i g ∗ ([X

(γ
) β

(γ
) ]i )−

b {
g ∗ ([X

(γ
) β

(γ
) ]i )}

a
i (φ)

−
12 (

β
(γ

) −
µ

β
(
γ
) )

T

Σ
−

1
(γ

) (
β

(γ
) −

µ
β
(
γ
) ) 

w
h
ere

[X
(γ

) β
(γ

) ]i
is
th
e
lin

ear
p
red

ictor
for

i
ob
servation

an
d
is
su
b
stitu

ted
b
y
[X

β
]i

is
S
S
V
S
.
T
h
e
ab

ove
d
istrib

u
tion

is
n
ot,

in
m
ost

cases,
of

k
n
ow

n
form

b
u
t
sam

p
les

can

b
e
gen

erated
u
sin

g
G
ilk

s
an
d
W
ild

(1992)
algorith

m
as

d
escrib

ed
b
y
D
ellap

ortas
an
d

S
m
ith

(1993).
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2.
In

m
ost

cases
φ
are

k
n
ow

n
.
In

th
e
case

th
at

φ
is
an

u
n
k
n
ow

n
to

b
e
estim

ated
p
aram

eter

th
en

w
e
gen

erate
it
from

th
e
fu
ll
con

d
ition

al
p
osterior

d
istrib

u
tion

f
(φ|β

(γ
) ,γ

,y
)∝

ex
p {

n
∑i=

1

y
i g ∗

(η
i )−

b{g ∗
(η

i )}
a
i (φ

)
+

n
∑i=

1

c(y
i ,a

i (φ
)) }

f
(φ
).

3.
G
en
erate

all
p
seu

d
o-p

aram
eters

from
th
e
p
seu

d
op
riors

or
p
rop

osal
d
istrib

u
tion

s.

4.
G
en
erate

th
e
variab

le
in
d
icators

γ
j
accord

in
g
to

on
e
of

th
e
follow

in
g
p
ro
ced

u
res:

(a)
F
or

all
j
=

1,...,p
p
rop

ose
a
ch
an
ge

from
γ
j
to

1−
γ
j
w
ith

p
rob

ab
ility

q
2 (γ

j ,1−
γ
j )

an
d
accep

t
th
e
p
rop

osed
m
ove

w
ith

p
rob

ab
ility

α
=

m
in (

1,
q
2 (1−

γ
j ,γ

j )

q
2 (γ

j ,1−
γ
j ) O

1−
2
γ

j

j

)
.

(b
)
R
an
d
om

ly
select

a
n
ew

p
rop

osed
m
o
d
el

γ
′∈

n
b(γ

)
w
ith

p
rob

ab
ility

j(γ
,γ

′).

In
m
ost

cases
th
is

is
eq
u
ivalen

t
to

select
a
term

j
w
ith

p
rob

ab
ility

q
1 (γ

,j)
an
d

p
rop

ose
a
ch
an
ge

from
γ
j
to

1−
γ
j
w
ith

p
rob

ab
ility

q
2 (γ

j ,1−
γ
j ).

T
h
e
accep

tan
ce

p
rob

ab
ility

is
n
ow

given
b
y
j(γ

,γ
′)
=

q
1 (γ

,j)q
2 (γ

j ,1−
γ
j )

w
h
ere

j
is
th
e
term

in

w
h
ich

γ
an
d

γ
′
d
iff
er.

T
h
en

accep
t
th
e
p
rop

osed
m
ove

w
ith

p
rob

ab
ility

α
=

m
in (

1,
j(γ

′,γ
)

j(γ
,γ

′) O
1−

2
γ

j

j

)
.

T
h
e
q
u
an
tity

O
j
u
sed

ab
ove

is
th
e
fu
ll
con

d
ition

al
p
osterior

o
d
d
s
to

in
clu

d
e
j
term

in
th
e

m
o
d
el
given

b
y
th
e
ratio

O
j
=

f
(γ

j
=

1|β
(γ

) ,γ
\
j ,y

)

f
(γ

j
=

0|β
(γ

) ,γ
\
j ,y

)

an
d
can

b
e
an
aly

sed
as

a
p
ro
d
u
ct

of
a
likelih

o
o
d
ratio

(L
R
j ),

a
p
rior

d
en
sity

ratio
(P

R
j ),

a

p
seu

d
op
rior

(or
p
rop

osal)
d
en
sity

ratio
(P

S
R
j )

an
d
th
e
p
rior

m
o
d
el

o
d
d
s
f
(γ

j
=

1,γ
\
j )

/

f
(γ

j
=

0,γ
\
j ).

F
or

m
ore

d
etails

see
S
ection

4.4
an
d
th
e
S
ection

s
d
escrib

in
g
th
e
corresp

on
d
in
g

m
o
d
el
an
d
variab

le
selection

sam
p
lers.
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4
.6
.1

N
o
rm

a
l
L
in

e
a
r
M

o
d
e
ls

N
orm

al
lin

ear
m
o
d
els

are
th
e
sim

p
lest

an
d
m
ost

freq
u
en
tly

ty
p
e
of

gen
eralised

lin
ear

m
o
d
els.

T
h
e
m
o
d
el
form

u
lation

is
given

is
given

b
y

Y
∼

N (η
,I

n σ
2 )

.

In
n
orm

alm
o
d
els

u
su
ally

w
e
assu

m
e
com

m
on

an
d
u
n
k
n
ow

n
scale

p
aram

eter
su
ch

th
at

a
i (φ

)
=

σ
2.

T
w
o
ty
p
e
of

p
rior

setu
p
m
ay

b
e
u
sed

.
T
h
e
fi
rst

is
th
e
con

ju
gate

n
orm

al
in
verse

gam
m
a

d
istrib

u
tion

given
b
y
(3.6)

an
d
(3.7).

W
h
en

w
e
ad
op
t
th
is

p
rior

set
u
p
th
en

fast
variab

le

selection
m
eth

o
d
s
d
escrib

ed
in

S
ection

3.5
sh
ou
ld

b
e
ad
op
ted

.
T
h
e
S
m
ith

an
d
K
oh
n
(1996)

ty
p
e
of

p
rior

is
p
rop

osed
.

In
sp
ecial

cases
of

orth
ogon

al
d
esign

m
atrices

(e.g.
an
aly

sis

of
varian

ce
m
o
d
els

w
ith

su
m

to
zero

con
strain

ts)
th
en

th
e
sam

p
lers

p
rop

osed
b
y
C
ly
d
e

et
a
l.
(1996)

an
d
or

th
e
ex
ten

sion
p
rop

osed
in

S
ection

3.5.1
m
ay

b
e
u
sed

.
In

th
e
secon

d

case
th
e
u
su
al

in
verse

gam
m
a
p
rior

on
resid

u
al

varian
ce

(or
gam

m
a
on

resid
u
al

p
recision

;

see
eq
u
ation

3.6)
can

b
e
u
sed

b
u
t
th
e
m
o
d
el
p
aram

eters
d
o
n
ot

d
ep
en
d
on

σ
2.

In
th
ese

cases

reversib
le
ju
m
p
or

m
ore

com
p
licated

G
ib
b
s
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p
ler

sh
ou
ld

b
e
ad
op
ted

.

P
rov

id
ed

th
at

w
e
u
se

th
e
p
rior

d
istrib

u
tion

(3.3)
for

m
o
d
el

co
effi

cien
ts

an
d
in
d
ep
en
d
en
t

p
rop

osal
d
en
sities

of
ty
p
e
(4.12),

th
e
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p
lin

g
p
ro
ced

u
re

for
th
e
m
o
d
el

p
aram

eters
in

all

M
C
M
C
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le
selection

algorith
m
s
(ex

cep
t
S
S
V
S
)
are

as
follow

in
g

1.
G
en
erate

β
(γ

)
from

th
e

β
(γ

) |σ
2,γ

,y
∼

N (β̃
(γ

) ,Σ̃
(γ

) )
w
ith

m
ean

β̃
(γ

)
=

Σ̃
(γ

) (
σ
−

2X
T(γ

) y
+

Σ
−

1
(γ

) µ
β
(γ

) )

an
d
covarian

ce
m
atrix

Σ̃
(γ

)
= (σ

−
2X

T( γ
) X

(γ
)
+

Σ
−

1
( γ

) )−
1
.

2.
G
en
erate

τ
=

σ
−

2
from

G (
a
τ
+

n
/2,b

τ
+ (y−

X
(γ

) β
(γ

) )
T (y−

X
(γ

) β
(γ

) )
/2 )

.

If
S
S
V
S
is
p
referred

w
ith

p
rior

d
istrib

u
tion

given
in

S
ection

3.4.1.2
th
en

th
e
gen

eration

of
th
e
m
o
d
el
p
aram

eters
is
d
iff
eren

t
sin

ce

1.
G
en
erate

th
e
fu
ll
p
aram

eter
vector

β
from

th
e

β|σ
2,γ

,y
∼

N (β̃
(γ

) ,Σ̃
(γ

) )
w
ith

m
ean

β̃
(γ

)
=

σ
−

2Σ̃
(γ

) X
T
y
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an
d
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ce
m
atrix

Σ̃
(γ

)
= (σ

−
2X

T
X

+
(D

γ
R

γ
D

γ
) −

1 )−
1
.

2.
G
en
erate

τ
=

σ
−

2
from

G (a
τ
+

n
/2,b

τ
+
(y−

X
β
)
T
(y−

X
β
)/2 ).

4
.6
.1
.1

S
im
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te

d
R
e
g
re

ssio
n

E
x
a
m

p
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s
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o
evalu

ate
th
e
p
erform

an
ce

of
th
e
m
eth

o
d
s,
w
e
u
se

a
series
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sim

u
lated

lin
ear

regression

ex
am

p
les,
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p
resen

ted
b
y
R
aftery

et
a
l.
(1997).

T
h
e
regression

m
o
d
el

can
b
e
w
ritten

as

y
∼

N
(η

,I
σ

2)
w
ith

η
given

b
y
(3.2).
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all
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p
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d
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en
d
en
t
N
(0,

100)
p
riors

w
ere

u
sed
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th
e
regression
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effi

cien
ts
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d
G
(10 −

4,10 −
4)
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e
resid

u
al

p
recision

,
σ
−

2.
F
in
ally,

w
e
u
sed
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n
iform

p
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m
o
d
el

sp
ace

given
b
y
f
(γ

j
=

1)
=

π
j
=

0.5
for

all
j∈

V
.
T
h
e

d
ata

gen
eration

d
etails

are
given

in
T
ab
le

4.2.
F
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all
variab

le
selection

p
ro
ced

u
res

w
e
also

in
clu

d
ed

th
e
con

stan
t
term

(n
oted

b
y
X

0 )
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a
p
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le
regressor.
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S
S
V
S
w
e
u
sed
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e
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e
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th
e
m
o
d
el
an
d
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u
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th
e
varian

ce
b
y
a
factor

of
k
=
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for
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le
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clu
d
ed
’
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th
e
m
o
d
el.
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d
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D
etails

(n
is
th
e
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p
le

size,
p
is
th
e
n
u
m
b
er

of

variab
les

con
sid

ered
ex
clu

d
in
g
th
e
con

stan
t
term

.
D
esign

stru
ctu

re
1:

X
0
=

1,
X

j ∼
N
(0,1),

for
j
=

1,...,p.
D
esign

stru
ctu

re
2:

X
0
=

1,
X

j ∼
N
(0,1),

for
j
=

1,...,10
an
d

X
j ∼

N
(0.3X

1
+
0.5X

2
+
0.7X

3
+
0.9X

4
+
1.1X

5 ,1),
for

j
=

11,...,15).

T
h
e
p
rop

osal
d
istrib

u
tion

s,
n
eed

ed
for

th
e
im

p
lem

en
tation

of
G
ib
b
s
variab

le
selection

,

reversib
le

ju
m
p
an
d
th
e
M
etrop

olised
C
arlin

an
d
C
h
ib

m
eth

o
d
,
w
ere

con
stru

cted
from

th
e
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of
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ayesian
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d
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d
V
ariab
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S
election

U
sin

g
M
C
M
C

sam
p
le

m
ean

an
d
stan

d
ard

d
ev
iation

of
an

in
itial

G
ib
b
s
sam

p
le

ru
n
of

size
500

of
th
e
fu
ll

m
o
d
el,

w
ith

in
itial

valu
es
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as

zero.
T
o
com

p
are

th
e
p
erform

an
ce

of
all

m
eth

o
d
s
w
e

d
iv
id
ed

th
e
sam

p
le

ou
tp
u
t
taken

at
fi
x
ed

tim
e
in
tervals

(5,
15

an
d
10

m
in
u
tes

for
d
atasets

1-4,
5
an
d
6
resp

ectively
)
in
to

30
eq
u
al

b
atch

es
an
d
rep

orted
in

T
ab
le
4.3

th
e
b
atch

stan
d
ard

d
ev
iation

of
th
e
h
igh

est
p
osterior

m
o
d
el

p
rob

ab
ility.

T
h
e
evolu

tion
of

th
e
corresp

on
d
in
g

ergo
d
ic
p
osterior

p
rob

ab
ilities

is
d
isp

layed
in

F
igu

res
4.1

an
d
4.2.

T
ab
le

4.4
p
resen

ts
p
osterior

m
o
d
el

p
rob

ab
ilities

estim
ated

b
y
all

M
C
M
C

m
eth

o
d
s,

as

w
ell

as,
th
e
valu

es
of

ad
ju
sted

R
2
an
d
m
ax
im

u
m

likelih
o
o
d
estim

ates
of

resid
u
al

varian
ce.

V
alu

ab
le
in
form

ation
m
ay

b
e
also

ex
tracted

b
y
th
e
m
argin

al
p
osterior

variab
le
p
rob

ab
ilities

p
resen

ted
in

T
ab
le

4.5.
T
h
e
corresp

on
d
in
g
p
-valu

es
w
h
en

w
e
fi
t
th
e
fu
ll
m
o
d
el

are
also

p
resen

ted
for

com
p
arison

p
u
rp
oses.

B
oth

T
ab
les

4.4
an
d
4.5

w
ere

con
stru

cted
after

100,000

iteration
s
for

G
ib
b
s
variab

le
selection

,
1,000,000

iteration
s
for

reversib
le
ju
m
p
an
d
10,000,000

iteration
s
for

K
u
o
an
d
M
allick

,
M
etrop

olised
C
arlin

an
d
C
h
ib

an
d
S
S
V
S
an
d
ad
d
ition

al
b
u
rn
-

in
of

ten
th
ou
san

d
iteration

s
for

all
m
eth

o
d
s.
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V
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T
ab
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4.3:
S
im

u
lated

R
egression

D
atasets:

B
atch

S
tan

d
ard

D
ev
iation

s
of

H
igh

est
P
osterior

M
o
d
el
P
rob

ab
ility.

A
s
w
ou
ld

b
e
ex
p
ected

,
all

m
eth

o
d
s
gave

sim
ilar

resu
lts

after
a
reason

ab
ly

lon
g
ru
n
.

G
en
erally,

G
ib
b
s
variab

le
selection

seem
s
to

h
ave

low
er

b
atch

m
ean

stan
d
ard

d
ev
iation

th
an

th
e
rest

algorith
m
s
w
h
ich

in
d
icates

greater
effi

cien
cy.

M
etrop

olised
C
arlin

an
d
C
h
ib

m
eth

o
d

seem
s
to

h
ave

slow
er

rates
of

con
vergen

ce
an
d
d
em

an
d
s
m
ore

tim
e
b
ecau

se
in

each
step

(4.7)

req
u
ires

to
p
rop

ose
m
an
y
n
ew

valu
es.

N
ote

th
at

in
th
e
m
u
lti-collin

ear
p
rob

lem
(d
ataset

2),

th
e
M
etrop

olised
C
arlin

an
d
C
h
ib

sam
p
ler

d
id

n
ot

v
isit

th
e
m
o
d
el

selected
b
y
th
e
oth

er
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m
o
d
els.

T
h
is

is
n
ot

d
u
e
to

th
e
sam

p
ler

itself
b
u
t
d
u
e
to

th
e
n
aive

p
rop

osal
p
seu

d
op
rior

setu
p
u
sed

th
at

d
o
es

n
ot

ex
p
loit

th
e
ad
van

tages
of

th
is
sam

p
ler;

see
S
ection

4.5.1.
H
ow

ever,

after
ten

m
illion

iteration
s
th
is

m
eth

o
d
d
id

even
tu
ally

su
p
p
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th
e
sam

e
m
o
d
el.

K
u
o
an
d

M
allick

’s
m
eth

o
d
gen

erally
p
erform

s
w
orse

th
an

G
ib
b
s
variab

le
selection

b
u
t
reason

ab
ly

w
ell

in
gen

eral,
an
d
on
ly

in
d
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5
it
h
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con
sid

erab
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h
igh

er
stan

d
ard

d
ev
iation

th
an

all
th
e

oth
er

m
eth

o
d
s.

F
in
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S
S
V
S
h
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h
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er
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d
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d
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all
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e
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d
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0.79

X
1
+

X
1
1

0.064
0.064

0.065
0.064

0.062
0.266

0.77

M
o
d
els

w
ith

p
<

0.05
0.315

0.313
0.322

0.318
0.319

T
ab
le

4.4:
S
im

u
lated

R
egression

D
atasets:

P
osterior

M
o
d
el

P
rob

ab
ilities

(*
=

selected
b
y

forw
ard

p
ro
ced

u
re,

**
=

selected
b
y
b
oth

forw
ard

an
d
b
ack

w
ard

p
ro
ced

u
res).
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P
osterior

P
rob

ab
ilities

of

M
C
M
C
A
lgorith

m
s

F
u
ll
M
o
d
el

D
ataset

M
o
d
el

G
V
S

K
M

R
J

M
C
C

S
S
V
S

P
-valu

e

1
X

5
1.000

1.000
1.000

1.000
1.000

0.000

X
4

0.969
0.967

0.970
0.969

0.969
0.001

X
1
2

0.341
0.327

0.340
0.337

0.339
0.041

X
1
5

0.078
0.073

0.075
0.078

0.077
0.102

X
1
1

0.050
0.048

0.051
0.049

0.051
0.338

2
X

1
4

0.902
0.903

0.907
0.944

0.915
0.788

X
1
3

0.158
0.158

0.160
0.157

0.153
0.591

X
1

0.127
0.122

0.127
0.124

0.123
0.002

X
1
1

0.084
0.087

0.084
0.078

0.083
0.338

X
1
2

0.072
0.075

0.064
0.057

0.072
0.041

X
3

0.064
0.061

0.066
0.065

0.061
0.002

X
2

0.053
0.052

0.054
0.040

0.052
0.010

X
1
0

0.051
0.051

0.051
0.050

0.052
0.439

3
X

1
0.098

0.100
0.100

0.101
0.098

0.934

X
2

0.080
0.075

0.079
0.080

0.082
0.070

X
9

0.060
0.060

0.061
0.059

0.060
0.204

X
1
0

0.057
0.055

0.056
0.059

0.059
0.653

X
6

0.050
0.051

0.050
0.051

0.051
0.806

4
X

3
0.810

0.810
0.812

0.812
0.804

0.031

X
1
2

0.322
0.316

0.324
0.319

0.323
0.094

X
1

0.154
0.145

0.154
0.153

0.157
0.226

X
0

0.123
0.118

0.121
0.122

0.122
0.204

5
X

1
9

0.147
0.146

0.152
0.146

0.145
0.036

X
3
8

0.127
0.127

0.131
0.125

0.126
0.195

X
4
6

0.073
0.072

0.072
0.072

0.069
0.623

6
X

1
1.000

1.000
1.000

1.000
1.000

0.000

X
1
1

0.091
0.091

0.094
0.091

0.089
0.126

T
ab
le
4.5:

S
im

u
lated

R
egression

D
atasets:

P
osterior

V
ariab

le
P
rob

ab
ilities

H
igh

er
th
an

0.05.
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tzou
fras:

A
sp
ects
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B
ayesian

M
o
d
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d
V
ariab

le
S
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U
sin

g
M
C
M
C

4
.6
.2

P
o
isso

n
M

o
d
e
ls

T
h
is
section

p
rov

id
es

d
etails

of
h
ow

to
im

p
lem

en
t
m
o
d
el

selection
m
eth

o
d
s
in

P
oisson

log-

lin
ear

m
o
d
els.

R
esu

lts
of

th
is

section
are

also
given

in
tw
o
research

p
ap

ers;
see

N
tzou

fras

et
a
l.
(1996)

for
a
com

p
arison

of
M
C
M
C
m
o
d
el
selection

algorith
m
s
in

log-lin
ear

m
o
d
els

an
d

N
tzou

fras
et

a
l.
(1998)

for
th
e
im

p
lem

en
tation

of
S
S
V
S
in

log-lin
ear

m
o
d
els.

T
h
e
m
o
d
el
form

u
lation

is
given

isY
i ∼

P
oisson

(e
η

i)
.

T
h
e
lin

ear
p
red

ictor
η
i
is
gen

erally
d
efi
n
ed

b
y
eq
u
ation

(4.15)
an
d
b
y
(4.14)

for
G
ib
b
s
variab

le

selection
an
d
(4.16)

for
S
S
V
S
.
T
h
erefore

th
e
likelih

o
o
d
is
given

b
y

f
(y|β

(γ
) ,γ

)
=

ex
p {−

n
∑i=

1

e
η

i
+

n
∑i=

1

y
i η
i −

n
∑i=

1

log
(y

i !) }
.

P
rov

id
ed

th
at

w
e
u
se

th
e
p
rior

d
istrib

u
tion

(3.3)
for

m
o
d
el

co
effi

cien
ts

an
d
in
d
ep
en
d
en
t

p
rop

osal
d
en
sities

of
ty
p
e
(4.12),

th
e
sam

p
lin

g
p
ro
ced

u
re

for
th
e
m
o
d
el

p
aram

eters
for

th
e

M
C
M
C
variab

le
selection

algorith
m
s
are

as
follow

in
g

1.
G
en
erate

β
(γ

)
from

eq
u
ation

(4.17)
in

C
arlin

an
d
C
h
ib

varian
ts,

(4.18)
in

G
ib
b
s
vari-

ab
le
selection

an
d
(4.19)

in
S
S
V
S
.
T
h
e
fi
rst

eq
u
ation

can
also

b
e
u
sed

in
G
ib
b
s
variab

le

selection
w
ith

ou
t
an
y
com

p
lication

.
f
(β

(γ
) |γ

,y
)∝

(R
J
/C
C
V
S
)
∝

ex
p {−

n
∑i=

1

e [X
(γ

) β
(γ

) ]
i+

n
∑i=

1

y
i [X

(γ
) β

(γ
) ]

i }
f (

β
(γ

) |γ )
,

(4.17)

(G
V
S
)
∝

ex
p 

−
n
∑i=

1

ex
p  ∑j∈V

γ
j X

ij β
j 

+
n
∑i=

1 ∑j∈V
y

i γ
j X

ij β
j 
f (

β
(γ

) |γ )
,
(4.18)

(S
S
V
S
)
∝

ex
p 

−
n
∑i=

1

ex
p  ∑j∈V

X
ij β

j 
+

n
∑i=

1 ∑j∈V
y

i X
ij β

j 
f
(β|γ

)
,

(4.19)

w
h
ere

X
ij
is
th
e
1×

d
j
su
b
-m

atrix
corresp

on
d
in
g
to

i
ob
servation

an
d
j
term

.

2.
T
h
e
scale

p
aram

eter
is
k
n
ow

n
an
d
th
erefore

w
e
d
o
n
ot

h
ave

to
estim

ate
it.

4
.6
.2
.1

S
S
V
S

P
rio

r
D
istrib

u
tio

n
s
fo

r
C
o
n
tin

g
e
n
cy

T
a
b
le
s
P
ro

b
le
m

s
w
ith

T
w
o

L
e
v
e
le
d

F
a
cto

rs

H
ere

w
e
in
tro

d
u
ce

an
ap
p
roach

sim
ilar

to
th
e
on
e
d
escrib

ed
in

S
ection

3.4.1.2
to

d
efi
n
e

sen
sib

le
p
rior

d
istrib

u
tion

s
for

im
p
lem

en
tin

g
S
S
V
S
in

P
oisson

log-lin
ear

m
o
d
els.

F
or

log-

lin
ear

m
o
d
els

th
e
sp
ecifi

cation
of

Σ
j
an
d
k
j
is
m
ore

straigh
tforw

ard
th
an

for
lin

ear
regression
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k

exp(4delta)

0
500

1000
1500

2000

1.00 1.05 1.10 1.15 1.20

F
igu

re
4.3:

T
h
e
R
elation

sh
ip

b
etw

een
C
ross-p

ro
d
u
ct

R
atio

B
ou
n
d
ary

(=
e
4
δ)

an
d
k
for

th
e

2×
2
T
ab

le

m
o
d
els,

as
th
ere

is
n
o
in
trin

sic
u
n
k
n
ow

n
scale

p
aram

eter
σ

2
an
d
h
en
ce

p
aram

eter
valu

es
h
ave

th
e
sam

e
in
terp

retation
in

d
iff
eren

t
ex
am

p
les.

W
e
ad
op
t
th
e
p
rior

of
D
ellap

ortas
an
d
F
orster

(1999)
for

w
h
ich

V
a
r(β

j )
=

Σ
j
=

c
2j V

j ,
w
h
ere

V
j
is

given
b
y
(3.5).

W
h
en

β
j
is

on
e-

d
im

en
sion

al
it
is
straigh

tforw
ard

to
d
efi
n
e
th
e
p
aram

eters
k
j .

C
on
sid

er
th
e
sim

p
lest

p
ossib

le

ex
am

p
le,

th
e
2×

2
con

tin
gen

cy
tab

le.
W
h
en

j
is

th
e
in
teraction

b
etw

een
th
e
tw
o
b
in
ary

factors,
th
en

d
j
=

1,
V
j
=

(1/d
)
(or

Σ
j
=

c
2j /d

)
an
d
β
j
is

eq
u
al

to
on
e
q
u
arter

of
th
e
log

cross-p
ro
d
u
ct

ratio.
N
ow

,
su
p
p
ose

th
at

δ
j
is
th
e
sm

allest
valu

e
of

β
j
of

p
ractical

sign
ifi
can

ce.

T
h
en

δ
j

=

√√√√
c
2j

2
log

k
j

d
(k

2j −
1)

≈
c
j k −

1
j √

2
log

k
j

d
.

T
h
erefore

th
e
p
rior

m
ay

b
e
con

stru
cted

b
y
sp
ecify

in
g
δ
j
an
d
eith

er
k
j
or

c
j .

If,
as

su
ggested

ab
ove,

c
2j
=

2d
,
th
en

th
e
p
rior

is
sp
ecifi

ed
th
rou

gh

δ
j

=
2 √√√√

log
k
j

k
2j −

1
≈

2k −
1

j √
log

k
j .

W
h
en

th
e
m
o
d
el

con
sists

com
p
letely

of
on
e-d

im
en
sion

al
p
aram

eters,
th
is
ap
p
roach

can

b
e
ad
op
ted

for
every

m
o
d
el
term

j
sin

ce
each

p
aram

eter
is
asso

ciated
w
ith

a
corresp

on
d
in
g
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tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

o
d
d
s
ratio.

In
d
eed

,
for

a
referen

ce
an
aly

sis,
it
m
ay

b
e
ap
p
rop

riate
to

ch
o
ose

th
e
sam

e
valu

es

for
k
j
for

every
term

j.
F
or

ex
am

p
le,

if
k
j
=

10
3
an
d
c
2j
=

2d
=

8,
th
en

Σ
j
=

2
as

su
ggested

b
y
D
ellap

ortas
an
d
F
orster

(1999),
an
d
e
4
δ
j≈

1.021.
S
o,

th
e
b
ou
n
d
ary

b
etw

een
sign

ifi
can

t

an
d
in
sign

ifi
can

t
cross

p
ro
d
u
ct

ratios
w
ou
ld

b
e
rep

resen
ted

b
y
an

in
crease

in
‘risk

’
of

arou
n
d

2.1%
.
T
h
e
relation

sh
ip

b
etw

een
k
an
d

δ
for

th
e
2×

2
referen

ce
ex
am

p
le

is
illu

strated
in

F
igu

re
4.3.

4
.6
.2
.2

A
L
a
rg

e
2

6
C
o
n
tin

g
e
n
cy

T
a
b
le

E
x
a
m

p
le

C
on
sid

er
th
e
2

6
tab

le
of

risk
factors

for
coron

ary
h
eart

d
isease

p
resen

ted
b
y
E
d
w
ard

s
an
d

H
av
rán

ek
(1985).

T
h
is

tab
le

h
as

also
b
een

an
aly

sed
b
y
M
ad
igan

an
d
R
aftery

(1994)
an
d

M
ad
igan

et
a
l.
(1995)

u
sin

g
b
oth

step
w
ise

an
d
M
C
M
C
B
ayesian

m
o
d
el
selection

algorith
m
s

for
d
ecom

p
osab

le
log-lin

ear
m
o
d
els.

D
ecom

p
osab

le
m
o
d
els

are
a
su
b
set

of
th
e
h
ierarch

ical

m
o
d
els

w
h
ich

w
e
con

sid
er

in
th
is

ex
am

p
le.

H
ow

ever,
th
ere

are
m
an
y
in
terestin

g
m
o
d
els

w
h
ich

are
n
ot

d
ecom

p
osab

le,
an
d
th
erefore

w
e
p
resen

t
th
e
resu

lts
of

ou
r
S
S
V
S
h
ierarch

ical

m
o
d
el
selection

ap
p
roach

.
H
ere,

th
e
six

variab
les

are:
A
,
sm

ok
in
g;

B
,
stren

u
ou
s
m
en
tal

w
ork

;

C
,
stren

u
ou
s
p
h
y
sical

w
ork

;
D
,
sy
stolic

b
lo
o
d
p
ressu

re;
E
,
ratio

of
α
an
d
β
lip

op
rotein

s;
F
,

fam
ily

an
am

n
esis

of
coron

ary
h
eart

d
isease;

see
T
ab
le
4.6.

C
N
o

Y
es

B
N
o

Y
es

N
o

Y
es

F
E

D
A

N
o

Y
es

N
o

Y
es

N
o

Y
es

N
o

Y
es

N
egative

<
3

<
140

44
40

112
67

129
145

12
23

≥
140

35
12

80
33

109
67

7
9

≥
3

<
140

23
32

70
66

50
80

7
13

≥
140

24
25

73
57

51
63

7
16

P
ositive

<
3

<
140

5
7

21
9

9
17

1
4

≥
140

4
3

11
8

14
17

5
2

≥
3

<
140

7
3

14
14

9
16

2
3

≥
140

4
0

13
11

5
14

4
4

T
ab
le
4.6:

2
6
C
on
tin

gen
cy

T
ab
le:

E
d
w
ard

s
an
d
H
av
rán

ek
(1985)

D
ataset.

T
h
e
p
osterior

d
istrib

u
tion

of
γ

is
su
m
m
arised

in
T
ab
le

4.7
b
y
p
resen

tin
g
th
e
m
o
d
els
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corresp
on
d
in
g
to

th
e
m
ost

p
rob

ab
le

γ
togeth

er
w
ith

th
e
corresp

on
d
in
g
p
osterior

p
rob

ab
ility

f
(γ|y

).

P
osterior

P
rob

ab
ility

M
o
d
el

R
J

K
M

G
V
S

S
S
V
S

A
C
+
B
C
+
A
D
+
A
E
+
C
E
+
D
E
+
F

0.260
0.268

0.270
0.270

A
C
+
B
C
+
A
D
+
A
E
+
B
E
+
D
E
+
F

0.166
0.157

0.154
0.164

A
C
+
B
C
+
A
D
+
A
E
+
C
E
+
D
E
+
B
F

0.075
0.073

0.077
0.070

A
C
+
B
C
+
A
D
+
A
E
+
B
E
+
C
E
+
D
E
+
F

0.063
0.073

0.069
0.054

O
th
er

M
o
d
els

0.460
0.429

0.430
0.443

M
ean

of
B
atch

S
tan

d
ard

D
ev
iation

0.064
0.039

0.025
0.107

T
ab
le
4.7:

2
6
C
on
tin

gen
cy

T
ab
le:

P
osterior

M
o
d
el
P
rob

ab
ilities.

W
e
u
se

th
e
sam

e
N
(0,Σ

)
p
rior

d
istrib

u
tion

for
each

β
j ,

j
=

1,...,64,
u
n
d
er

all
p
ossib

le

m
o
d
els.

W
e
u
se

th
e
p
rior

of
D
ellap

ortas
an
d
F
orster

(1999)
resu

ltin
g
in

N
(0,2)

for
each

all

β
j ,

j
=

1,...,64
In

S
S
V
S
w
e
u
sed

th
e
sam

e
‘large’

varian
ce

w
h
ile

th
e
‘sm

all’
on
e
w
as

red
u
ced

b
y
k
j
=

1000
for

all
m
o
d
el
p
aram

eters
in

ord
er

to
give

ap
p
rox

im
ately

th
e
sam

e
resu

lts
as

th
e

oth
er

m
eth

o
d
s.

A
s
m
o
d
el
sp
aceM

w
e
con

sid
er

th
e
set

of
h
ierarch

ical
m
o
d
els

for
con

tin
gen

cy

tab
les.

A
lso

n
ote

th
at

th
e
term

s
in
volv

in
g
sin

gle
factors

w
ere

alw
ay
s
in
clu

d
ed

in
th
e
m
o
d
el

sin
ce

w
e
are

in
terested

in
th
e
asso

ciation
b
etw

een
th
e
six

factors
u
sed

.
A

u
n
iform

p
rior

on

th
e
m
o
d
el
sp
ace

of
h
ierarch

ical
log-lin

ear
m
o
d
els

w
as

ad
op
ted

.

A
ll
M
arkov

ch
ain

s
w
ere

in
itiated

at
th
e
fu
ll
m
o
d
el

w
ith

startin
g
p
oin

ts
β
j
=

0
for

all

j
=

1,...,64.
F
or

th
e
reversib

le
ju
m
p
m
eth

o
d
s
w
e
alw

ay
s
p
rop

ose
a
‘n
eigh

b
ou
rin

g’
m
o
d
el

w
h
ich

d
iff
ers

from
th
e
cu
rren

t
m
o
d
el

b
y
on

e
term

,
h
en
ce

j(m
,m

)
=

0.
W
ith

in
each

m
o
d
el,

u
p
d
atin

g
of

th
e
p
aram

eters
β
j
w
as

p
erform

ed
v
ia

G
ib
b
s
sam

p
lin

g
step

s
as

d
escrib

ed
in

D
ellap

ortas
an
d
S
m
ith

(1993).
F
in
ally,

each
M
arkov

ch
ain

ran
for

110,000
iteration

s
an
d
th
e

ou
tp
u
t
su
m
m
aries

are
b
ased

on
ergo

d
ic
averages

taken
on

th
e
last

100,000
iteration

s.

A
ll
sam

p
lers

w
ere

ex
trem

ely
m
ob
ile,

an
d
as

w
ou
ld

b
e
h
op

ed
,
gave

sim
ilar

resu
lts

of
th
e

m
o
d
el

p
rob

ab
ilities

in
a
reason

ab
ly

sh
ort

tim
e.

S
S
V
S
w
ith

k
=

1000
gave

sim
ilar

resu
lts

to
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U
sin

g
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C
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C

th
e
oth

er
m
o
d
el
selection

m
eth

o
d
s
w
h
ile

th
e
ch
oice

of
k
=

100
resu

lted
in

su
p
p
ort

of
d
iff
eren

t

m
o
d
els

(see
F
igu

re
4.7).

T
h
e
fu
ll
resu

lts
are

given
in

T
ab
le

4.7.
T
h
e
p
rop

osal
d
istrib

u
tion

s

for
β
j
in

reversib
le
ju
m
p
as

w
ell

as
th
e
p
seu

d
op
riors

in
G
ib
b
s
variab

le
selection

of
T
ab
le
4.7

are
N
(0,Σ

/100).
T
h
is
p
rop

osal
w
orked

b
etter

th
an

u
sin

g
p
seu

d
op
riors

from
a
p
ilot

ru
n
of

th
e
fu
ll
m
o
d
el

m
ain

ly
d
u
e
to

th
e
sm

all
stan

d
ard

error
of

th
ese

estim
ates.

A
n
altern

ative

to
u
se

varian
ces

of
ty
p
e
Σ
/k

2
for

variou
s
valu

es
of

k
.
It

is
in
terestin

g
to

n
ote

th
at

th
e
tw
o

m
o
d
els

w
ith

h
igh

est
p
rob

ab
ility

are
th
e
sam

e
as

th
ose

d
eterm

in
ed

b
y
E
d
w
ard

s
an
d
H
av
rán

ek

(1985)
u
sin

g
th
eir

p
ro
ced

u
re

for
id
en
tify

in
g
accep

tab
le

p
arsim

on
iou

s
m
o
d
els.

F
u
rth

erm
ore,

n
on
e
of

th
ese

m
o
d
els

are
d
ecom

p
osab

le,
an
d
h
en
ce

th
ey

w
ere

n
ot

id
en
tifi

ed
b
y
M
ad
igan

an
d

R
aftery

(1994)
or

M
ad
igan

et
a
l.
(1995).

M
ean

valu
es

of
b
atch

stan
d
ard

d
ev
iation

s
are

p
resen

ted
as

a
m
easu

re
of

con
vergen

ce.

G
ib
b
s
variab

le
selection

h
as

th
e
low

est
valu

e
w
h
ile

S
S
V
S
th
e
largest.

K
u
o
an
d
M
allick

sam
p
ler

p
erform

s
w
ell

en
ou
gh
.
M
etrop

olised
C
arlin

an
d
C
h
ib

w
as

n
ot

u
sed

sin
ce

th
ey

are

n
ot

effi
cien

t
in

su
ch

ex
am

p
les.

T
h
e
resu

ltin
g
110,000

iteration
s
(d
iscard

in
g
th
e
fi
rst

10,000)
w
ere

d
iv
id
ed

in
b
atch

es
of

len
gth

of
2,000

iteration
s.

P
rob

ab
ilities

of
th
e
b
est

fou
r
m
o
d
els

over
d
iff
eren

t
b
atch

es
are

given
in

b
arp

lots
(see

F
igu

re
4.5)

w
h
ile

th
eir

ergo
d
ic

p
rob

ab
ilities

are
given

in
F
igu

re
4.6.

A
ssessm

en
t
of

con
vergen

ce
can

b
e
d
on
e
v
ia

th
ese

fi
gu
res.

S
m
o
oth

ch
an
ges

of
m
o
d
els

in

b
arp

lots
in
d
icate

con
vergen

ce
of

th
e
p
osterior

d
istrib

u
tion

of
th
e
m
o
d
el
in
d
icator

m
.

D
iff
eren

t
valu

es
of

th
e
p
rop

osal
p
aram

eter
k
in

G
ib
b
s
variab

le
selection

w
ere

u
sed

in
ord

er

to
assess

w
h
ich

ch
oice

lead
s
to

faster
con

vergen
ce.

F
rom

th
e
p
lots

it
is
ob
v
iou

s
th
at

k
=

10
for

au
tom

atic
p
rop

osal
w
ork

s
b
etter

th
an

th
e
oth

er
ch
oices.

D
en
sities

w
ith

m
ax
im

u
m

likelih
o
o
d

valu
es

p
erform

w
orst

th
an

au
tom

atic
p
rop

osals
an
d
th
erefore

a
calib

ration
of

th
eir

varian
ce

is

su
ggested

.
F
igu

re
4.4

p
resen

ts
th
e
m
ean

of
b
atch

stan
d
ard

d
ev
iation

s
in

au
tom

atic
p
rop

osal

d
en
sities

for
d
iff
eren

t
valu

es
of

k
2.

O
p
tim

al
valu

es
of

k
(for

th
is
ex
am

p
le)

seem
to

b
e
close

to
k
=

10.

D
ellap

ortas
an
d
F
orster

(1999)
ty
p
e
of

p
rior

d
en
sities

w
ere

also
u
sed

w
ith

larger
c
2
=

c ′d

for
c ′
=

2,5,10,100
to

assess
rob

u
stn

ess.
T
h
e
valu

e
of

c
2
=

n
(c ′

=
28.76)

w
as

also
u
sed

.

In
all

p
rior

ch
oices

u
sed

th
e
tw
o
su
p
p
orted

m
o
d
els

u
sin

g
D
ellap

ortas
an
d
F
orster

(1999)

origin
ally

p
rop

osed
p
rior

(c ′
=

2)
h
ave

still
th
e
h
igh

est
p
osterior

p
rob

ab
ilities

(see
F
igu

re

4.8).
T
h
e
fi
tted

lin
es

are
p
ro
d
u
ced

u
sin

g
a
logistic

regression
m
o
d
el

w
ith

covariates
th
e
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valu
es

of
c ′
an
d
its

logarith
m
.
T
h
is
m
o
d
el

w
as

u
sed

d
u
e
to

th
e
form

of
th
e
B
ayes

factor
in

th
e
n
orm

al
m
o
d
el

w
h
en

con
ju
gate

n
orm

al
in
verse

gam
m
a
p
rior

w
as

u
sed

.
T
h
e
fi
tted

logit

m
o
d
el
for

th
e
p
osterior

p
rob

ab
ility

for
m
o
d
el

A
C
+
B
C
+
A
D
+
A
E
+
C
E
+
D
E
+
F

is
given

b
y
log

[p/(1−
p)]

=
−
1.133

+
0.307log

(c ′)−
0.012c ′

w
ith

m
ax
im

u
m

ach
ieved

at
c ′
=

24.90.

S
im

ilarly
th
e
m
ax
im

u
m

p
osterior

p
rob

ab
ility

for
th
e
secon

d
b
est

m
o
d
el
is
ach

ieved
for

p
rior

w
ith

c ′
=

24.98.
T
h
e
p
osterior

p
rob

ab
ilities

in
crease

u
n
til

th
ese

valu
es

an
d
th
en

d
rop

sin
ce

fl
atter

p
riors

su
p
p
ort

sim
p
lest

m
o
d
els.

If
w
e
ex
ten

d
th
e
grap

h
in

larger
valu

es
th
e
fou

r
m
o
d
el

p
rob

ab
ilities

ex
am

in
ed

h
ere

w
ill

d
egen

erate
to

zero.
In

th
is
ex
am

p
le
it
is
very

im
p
ortan

t
th
at,

for
th
is
ran

ge
of

p
riors,

th
e
m
o
d
els

w
ith

th
e
tw
o
h
igh

est
p
osterior

p
rob

ab
ilities

rem
ain

th
e

sam
e
an
d
for

th
is

reason
w
e
h
ave

an
ad
d
ition

al
stron

g
argu

m
en
t
in

favou
r
of

th
ese

tw
o

m
o
d
els.
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4
.6
.2
.3

S
S
V
S

P
rio

r
D
istrib

u
tio

n
fo

r
F
a
cto

rs
w
ith

M
u
ltip

le
C
a
te

g
o
rie

s

O
n
e
p
rob

lem
th
at

w
e
m
ay

face
u
p
w
h
en

u
sin

g
S
S
V
S
is
w
h
at

p
rior

d
istrib

u
tion

s
w
e
sh
all

ad
op
t

w
h
en

m
u
ltid

im
en
sion

al
term

s
are

in
volved

in
th
e
m
o
d
el
selection

p
ro
ced

u
re

(for
ex
am

p
le
in

an
aly

sis
of

varian
ce

or
con

tin
gen

cy
tab

le
m
o
d
els).

In
su
ch

cases
som

e
ad
ju
stm

en
t
is
req

u
ired

oth
erw

ise
th
e
algorith

m
eith

er
w
ill

stu
ck

in
th
e
m
ore

com
p
licated

m
o
d
el

or
w
ill

m
ove

very

slow
ly.

A
fi
rst

sim
p
le
ap

p
roach

is
to

en
su
re

th
at

th
e
ratio

of
th
e
tw
o
com

p
on
en
ts

of
th
e
m
ix
tu
re

p
rior

d
en
sity

at
β
j
=

0
is
in
varian

t
to

th
e
d
im

en
sion

d
j
of

β
j
b
y
settin

g
log

k
j
p
rop

ortion
al

to
1/d

j .
T
h
en

f
(γ

j |β
j
=

0
)
w
ill

n
ot

d
ep
en
d
on

th
e
d
im

en
sion

d
j
of

β
j .

T
h
is

seem
s
to

en
su
re

sen
sib

le
resu

lts
in

p
rob

lem
s
w
h
ere

th
e
d
j
vary,

an
d
is

in
tu
itively

p
lau

sib
le

as
th
e

in
terp

retation
of

β
j
=

0
is
in
varian

t
to

th
e
d
im

en
sion

d
j .

A
n
altern

ative
ap
p
roach

for
m
u
ltid

im
en
sion

al
β
j
is
to

ad
op
t
an

ap
p
roach

sim
ilar

to
sem

i-

au
tom

atic
m
eth

o
d
of

G
eorge

an
d
M
cC

u
llo

ch
(1993).

If
w
e
con

sid
er

th
e
S
S
V
S
p
rior

(3.23)

w
ith

Σ
j
=

c
2j V

j
th
e
w
e
can

ch
o
ose

k
j
b
y
con

sid
erin

g
th
e
valu

es
of

β
j

β
Tj
V

−
1

j
β
j

=
2d

j c
2j

log
k
j

k
2j −

1
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o
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=
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c
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=
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e
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j
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=
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d
j
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j

k
2j
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=
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2
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1
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k )
(4.20)

an
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ap
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rox

im
ately,

k
j

=
ex
p (

12d
j F

−
1

χ
2d
j [F

χ
2d
1
(2

log
k
) ] )

.
(4.21)
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O
V
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d
els.
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k
j
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d
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en
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4.9,

w
h
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a
p
lot
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k
j
again
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d
j

w
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k
=

1000.
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h
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resen
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k
j ∝

1/d
j
w
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e
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e

valu
es

given
b
y
(4.21).
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c
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ro
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p
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j 
−

n
∑i=

1

N
i log 

1
+
ex
p  ∑j∈V

γ
j X

ij β
j   

f(β
(γ

) |γ
)
(4.23)

ex
p {

n
∑i=

1

y
i log

[X
β
]i −

n
∑i=

1

N
i log

[1
+
ex
p
([X

β
]i )] }

f
(β|γ

)
(4.24)

w
h
ere

X
ij
is
th
e
1×

d
j
su
b
-m

atrix
corresp

on
d
in
g
to

i
ob
servation

an
d
j
term

.

2.
T
h
e
scale

p
aram

eter
is
k
n
ow

n
an
d
th
erefore

w
e
d
o
n
ot

h
ave

to
estim

ate
it.

F
u
rth

er
d
etails

are
om

itted
an
d
w
e
d
irectly

p
resen

t
an

illu
strated

ex
am

p
le.
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4
.6
.3
.1

A
L
o
g
istic

R
e
g
re

ssio
n

E
x
a
m

p
le

W
e
con

sid
er

a
d
ataset

an
aly

sed
b
y
H
ealy

(1988).
T
h
e
d
ata,

p
resen

ted
in

T
ab
le

4.11,
refl

ect

th
e
relation

sh
ip

b
etw

een
th
e
n
u
m
b
er

of
su
rv
ivals,

th
e
p
atien

t
con

d
ition

(m
ore

or
less

severe)

an
d
th
e
received

treatm
en
t
(an

titox
in

m
ed
ication

or
n
ot).

W
e
w
ish

to
select

on
e
of

th
e
fi
ve

A
n
titox

in
D
eath

S
u
rv
ivals

M
ore

S
evere

Y
es

15
6

N
o

22
4

L
ess

S
evere

Y
es

5
15

N
o

7
5

T
ab
le
4.11:

L
ogistic

R
egression

E
x
am

p
le:

H
ealy

(1988)
D
ataset.

p
ossib

le
n
ested

logistic
regression

m
o
d
els

w
ith

resp
on
se

variab
le
th
e
n
u
m
b
er

of
su
rv
ivals

an
d

ex
p
lan

atory
factors

th
e
p
atien

t
con

d
ition

an
d
th
e
received

treatm
en
t.

T
h
e
fu
ll
m
o
d
el
is
given

b
y

Y
il ∼

B
in
(N

il ,p
il ),

log (
p
il

1−
p
il )

=
µ
+

a
i
+

b
l +

(a
b)
il ,

i,l
=

1,2,

w
h
ere

Y
il ,N

il
an
d

p
il
are

th
e
n
u
m
b
er

of
su
rv
ivals,

th
e
total

n
u
m
b
er

of
p
atien

ts
an
d
th
e

p
rob

ab
ility

of
su
rv
ival

u
n
d
er

i
level

of
severity

an
d

l
treatm

en
t
resp

ectively
;
µ
,a

i ,b
l
an
d

(a
b)
il
are

th
e
m
o
d
el
p
aram

eters
corresp

on
d
in
g
to

th
e
con

stan
t
term

,
i
level

of
severity,

l
level

of
treatm

en
t,
an
d
in
teraction

of
i
severity

an
d
l
treatm

en
t.

W
e
con

sid
er,

for
ou
r
illu

stration
,
th
e
reversib

le
ju
m
p
,
th
e
M
etrop

olised
version

of
C
arlin

an
d
C
h
ib
’s

m
eth

o
d
p
resen

ted
in

S
ection

4.3.1,
th
e
G
ib
b
s
variab

le
selection

in
tro

d
u
ced

in

S
ection

4.1.1,
th
e
K
u
o
an
d
M
allick

(1998)
m
eth

o
d
p
resen

ted
in

S
ection

3.4.2
an
d
th
e
S
S
V
S

m
eth

o
d
p
resen

ted
in

3.4.1.
A

rou
gh

gu
id
elin

e
for

ou
r
com

p
arison

s
is

an
ap
p
rox

im
ation

to

B
ayes

factor
B

1
0
of

m
o
d
el

m
1
again

st
m
o
d
el

m
0
b
ased

on
B
ayes

in
form

ation
criterion

(B
IC

)

given
b
y
(2.4)

w
ith

sam
p
le
size

given
b
y
th
e
su
m

of
all

B
ern

ou
lli

trials,
th
at

is ∑
il N

il
for

th
is

logistic
regression

ex
am

p
le;

see
R
aftery

(1996a)
for

d
etails.

C
alcu

lation
of

all
B
ayes

factors

again
st

th
e
fu
ll
m
o
d
el
lead

s
im

m
ed
iately

to
p
osterior

m
o
d
el
p
rob

ab
ilities.

A
ssu

m
in
g
th
e
u
su
al

su
m
-to-zero

con
strain

ts,
th
e
p
aram

eter
vector

for
th
e
fu
ll
m
o
d
el

is

given
b
y

β
=

(β
0 ,β

1 ,β
2 ,β

3 )
=

(µ
,a

2 ,b
2 ,(a

b)
2
2 ).

W
e
u
se

th
e
sam

e
N
(0,Σ

)
p
rior

d
istrib

u
tion
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U
sin

g
M
C
M
C

for
each

β
j ,

j
=

0,...,3,
u
n
d
er

all
fi
ve

m
o
d
els.

F
ollow

in
g
th
e
id
eas

of
D
ellap

ortas
an
d

F
orster

(1999)
w
e
ch
o
ose

Σ
=

4×
2
as

a
varian

ce
w
h
ich

gives
a
d
iff
u
se

b
u
t
p
rop

er
p
rior.

In
S
S
V
S
w
e
u
sed

as
varian

ce
d
iv
isor

k
j
=

1000
for

all
m
o
d
el

p
aram

eters
in

ord
er

to
give

ap
p
rox

im
ately

th
e
sam

e
resu

lts
as

th
e
oth

er
m
eth

o
d
s.

A
ll
M
arkov

ch
ain

s
w
ere

in
itiated

at
th
e
fu
ll
m
o
d
el

w
ith

startin
g
p
oin

ts
β
j
=

0
for

all

j
=

0,...,3.
F
or

th
e
reversib

le
ju
m
p
an
d
M
etrop

olised
C
arlin

an
d
C
h
ib

m
eth

o
d
s
w
e
alw

ay
s

p
rop

ose
on
ly

a
‘n
eigh

b
ou
rin

g’
m
o
d
el

w
h
ich

d
iff
ers

from
th
e
cu
rren

t
m
o
d
el

b
y
on
e
term

,

h
en
ce

j(m
,m

)
=

0.
T
h
e
p
rop

osal
d
istrib

u
tion

s
for

β
j
in

th
e
ab

ove
m
eth

o
d
s
as

w
ell

as

th
e
p
seu

d
op
riors

in
G
ib
b
s
variab

le
selection

are
N
(µ̄

j ,S
j )

w
h
ere

µ̄
j
an
d
S
j
w
ere

estim
ated

from
a
p
ilot

ru
n
of

500
iteration

s
in

th
e
fu
ll
m
o
d
el,

after
d
iscard

in
g
th
e
fi
rst

100
as

b
u
rn
-in

iteration
s.

T
h
e
resu

ltin
g
valu

es
of

µ̄
j
an
d

S
j
tu
rn
ed

ou
t
to

b
e
(−

0.47,−
0.87,0.56,−

0.17)

an
d
(0.27,0.27,0.28,0.27)

for
j
=

0,...,3
resp

ectively.
W
ith

in
each

m
o
d
el,

u
p
d
atin

g
of

th
e

p
aram

eters
β
j
w
as

p
erform

ed
v
ia
G
ib
b
s
sam

p
lin

g
step

s
as

d
escrib

ed
in

D
ellap

ortas
an
d
S
m
ith

(1993).
F
in
ally,

each
M
arkov

ch
ain

ran
for

110,000
iteration

s
an
d
th
e
ou
tp
u
t
su
m
m
aries

are

b
ased

on
ergo

d
ic
averages

taken
on

th
e
last

100,000
iteration

s.
A
ll
of

th
e
M
C
M
C
ap
p
roach

es

to
ok

a
sim

ilar
len

gth
of

tim
e
(arou

n
d
4
m
in
u
tes

in
a
P
en
tiu

m
100

P
C
).
T
h
e
fu
ll
resu

lts
are

given
in

T
ab
le
4.12.

M
o
d
el

D
ev
ian

ce
A
P

S
S
V
S

G
V
S

K
M

R
J

M
C
C

C
on
stan

t
18.656

0.004
0.011

0.005
0.005

0.005
0.005

A
4.748

0.460
0.498

0.493
0.496

0.491
0.491

B
12.171

0.011
0.017

0.011
0.010

0.012
0.012

A
+

B
0.368

0.462
0.416

0.439
0.436

0.439
0.440

A
B

0.000
0.063

0.057
0.051

0.053
0.052

0.052

T
ab
le
4.12:

L
ogistic

R
egression

E
x
am

p
le:

P
osterior

M
o
d
el
P
rob

ab
ilities;

A
P
=

ap
p
rox

im
ate

p
rob

ab
ilities,

S
S
V
S
=

sto
ch
astic

search
variab

le
selection

,
G
V
S
=

G
ib
b
s
variab

le
selection

,

K
M

=
K
u
o
an
d
M
allick

G
ib
b
s
sam

p
ler,

R
J
=

reversib
le
ju
m
p
,
M
C
C
=

M
etrop

olised
C
arlin

an
d
C
h
ib

m
eth

o
d
.

A
s
w
ou
ld

b
e
h
op

ed
,
all

M
C
M
C
m
eth

o
d
s
give

sim
ilar

resu
lts,

w
ith

th
e
com

b
in
ed

p
rob

ab
il-

ity
of

th
e
tw
o
m
ost

p
rob

ab
le
m
o
d
els

to
b
e
at

least
0.93.

S
S
V
S
gives

sligh
tly

d
iff
eren

t
resu

lts



C
h
ap
ter

4:
F
u
rth

er
D
evelop

m
en
ts

of
M
C
M
C
in

M
o
d
el
an
d
V
ariab

le
S
election

M
eth

o
d
s
135

B
atch

S
tan

d
ard

D
ev
iation

M
o
d
el

A
M
o
d
el

A
+

B

G
V
S

0.012
0.010

K
M

0.021
0.019

R
J

0.017
0.014

M
C
C

0.016
0.013

S
S
V
S

0.196
0.168

T
ab
le

4.13:
L
ogistic

R
egression

E
x
am

p
le:

B
atch

S
tan

d
ard

D
ev
iation

of
P
osterior

M
o
d
el

P
rob

ab
ilities.

as
ex
p
ected

.
T
h
e
resu

ltin
g
110,000

iteration
s
w
ere

d
iv
id
ed

in
44

b
atch

es
of

len
gth

of
2,500

iteration
s.

P
rob

ab
ilities

of
th
e
b
est

tw
o
m
o
d
els

over
d
iff
eren

t
b
atch

es
are

given
in

F
igu

re

4.14
w
h
ile

ergo
d
ic

p
rob

ab
ilities

are
given

in
F
igu

re
4.15.

A
ssessm

en
t
of

con
vergen

ce
can

b
e

d
on
e
v
ia

th
ese

fi
gu
res

an
d
T
ab
le

4.13
gives

th
e
b
etw

een
b
atch

es
stan

d
ard

d
ev
iation

.
T
h
e

sm
aller

th
e
stan

d
ard

d
ev
iation

th
e
q
u
icker

th
e
con

vergen
ce.

F
rom

b
oth

p
lots

an
d
stan

d
ard

d
ev
iation

s
w
e
clearly

see
th
at

S
S
V
S
d
em

on
strates

m
ore

variab
ility

th
an

all
th
e
oth

er
m
eth

o
d
s

an
d
th
erefore

w
e
n
eed

m
ore

iteration
s
to

reach
con

vergen
ce.

T
h
e
sm

allest
stan

d
ard

d
ev
iation

is
ach

ieved
b
y
G
ib
b
s
variab

le
selection

w
h
ile

stan
d
ard

d
ev
iation

of
K
u
o
an
d
M
allick

sam
p
ler

is
ab

ou
t
tw

ice
as

m
u
ch
.
R
eversib

le
ju
m
p
an
d
M
etrop

olised
C
arlin

an
d
C
h
ib

h
ave

ab
ou
t
th
e

sam
e
stan

d
ard

d
ev
iation

.

W
e
fi
n
ally

p
erform

ed
a
rob

u
stn

ess
an
aly

sis.
W
e
assu

m
e
th
at

c
2
=

4×
c ′an

d
w
e
calcu

lated

th
e
p
osterior

p
rob

ab
ilities

for
variou

s
valu

es
of

c ′.
F
or

valu
es

of
c ′
b
etw

een
2
an
d
100,

th
e

m
o
d
el

in
clu

d
in
g
th
e
severity

eff
ect

(A
)
is

su
p
p
orted

.
Its

p
rob

ab
ility

reach
es

its
m
ax
im

u
m

(0.834)
at

th
e
valu

e
c ′
=

57.6
(estim

ated
b
y
th
e
fi
tted

m
o
d
el).

N
ote

th
at

th
e
m
ore

com
p
li-

cated
m
o
d
el
w
h
ich

in
clu

d
es

b
oth

severity
an
d
an
titox

in
eff
ect

d
ecreases

its
p
rob

ab
ility

w
h
en

th
e
p
rior

p
aram

eter
c ′
in
creases.
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L
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E
x
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p
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P
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P
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for
D
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t
P
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D
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b
u
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B
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 k=
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R
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B
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B
atch

Posterior Probability

0
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S
S

V
S

 k=
1000

B
atch

Posterior Probability

0
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C
onstant

ABA
+

B
A

B

F
igu
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4.14:

L
ogistic

R
egression

E
x
am

p
le:

B
atch

P
osterior

P
rob

ab
ilities.
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h
a
p
te

r
5

S
im

u
lta

n
e
o
u
s
C
o
v
a
ria

te
a
n
d

S
tru

ctu
ra

l
Id

e
n
tifi

ca
tio

n
in

G
e
n
e
ra

lise
d

L
in

e
a
r
M

o
d
e
ls

W
e
con

cen
trate

in
m
o
d
el

selection
asp

ects
th
at

m
ay

ap
p
ear

in
gen

eralised
lin

ear
m
o
d
els.

T
h
e
u
su
al

laten
t
m
o
d
el
in
d
icator

m
∈
M

is
u
sed

to
rep

resen
t
th
e
gen

eral
m
o
d
el
form

u
lation

in
clu

d
in
g
error

stru
ctu

re,
lin

k
fu
n
ction

an
d
covariate

selection
.
T
h
e
set

of
all

p
ossib

le
m
o
d
els

M
can

b
e
w
ritten

as
a
p
ro
d
u
ct

of
tw
o
su
b
setsS×

{0,1}
p,
w
h
ereS

is
th
e
set

of
all

stru
ctu

ral

p
rop

erties
an
d{0,1}

p
th
e
set

of
all

p
ossib

le
com

b
in
ation

s
of

covariates
in
clu

d
ed

in
th
e
m
o
d
el.

T
h
erefore,

th
ere

is
a
on
e-to-on

e
tran

sform
ation

G
:M

→
S
×
{0,1}

p.
T
h
e
setS

can
b
e

fu
rth

er
an
aly

sed
to

a
p
ro
d
u
ct

of
variou

s
oth

er
sets

su
ch

as
th
e
set

of
availab

le
lin

k
sL

or

th
e
set

of
error

d
istrib

u
tion

sD
.
C
ovariates

to
b
e
selected

are
d
en
oted

b
y
th
e
u
su
al

vector

of
b
in
ary

in
d
icator

p
aram

eters
γ
(γ

j
=

1
in
d
icates

th
at

th
e
j
term

is
in
clu

d
ed

in
th
e
m
o
d
el

w
h
ile

γ
j
=

0
in
d
icates

th
at

th
e
j
term

is
ex
clu

d
ed

from
th
e
m
o
d
el).

F
or

ex
am

p
le,

in
a
m
o
d
el

selection
p
rob

lem
w
h
ere

w
e
accou

n
t
u
n
certain

ty
on

th
e
error

d
istrib

u
tion

,
lin

k
fu
n
ction

an
d

covariate
selection

w
e
u
se

th
e
laten

t
variab

les
(D

,L
,γ

)∈
D
×
L
×
{0,1}

p.

In
gen

eralised
lin

ear
m
o
d
els

in
terest

u
su
ally

lies
in

covariate
id
en
tifi

cation
.
H
ow

ever,
th
e

selection
of

stru
ctu

ral
p
rop

erties
is
closely

related
w
ith

th
e
valid

ity
of

th
e
m
o
d
el,

its
sen

sitiv
-

ity
to

ex
trem

e
or

ou
tly

in
g
valu

es,
an
d
th
e
stru

ctu
re

of
ran

d
om

n
ess

in
th
e
resp

on
se

variab
le

th
at

w
e
stu

d
y.

T
h
erefore

h
ere

w
e
d
iscu

ss
an
d
p
resen

t
som

e
im

p
lem

en
tation

d
etails

w
h
en

w
e

are
in
terested

in
oth

er
m
o
d
ellin

g
asp

ects.
W
e
fo
cu
s
in

lin
k
selection

b
u
t
th
e
m
eth

o
d
ology
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U
sin

g
M
C
M
C

d
evelop

ed
for

th
e
lin

k
id
en
tifi

cation
can

b
e
im

p
lem

en
ted

w
ith

ou
t
an
y
fu
rth

er
p
rob

lem
s
to

th
e
d
eterm

in
ation

of
oth

er
stru

ctu
ral

p
rop

erties.
T
h
e
m
ain

th
eory

an
d
resu

lts
of

th
is
ch
ap
ter

h
ave

also
given

in
a
form

of
a
tech

n
ical

rep
ort;

see
N
tzou

fras
et

a
l.
(1999b

)

T
h
e
follow

in
g
ch
ap
ter

is
organ

ized
in
to

fi
ve

section
s.

T
h
e
fi
rst

on
e
gives

variab
le
an
d
lin

k

selection
d
etails.

D
etailed

sam
p
lers

are
p
resen

ted
togeth

er
w
ith

a
straigh

tforw
ard

tech
n
iq
u
e

to
d
evelop

‘eq
u
ivalen

t’
(in

a
lo
ose

sen
se)

p
rior

d
istrib

u
tion

s
am

on
g
d
iff
eren

t
lin

k
fu
n
ction

s.

T
h
e
secon

d
section

in
tro

d
u
ces

a
m
eth

o
d
for

ou
tlier

id
en
tifi

cation
w
h
ile

th
e
th
ird

d
iscu

sses

an
d
com

p
ares

lin
k
an
d
tran

sform
ation

selection
.
T
h
e
fou

rth
section

d
iscu

sses
th
e
p
rob

lem

of
d
istrib

u
tion

selection
an
d
gives

d
etails

of
sp
ecial

cases.
T
h
e
fi
n
al

section
p
resen

ts
an

illu
strative

ex
am

p
le
u
sin

g
sim

u
ltan

eou
s
variab

le
an
d
lin

k
selection

m
eth

o
d
s.

5
.1

C
o
v
a
ria

te
a
n
d

L
in

k
F
u
n
ctio

n
Id

e
n
tifi

ca
tio

n

V
ariab

le
an
d
lin

k
selection

b
reak

s
in
to

tw
o
step

s
b
y
u
sin

g
th
e
laten

t
variab

les
γ
for

covariate

selection
an
d
L
for

lin
k
id
en
tifi

cation
.
T
h
en

w
e
m
ay

u
se

an
y
of

th
e
availab

le
M
C
M
C
m
eth

o
d
s

for
th
e
covariate

selection
.
W
e
m
ay

also
in
corp

orate
b
oth

lin
k
an
d
variab

le
selection

in
on
e

reversib
le
ju
m
p
M
etrop

olis
step

th
ou
gh

it
is
q
u
ite

in
effi

cien
t.

T
h
e
lin

ear
p
red

ictor
w
ill

sligh
tly

ch
an
ge

to

g
L
(µ

i )
=

η
Li
,

η
L
= ∑j∈V

γ
j X

j β
j,(L

)
(5.1)

w
h
ere

β
j,(L

)
is
th
e
p
aram

eter
vector

th
at

corresp
on
d
s
to

j
term

an
d
L
lin

k
w
h
ile

th
e
vector

of
th
e
fu
ll
m
o
d
el
for

L
lin

k
,
is
n
oted

b
y

β
(L

) .

5
.1
.1

‘E
q
u
iv
a
le
n
t’

P
rio

rs
fo

r
N
o
n
-ca

n
o
n
ica

l
L
in

k
F
u
n
ctio

n
s

A
n
im

p
ortan

t
issu

e
in

lin
k
selection

is
th
e
sp
ecifi

cation
of

p
rior

d
istrib

u
tion

s
th
at

rep
resen

t

th
e
‘eq

u
ivalen

t’
b
eliefs

for
d
iff
eren

t
lin

k
fu
n
ction

s.
S
u
p
p
ose

th
at

w
e
u
se

in
d
ep
en
d
en
t
p
rior

d
istrib

u
tion

s
for

each
term

con
d
ition

ally
on

th
e
lin

k
fu
n
ction

u
sed

.
T
h
en

th
e
p
rior

of
ty
p
e

β
j,(L

) |γ
j
=

1,L
∼

N
(0

,Σ
Lj
),

for
all

L
∈
L

can
b
e
u
tilized

.

A
sim

p
le

ap
p
roach

is
b
ased

on
th
e
n
otion

of
sem

iau
tom

atic
selection

u
sed

in
S
S
V
S
b
y

G
eorge

an
d
M
cC

u
llo

ch
(1993).

In
th
e
sim

p
le

case
of

on
e
d
im

en
sion

al
regressors

w
e
sim

p
ly
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u
se

th
e
eq
u
ation

[V
a
r(β̂

Lj
)] −

1Σ
Lj
=

[V
a
r(β̂

Cj
)] −

1Σ
Cj
resu

ltin
g
in

Σ
Lj
=

V
a
r(β̂

Lj
)

V
a
r(β̂

Cj
) Σ

Cj

w
h
ere

Σ
Cj
an
d
Σ
Lj
are

th
e
p
rior

varian
ces

for
th
e
can

on
ical

lin
k
fu
n
ction

C
an
d
an
y
oth

er

lin
k
fu
n
ction

L
∈
L
,
w
h
ile

V
a
r(β̂

Cj
)
an
d
V
a
r(β̂

Lj
)
are

th
e
stan

d
ard

errors
of

th
e
m
ax
im

u
m

likelih
o
o
d
estim

ates
β̂
Cj
an
d
β̂
Lj
of

lin
k
s
C

an
d
L
,
resp

ectively.

In
m
ore

com
p
licated

cases
w
e
m
ay

u
se

m
u
ltivariate

n
orm

al
d
istrib

u
tion

s
an
d
ad
ju
st

th
e

varian
ce

of
each

p
aram

eter
an
d
th
e
p
rior

covarian
ces

of
p
aram

eters
β
k
an
d

β
l
u
sin

g
th
e

eq
u
ation

C
ov
(β

Lk
,β

Ll
)
=

C
ov
(β̂

Lk
,β̂

Ll
)

C
ov
(β̂

Ck
,β̂

Cl
) C

ov
(β

Ck
,β

Cl
).

A
m
ore

sop
h
isticated

ad
ju
stm

en
t
can

b
e
b
ased

on
th
e
fi
rst

ord
er

ap
p
rox

im
ation

of
T
ay
lor

ex
p
an
sion

.
T
h
is
is
given

b
yη
L
=

g
L
(µ
)≈

g
L
(µ

0 )
+
(µ−

µ
0 )g ′L

(µ
0 )

(5.2)

w
h
ere

L
∈
L

is
a
lin

k
in
d
icator

g
L
(µ
)
is

th
e
lin

k
fu
n
ction

an
d

η
L
th
e
lin

ear
p
red

ictor

corresp
on
d
in
g
to

L
in
d
icator.

T
h
e
lin

ear
fu
n
ction

T
E
L
(µ

0 )
=

[g
L
(µ

0 )−
µ

0 g ′L
(µ

0 )]+
µ
g ′L
(µ

0 )

w
ill

b
e
called

T
ay
lor

ex
p
an
sion

lin
ear

ap
p
rox

im
ation

of
lin

k
fu
n
ction

g
L
arou

n
d
µ

0 .
T
h
en
,

solv
in
g
th
e
eq
u
ation

η
L

1−
g
L
(µ

0 )

g ′L
1 (µ

0 )
=

η
L

2−
g
L
(µ

0 )

g ′L
2 (µ

0 )
(5.3)

w
e
h
ave

η
L

1
=

δ ∗L
1
L

2 (µ
0 )η

L
2
+

δ ∗∗L
1
L

2 (µ
0 )

(5.4)

δ ∗L
1
L

2 (µ
0 )

=
g ′L

1 (µ
0 )

g ′L
2 (µ

0 )
(5.5)

δ ∗∗L
1
L

2 (µ
0 )

=
g
L

1 (µ
0 )−

δ ∗L
1
L

2 (µ
0 )η

L
2g

L
2 (µ

0 ).
(5.6)

T
h
e
m
ost

freq
u
en
t
ap
p
lication

of
lin

k
selection

in
gen

eralised
lin

ear
m
o
d
els

is
con

sid
ered

in
b
in
om

ial
m
o
d
els

w
h
ere

th
e
m
ost

p
op
u
lar

lin
k
s
are

logistic,
p
rob

it
an
d
com

p
lem

en
tary

log-log.
A

com
m
on

ch
oice

for
µ

0
is

µ
0
=

p
0
=

0.5
b
u
t
th
is

ap
p
rox

im
ation

is
n
ot

eff
ective

w
h
en

d
ata

con
tain

m
an
y
valu

es
resu

ltin
g
in

b
in
om

ial
p
rob

ab
ilities

close
to

on
e
or

zero.
In
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M
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d
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V
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S
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U
sin

g
M
C
M
C

L
L
in
k

g
(p

0 )
g ′(p

0 )

L
1

L
ogit

log
[p

0 /(1−
p

0 )]
[p

0 (1−
p

0 )] −
1

L
2

P
rob

it
Φ

−
1(p

0 )
[ϕ
(p

0 )] −
1

L
3

clog-log
log

[−
log

(1−
p)]

−
[(1−

p
0 )log

(1−
p

0 )] −
1

L
4

log-log
log

[−
log

(p)]
[p

0 log
(p

0 )] −
1

T
ab
le
5.1:

T
ab
le
of

T
ay
lor

E
x
p
an
sion

for
B
in
om

ial
E
x
am

p
le.

L
L
in
k

g
(0.5)

g ′(0.5)
T
E
(0.5)

δ ∗L
L

1
δ ∗∗L

L
1

L
1

L
ogit

0.000
4.000

4p−
2

1.000
0.000

L
2

P
rob

it
0.000

2.507
2.507p−

1.253
0.627

0.000

L
3

clog-log
-0.367

2.885
2.885p−

1.809
0.721

-0.367

L
4

log-log
-0.367

-2.885
−
2.885p

+
1.076

-0.721
-0.367

T
ab
le
5.2:

T
ab
le
of

T
ay
lor

E
x
p
an
sion

(T
E
)
for

B
in
om

ial
E
x
am

p
le;

p
0
=

0.5.

su
ch

cases,
a
m
ore

eff
ective

ch
oice

is
p
rov

id
ed

b
y
th
e
m
ean

or
m
ed
ian

p
rob

ab
ility

of
availab

le

b
in
om

ial
trials.

D
etails

for
th
e
b
in
om

ial
case

are
given

in
T
ab
les

5.1
an
d
5.2.

W
e
su
ggest

th
at

th
e
lin

ear
tran

sform
ation

β
0
,(L

)
=

δ ∗L
L

1 (µ
0 )β

0
,(L

1
)
+

δ ∗∗L
L

1 (µ
0 )

(5.7)

β
Lj

=
δ ∗L

L
1 (µ

0 )β
L

1
j

(5.8)

is
a
go
o
d
ap
p
rox

im
ation

b
etw

een
th
e
p
aram

eters
of

th
e
tw
o
d
iff
eren

t
lin

k
s
sin

ce
th
ey

satisfy

(5.4).

A
n
altern

ative
ap
p
roach

given
b
y
R
aftery

(1996a)
is
d
escrib

ed
in

S
ection

3.2.1.3.
W
e
m
ay

also
u
se

th
e
p
rior

(3.10)
w
ith

covarian
ce

m
atrix

p
rop

ortion
al

to
th
e
in
verse

of
th
e
ob
served

in
form

ation
m
atrix

as
d
efi
n
ed

b
y
(3.13)

or
th
e
u
n
it
ro
ot

p
rior

ap
p
roach

.
S
im

ilar
ap
p
roach

es

can
b
e
u
sed

for
tran

sform
ation

id
en
tifi

cation
or

d
istrib

u
tion

selection
p
rob

lem
s.
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5
.1
.2

R
e
v
e
rsib

le
J
u
m

p
L
in

k
S
e
le
ctio

n
fo

r
G
iv
e
n

C
o
v
a
ria

te
S
tru

c-

tu
re

T
h
e
M
etrop

olis
step

for
lin

k
selection

in
volves

sw
itch

in
g
lin

k
fu
n
ction

s
w
h
ile

th
e
d
im

en
sion

of
th
e
tw
o
m
o
d
els

rem
ain

u
n
ch
an
ged

an
d
eq
u
al

to
d
(γ

).
T
w
o
ty
p
es

of
reversib

le
ju
m
p
are

ap
p
rop

riate
for

lin
k
selection

.
T
h
e
fi
rst

is
to

u
se

a
su
itab

le
tran

sform
ation

w
ith

ou
t
gen

eratin
g

an
y
ad
d
ition

al
term

s.
T
h
e
id
en
tity

tran
sform

ation
m
ay

also
b
e
u
sed

b
u
t
in

som
e
cases

(w
h
ere

p
osterior

d
istrib

u
tion

of
p
aram

eters
in

d
iff
eren

t
lin

k
s
are

q
u
ite

d
istin

ct)
it
tu
rn
ed

ou
t
to

b
e

very
in
effi

cien
t.

T
h
e
secon

d
reversib

le
ju
m
p
ty
p
e
in
volves

a
M
etrop

olised
C
arlin

an
d
C
h
ib

step
w
h
ere

all
th
e
p
aram

eters
are

gen
erated

from
ap
p
rop

riate
p
rop

osals.

T
h
e
reversib

le
ju
m
p
lin

k
step

w
ith

tran
sform

ation
h
as

accep
tan

ce
p
rob

ab
ility

α
=

m
in (

1,
f
(y|β

′( γ
,L

′) ,γ
,L

′)f
(β

′( γ
,L

′) |γ
,L

′)f
(γ

,L
′)j(L

′,L
)

f
(y|β

(γ
,L

) ,γ
,L

)f
(β

(γ
,L

) |γ
,L

)f
(γ

,L
)j(L

,L
′) ∣∣∣∣∣ ∂

h
L
,L

′(β
(γ

,L
) )

∂
(β

(γ
,L

) )

∣∣∣∣∣ )
(5.9)

w
ith

h
L
,L

′(β
(γ

,L
) )
=

β
′( γ

,L
′) .

A
sim

p
le
b
u
t
w
ell

p
erform

ed
tran

sform
ation

can
b
e
ach

ieved
b
y
u
sin

g
th
e
fi
rst

tw
o
term

s

of
th
e
T
ay
lor

ex
p
an
sion

given
b
y
(5.2).

T
h
e
sim

p
le
lin

ear
tran

sform
ation

given
b
y
eq
u
ation

s

(5.7)
an
d
(5.8)

can
b
e
u
sed

to
assist

th
e
ch
ain

to
ju
m
p
easily

from
on
e
lin

k
to

an
oth

er.
T
h
is

tran
sform

ation
h
as

th
e
p
rop

erty
th
at

th
e
ex
p
ected

valu
es

µ
i
rem

ain
ap
p
rox

im
ately

eq
u
al

am
on
g
d
iff
eren

t
lin

k
s
sin

ce

η
L
′

=
β

0
,(L

′)
+

∑j∈V\{
0}
γ
j X

j β
j,(L

′)

=
δ ∗L

′L
(µ

0 )β
0
,(L

)
+

δ ∗∗L
′L
(µ

0 )
+

δ ∗L
′L
(µ

0 )
∑j∈V\{

0}
γ
j X

j β
j,(L

)

=
δ ∗L

′L
(µ

0 )η
L
+

δ ∗∗L
′L
(µ

0 ),

w
h
ich

is
th
e
resu

lt
w
e
get

w
h
en

w
e
eq
u
ate

th
e
T
ay
lor

ap
p
rox

im
ated

ex
p
ected

valu
es

for
tw
o

d
iff
eren

t
lin

k
s;
see

(5.3)
an
d
(5.4).

In
gen

eral,
w
e
m
ay

u
se

th
e
valu

e
of

p
0
=

0.5
b
u
t
in

som
e
situ

ation
s
m
ay

n
ot

b
e
effi

cien
t

(for
ex
am

p
le
w
h
en

all
th
e
p
rob

ab
ilities

are
sm

all).
A
b
etter

ch
oice

for
p

0
m
ay

b
e
th
e
average

p
rob

ab
ility

of
th
e
b
in
om

ial
trials.

T
h
is
lin

ear
tran

sform
ation

im
p
roves

th
e
reversib

le
ju
m
p

step
effi

cien
tly

w
ith

ou
t
h
av
in
g
to

calcu
late

a
com

p
licated

J
acob

ian
b
u
t
th
e
sim

p
le|δ ∗

d
(γ

)
L
L
′ |.

A
n
altern

ative
ap
p
roach

is
to

con
sid

er
M
etrop

olised
C
arlin

an
d
C
h
ib

an
d
gen

erate
all

m
o
d
el

p
aram

eters
of

th
e
n
ew

p
rop

osed
lin

k
from

an
ap
p
rop

riate
p
rop

osal
d
istrib

u
tion

.
In

144
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
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M
C

su
ch

case
th
e
M
etrop

olis
step

is
given

b
y

α
=

m
in (

1,
f
(y|β

′(γ
,L

′) ,γ
,L

′)f
(β

′(γ
,L

′) |γ
,L

′)f
(γ

,L
′)j(L

′,L
)q

L
(β

(γ
,L

) )

f
(y|β

(γ
,L

) ,γ
,L

)f
(β

(γ
,L

) |γ
,L

)f
(γ

,L
)j(L

,L
′)q

L
′(β

′( γ
,L

′) ) )
(5.10)

N
ote

th
at

th
e
J
acob

ian
h
ere

is
eq
u
al

to
on
e
sin

ce
h
m
,m

′(β
(γ

,L
) ,β

′( γ
,L

′) )
=

(β
′( γ

,L
′) ,β

(γ
,L

) ).

T
h
e
p
rop

osal
d
istrib

u
tion

s
can

h
ave

th
e
form

q
L
(β

(γ
,L

) )
=

N
(µ̄

β
(γ

,L
) ,S

(γ
,L

) ),
w
h
ere

µ̄
β
(γ

,L
)

an
d

S
(γ

,L
)
can

b
e
taken

b
y
a
p
ilot

ch
ain

for
th
e
corresp

on
d
in
g
m
o
d
el.

5
.1
.3

G
ib

b
s

V
a
ria

b
le

a
n
d

L
in

k
S
e
le
ctio

n
fo

r
G
e
n
e
ra

lise
d

L
in

e
a
r

M
o
d
e
ls

T
h
is
section

d
em

on
strates

h
ow

w
e
can

ex
ten

d
G
ib
b
s
variab

le
selection

m
eth

o
d
s
to

oth
er

se-

lection
p
rob

lem
s
su
ch

as
lin

k
selection

.
S
im

ilar
m
eth

o
d
ology

m
ay

b
e
follow

ed
for

d
istrib

u
tion

selection
p
rob

lem
s.

T
h
e
fi
rst

ap
p
roach

in
ap
p
ly
in
g
th
e
variab

le
an
d
lin

k
selection

v
ia

G
ib
b
s
is
to

gen
eralise

G
ib
b
s
variab

le
selection

or
S
S
V
S
.
W
e
u
se

again
th
e
sam

e
n
otation

as
in

G
ib
b
s
variab

le

selection
an
d
th
erefore

β
d
en
otes

th
e
p
aram

eter
vector

of
th
e
fu
ll
m
o
d
el

for
an
y
lin

k
.
T
h
e

resu
ltin

g
p
osterior

con
d
ition

al
d
istrib

u
tion

s
for

G
ib
b
s
variab

le
selection

are
eq
u
ivalen

t
to

(4.1),
(4.2)

an
d
(4.3)

ad
d
in
g
th
e
lin

k
in
d
icator

L
w
h
ile

th
e
con

d
ition

al
p
osterior

for
th
e
lin

k

selection
step

is
given

b
y

f
(L|β

,γ
,y

)
=

f
(y|β

,γ
,L

)f
(β|γ

,L
)f
(γ

,L
)

∑L
′∈L

f
(y|β

,γ
,L

′)f
(β|γ

,L
′)f

(γ
,L

′)
(5.11)

w
h
ere

f
(y|β

,γ
,L

)
is
th
e
likelih

o
o
d
for

th
e
L
lin

k
.

T
h
e
m
ain

d
raw

b
ack

of
th
e
ab

ove
ch
ain

is
th
at

w
h
en

th
e
d
istan

ce
of

th
e
p
osterior

d
is-

trib
u
tion

s
of

th
e
p
aram

eters
for

d
iff
eren

t
lin

k
s
is

large
th
en

th
e
p
art

of
th
e
p
rior

referrin
g

to
th
e
co
effi

cien
ts

ou
tsid

e
th
e
cu
rren

t
m
o
d
el

w
ill

slow
d
ow

n
th
e
lin

k
ju
m
p
s.

A
p
rop

osed

m
o
d
ifi
cation

is
to

u
se

of
sam

e
p
seu

d
op
rior

for
all

lin
k
s
resu

ltin
g
to

th
eir

elim
in
ation

from

th
e
lin

k
selection

step
.
T
h
is

w
ill

con
sid

erab
ly

slow
d
ow

n
th
e
variab

le
selection

step
,
sin

ce

p
rop

osed
valu

es
are

n
ot

op
tim

al,
m
ak
in
g
th
e
M
arkov

ch
ain

in
effi

cien
t.

F
or

th
ese

reason
w
e

sh
all

d
evelop

oth
er

G
ib
b
s
b
ased

sam
p
lers

for
sim

u
ltan

eou
s
variab

le
an
d
lin

k
selection

.

S
im

ilarly
S
S
V
S
can

b
e
ex
ten

d
ed

to
sto

ch
astic

search
variab

le
an
d
lin

k
selection

.
T
h
is

ex
ten

sion
w
ill

b
e
given

b
y
p
osterior

eq
u
ivalen

t
to

(3.24),
(3.25)

an
d
th
e
ab

ove
lin

k
step
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(eq
u
ation

5.11).
S
to
ch
astic

search
variab

le
an
d
lin

k
selection

d
em

on
strates

con
vergen

ce

p
rob

lem
s
sim

ilar
to

G
ib
b
s
variab

le
an
d
lin

k
s
selection

sam
p
ler

esp
ecially

w
h
en

th
e
p
aram

eters

of
d
iff
eren

t
lin

k
s
are

d
istin

ct.

A
p
ossib

le
solu

tion
to

th
e
ab

ove
p
rob

lem
is
given

b
y
com

b
in
in
g
G
ib
b
s
variab

le
selection

for
variab

le
selection

an
d
C
arlin

an
d
C
h
ib

ap
p
roach

for
lin

k
selection

.
In
stead

of
β
for

all
lin

k

fu
n
ction

s
w
e
u
se

on
e
vector

β
(L

)
for

each
L
∈
L
.
T
h
erefore

w
e
n
eed

to
d
efi
n
e
f
(β

(L
) |γ

,L
′)
for

all
L
,L

′∈
L
.
W
h
en

L
=

L
′
th
en

th
e
p
aram

eter
vector

β
(L

)
is
gen

erated
from

f
(β

(L
) |γ

,L
,y

)

w
h
ich

is
eq
u
ivalen

t
to

G
ib
b
s
variab

le
selection

step
s
given

b
y
(4.1)

an
d
(4.2)

ad
d
in
g
th
e
lin

k

in
d
icator

L
in

all
con

d
ition

al
d
istrib

u
tion

s
an
d
to

all
m
o
d
el

vectors
β
,
β

(γ
)
an
d

β
(\γ

) .
In

th
e
case

w
h
ere

L
�=

L
′
w
e
gen

erate
β

(L
)
from

th
e
p
seu

d
op
rior

f
(β

(L
) |γ

,L
′�=

L
).

T
h
e
lin

k

selection
step

is
given

b
y
th
e
con

d
ition

al
p
osterior

f
(L|{β

L
′ ,

L
′∈
V},γ

,y
)
=

f
(y|β

(L
) ,γ

,L
)f
(γ

,L
) ∏L

′∈L
f
(β

(L
′)|γ

,L
)

∑0∈L
f
(y|β

(0) ,γ
,=)f

(γ
,=) ∏L

′∈L
f
(β

(L
′)|γ

,=) .
(5.12)

T
h
e
ab

ove
G
ib
b
s
sam

p
ler

solves
th
e
p
rob

lem
ap
p
eared

in
G
ib
b
s
variab

le
selection

or
S
S
V
S

ex
ten

sion
to

lin
k
id
en
tifi

cation
p
rob

lem
s.

T
h
e
m
a
jor

d
raw

b
ack

of
th
is
G
ib
b
s
sam

p
ler

is
th
e

p
rereq

u
isite

of
p
rop

osin
g
m
an
y
p
aram

eters
from

th
e
p
seu

d
op
riors.

T
h
is
can

b
e
solved

if
w
e

m
etrop

olise
th
is
step

resu
ltin

g
to

M
etrop

olised
C
arlin

an
d
C
h
ib

lin
k
selection

step
d
escrib

ed

in
th
e
p
rev

iou
s
section

.
T
h
is
sam

p
ler

w
as

m
ain

ly
con

stru
cted

to
illu

strate
h
ow

w
e
can

create

a
G
ib
b
s
sam

p
ler

th
at

can
easily

b
e
im

p
lem

en
ted

b
y
easy

-to-u
se

p
ackages

su
ch

as
B
U
G
S
.

S
im

ilar
p
ro
ced

u
res

can
b
e
u
sed

to
con

stru
ct

fl
ex
ib
le

sam
p
lers

th
at

give
accu

rate
resu

lts
in

reason
ab
le
tim

e.
W
e
can

also
con

stru
ct

a
G
ib
b
s
sam

p
ler

th
at

ap
p
lies

S
S
V
S
m
eth

o
d
ology

for

variab
le
selection

an
d
C
arlin

an
d
C
h
ib

m
eth

o
d
ology

for
lin

k
selection

as
d
escrib

ed
ab

ove.

5
.1
.4

M
e
tro

p
o
lise

d
G
ib

b
s
S
a
m

p
le
r
fo

r
L
in

k
S
e
le
ctio

n

T
h
e
op
tim

al
M
etrop

olised
G
ib
b
s
sam

p
ler

d
escrib

ed
in

S
ection

4.5.1.2
for

d
iscrete

ran
d
om

variab
les

can
also

b
e
im

p
lem

en
ted

for
th
e
lin

k
selection

sam
p
lers.

W
e
d
evelop

th
is
varian

t

in
w
h
ich

w
e
p
rop

ose
a
n
ew

lin
k
L
′�=

L
from

th
e
d
istrib

u
tion

j(L
,L

′)
=

f
(y|β

(L
′) ,γ

,L
′)f

(γ
,L

′) ∏L
′′∈L

f
(β

(L
′′) |γ

,L
′)

∑0∈L\{
L}

f
(y|β

(0) ,γ
,=)f

(γ
,=) ∏L

′′∈L
f
(β

(L
′′) |γ

,=)
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M
C

an
d
accep

t
th
e
p
rop

osed
term

w
ith

accep
tan

ce
p
rob

ab
ility

α
=

m
in 

1,

∑0∈L\{
L}

f
(y|β

(0) ,γ
,=)f

(γ
,=) ∏L

′′∈L
f
(β

(L
′′) |γ

,=)

∑0∈L\{
L
′}

f
(y|β

(0) ,γ
,=)f

(γ
,=) ∏L

′′∈L
f
(β

(L
′′) |γ

,=) 
.

A
lth

ou
gh

th
e
ab

ove
sam

p
ler

seem
s
com

p
licated

it
d
o
es

n
ot

req
u
ire

m
ore

com
p
u
tation

s
th
an

G
ib
b
s
variab

le
an
d
C
arlin

an
d
C
h
ib

lin
k
selection

d
efi
n
ed

ab
ove.

O
n
th
e
oth

er
h
an
d
,
it
is

m
ore

com
p
licated

th
an

b
oth

version
s
of

reversib
le
ju
m
p
for

lin
k
selection

p
rop

osed
in

S
ection

5.1.2.
T
h
e
ab

ove
sam

p
ler

is
given

in
a
sim

p
ler

form
if
w
e
set

Ξ
(β

∗,γ
,=)

=
f
(y|β

(0) ,γ
,=)f

(γ
,=) ∏L

′′∈L
f
(β

(L
′′) |γ

,=),

Ξ
(β

∗,γ
)
= ∑0∈L

Ξ
(β

(0) ,γ
,=),

w
h
ere

β
∗
=
{β

(L
′′) ,

L
′′∈

L}.
T
h
e
p
rop

osal
is
n
ow

given
b
y

j(L
,L

′)
=

Ξ
(β

∗,γ
,L

′)
Ξ
(β

∗,γ
)−

Ξ
(β

∗,γ
,L

)

an
d
accep

t
th
e
p
rop

osed
term

w
ith

p
rob

ab
ility

α
=

m
in (

1,
Ξ
(β

∗,γ
)−

Ξ
(β

∗,γ
,L

)

Ξ
(β

∗,γ
)−

Ξ
(β

∗,γ
,L

′) )
.

5
.1
.5

O
th

e
r
A
p
p
ro

a
ch

e
s
in

L
in

k
S
e
le
ctio

n

T
h
e
ab

ove
lin

k
selection

m
eth

o
d
s
con

sid
ered

a
lim

ited
n
u
m
b
er

of
d
istin

ct
lin

k
fu
n
ction

s.

M
ore

gen
eral

lin
k
fu
n
ction

s
can

b
e
ad
op
ted

b
y
con

sid
erin

g
a
fam

ily
of
lin

k
fu
n
ction

d
ep
en
d
in
g

on
on
e
or

m
ore

(u
n
k
n
ow

n
)
p
aram

eters.
T
h
e
set

of
all

p
ossib

le
lin

k
s
w
ill

d
ep
en
d
on

th
e

p
ossib

le
valu

es
th
at

th
ese

p
aram

eters
can

take.
F
or

ex
am

p
le

M
allick

an
d
G
elfan

d
(1994)

con
sid

er
m
ix
tu
res

of
b
eta

d
istrib

u
tion

s
w
h
ile

B
asu

an
d
M
u
k
h
op
ad
h
yay

(1994)
n
orm

al
scale

m
ix
tu
res.

L
an
g
(1997)

con
sid

ers
th
e
lin

k
fu
n
ction

g
1 (µ

i )
=

m
1 (H

)F
−∞

(µ
i )
+

m
2 (H

)F
(µ

i )
+

m
3 (H

)F
∞
(µ

i )

w
h
ere

H
is

a
m
ix
in
g
p
aram

eter
to

b
e
estim

ated
an
d
m

i (H
)
for

i
=

1,2,3
are

m
ix
in
g
fu
n
c-

tion
s.

A
s
m
ix
in
g
fu
n
ction

s,
h
e
p
rop

osed
m

1 (H
)
=

ex
p(−

e
3
.5
1
+

2)
m

3 (H
)
=

ex
p(−

e −
3
.5
1
+

2)

an
d

m
2 (H

)
=

1−
m

1 (H
)−

m
3 (H

)
w
h
ile

F
−∞

(µ
)
=

1−
ex

p(−
e
µ)

(ex
trem

e
m
in
im

u
m

valu
e

fu
n
ction

),
F
∞
(µ
)
=

ex
p(−

e
µ)

(ex
trem

e
m
ax
im

u
m

valu
e
fu
n
ction

)
an
d
F
(µ
)
=

e
µ/(1

+
e
µ)
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(logistic
fu
n
ction

).
F
or

th
e
m
ix
in
g
p
aram

eter
H
,
a
n
orm

al
p
rior

d
istrib

u
tion

w
as

su
ggested

.

A
straigh

tforw
ard

m
o
d
ifi
cation

can
b
e
d
on
e
b
y

g
1 (µ

)
=

m
1 F

−∞
(µ
)
+

m
2 F

(µ
)
+
(1−

m
1 −

m
2 )F

∞
(µ
)

w
h
ere

m
i
are

n
ow

m
ix
in
g
p
rop

ortion
s
to

b
e
estim

ated
.
A

D
irich

let
p
rior

on
[m

1 ,m
2 ]
can

b
e

u
sed

.F
in
ally,

A
lb
ert

an
d
C
h
ib

(1997)
p
rop

ose
to

u
se

th
e
fam

ily
of

sy
m
m
etric

lin
k
s
given

b
y

µ
i
=

g −
1

1
(η

i )
=

2H ×
η
1i −

(1−
η
i )
1

η
1i
+
(1−

η
i )
1

w
h
ere

H
=

0.0,0.4,1.0
corresp

on
d
to

th
e
logit,

(ap
p
rox

im
ately

)
p
rob

it
an
d
lin

ear
lin

k
resp

ec-

tively.
A
ltern

atively
for

b
in
om

ial
m
o
d
els

w
e
m
ay

u
se

g
1 (p

i )
=

a
1 (

p
i

1−
p
i )

1

+
b
1 .

T
h
e
ch
oice

of
H
=

0,
a
1
=

1
an
d
b
1
=

0
corresp

on
d
s
to

th
e
logit

lin
k
.
W
e
d
ecid

ed
n
ot

to

p
ro
ceed

in
com

p
arative

stu
d
ies

sin
ce

th
ese

ap
p
roach

es
are

of
d
iff
eren

t
n
otion

.

5
.2

A
lte

rn
a
tiv

e
P
ro

ce
d
u
re

s
fo

r
O
u
tlie

r
Id

e
n
tifi

ca
tio

n

A
n
altern

ative
m
eth

o
d
ology

for
ou
tlier

id
en
tifi

cation
is

p
rop

osed
in

th
is

su
b
section

.
T
h
is

p
rop

osed
m
eth

o
d
rem

oves
all

ou
tliers

from
th
e
estim

ation
p
ro
ced

u
re.

W
e
also

u
se

th
e
laten

t

vector
of

b
in
ary

variab
les

v
w
h
ich

in
d
icates

ou
tliers

b
y
v
i
=

0.

W
e
con

sid
er

th
e
m
o
d
elY

i ∼
N 

v
i ∑j∈V

γ
j X

ij β
j
+
(1−

v
i )o

i ,σ
2 

w
h
ere

o
i
is
a
p
aram

eter
estim

atin
g
th
e
ex
p
ected

valu
e
of

i
ob
servation

w
h
en

it
is
ou
tlier.

U
sin

g
M

C
3
for

b
oth

variab
le

an
d
ou
tlier

id
en
tifi

cation
resu

lts
in

tw
o
M
etrop

olis
step

s.

In
th
e
fi
rst

w
e
p
rop

ose
a
n
ew

m
o
d
el

w
ith

covariates
given

b
y

γ
′
d
iff
erin

g
b
y

γ
on
ly

in

on
e
term

an
d
accep

t
th
e
m
ove

w
ith

p
rob

ab
ility

given
b
y
(3.39).

T
h
en

w
e
p
rop

ose
w
ith

p
rob

ab
ility

j(v
,v

′)
to

m
ove

from
v
to

v
′
th
at

d
iff
er

on
ly

i
co
ord

in
ator

an
d
accep

t
th
e
m
ove

w
ith

p
rob

ab
ility

(3.40).
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M
C

If
w
e
ad
op
t
p
riors

of
th
e
gen

eral
form

β
(γ

,v
) |σ

2,γ
,v
∼

N (µ
β
(γ

,v
) ,Σ

(γ
,v

) σ
2 )

for
m
o
d
el
p
aram

eters
an
d
th
e
p
rior

d
istrib

u
tion

o
i ∼

N
(0,K

2σ
2)

for
ou
tly

in
g
p
aram

eters
o
i ,
th
en

th
e
fu
ll
con

d
ition

al
p
osterior

d
istrib

u
tion

s
are

given
b
y
a

B
ern

ou
lli

d
istrib

u
tion

w
ith

su
ccess

p
rob

ab
ility

O
j /(1

+
O
j )

w
ith

O
j
given

b
y
(3.31).

In
th
e

w
h
ole

p
ro
ced

u
re

th
e
p
osterior

covarian
ce

m
atrix

is
n
ow

given
b
y

Σ̃
(γ

,v
)
= (X

T( γ
,v

) X
(γ

,v
)
+

Σ
−

1
( γ

,v
) )−

1

w
h
ere

X
(γ

,v
)
is
th
e
d
esign

m
atrix

con
stru

cted
from

n
on
-ou

tlier
ob
servation

s
(v

i
=

1)
an
d

from
th
e
in
clu

d
ed

covariates
(γ

j
=

1).
M
oreover,

th
e
p
osterior

resid
u
al

su
m

of
sq
u
ares

S
S
γ

are
su
b
stitu

ted
b
y

S
S
γ
,v

=
y
T(v

) y
(v

)
+
(K

2
+
1) −

1y
T(\v

) y
(\v

)
+

µ
Tβ
(γ

,v
) Σ

−
1

( γ
,v

) µ
β
(γ

,v
)

−
(X

T( γ
,v

) y
(v

)
+

Σ
−

1
( γ

,v
) µ

β
(γ

,v
) )
T
Σ̃

(γ
,v

) (X
T( γ

,
v

) y
(v

)
+

Σ
−

1
( γ

,v
) µ

β
(γ

,v
) ).

w
h
ere

y
(v

)
an
d

y
(\v

)
are

th
e
vectors

w
ith

th
e
resp

on
se

valu
es

th
at

are
in
clu

d
ed

or
ex
clu

d
ed

from
th
e
m
o
d
el.

S
im

ilarly
th
e
ou
tlier

id
en
tifi

cation
step

w
ill

in
volve

seq
u
en
tial

gen
eration

s
from

a
sim

ilar

B
ern

ou
lli

w
ith

su
ccess

p
rob

ab
ility

O
∗j /(1

+
O

∗j )
step

w
ith

O
∗i
=
(K

2
+
1) −

1 (
|Σ̃

(γ
,v

i =
1
,v

\
i ) ||Σ

(γ
,v

i =
0
,v

\
i ) |

|Σ
(γ

,v
i =

1
,v

\
i ) ||Σ̃

(γ
,v

i =
0
,v

\
i ) | )

1
/
2 (

S
S

(γ
,v

i =
1
,v

\
i ) +

2b
τ

S
S

(γ
,v

i =
0
,v

\
i ) +

2b
τ )

−
n

/
2−

a
τ

f(v
i
=
1,v\

i )
f(v

i
=
0,v\

i )
.

If
a
p
rior

d
istrib

u
tion

eq
u
ivalen

t
to

S
m
ith

an
d
K
oh
n
(1996)

p
rior

given
b
y

β
(γ

,v
) |σ

2,γ
,v
∼

N (
0
,c

2 (X
T( γ

,v
) X

(γ
,v

) )−
1
σ

2 )

is
u
sed

,
th
en

th
e
ratios

of
d
eterm

in
an
ts

sim
p
lify

to

 |Σ̃
(γ

,v
i =

1
,v

\
i ) ||Σ

(γ
,v

i =
0
,v

\
i ) |

|Σ
(γ

,v
i =

1
,v

\
i ) ||Σ̃

(γ
,v

i =
0
,v

\
i ) | 

1
/
2

=
(c

2
+
1) −

d
j /

2

an
d
th
e
p
osterior

su
m

of
sq
u
ares

sim
p
lifi

es
to

S
S
γ
,v

=
y
T(v

) y
(v

) +
(K

2+
1) −

1y
T(\v

) y
(\v

) −
c
2

c
2
+
1
y
T(v

) X
(γ

,v
) (X

T( γ
,v

) X
(γ

,v
) )−

1
X

T( γ
,v

) y
(v

)
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w
h
ere

y
(v

)
an
d

y
(\v

)
are

th
e
vectors

w
ith

th
e
resp

on
se

valu
es

th
at

are
in
clu

d
ed

or
ex
clu

d
ed

from
th
e
m
o
d
el.

T
h
e
p
rob

lem
is

th
at

th
is

resid
u
al

varian
ce

in
h
erits

th
e
L
in
d
ley

(1957)

p
arad

ox
sin

ce
n
ow

o
i
is
to

b
e
estim

ated
.
T
h
is
p
rob

lem
m
ay

b
e
elim

in
ated

if
w
e
ad
op
t
a
m
o
d
el

form
u
lation

in
w
h
ich

th
e
m
o
d
el
likelih

o
o
d
totally

ign
ores

ou
tliers.

In
th
is
case

n
o
ad
d
ition

al

p
rior

is
n
eed

ed
for

ou
tly

in
g
p
aram

eters
an
d
h
en
ce

(K
2+

1)
an
d
(K

2+
1) −

1y
T(\ v

) y
(\v

)
d
isap

p
ear

from
th
e
ab

ove
eq
u
ation

s.

B
oth

of
th
e
ab

ove
p
rop

osed
m
eth

o
d
can

b
e
ad
op
ted

in
P
oisson

or
b
in
om

ial
m
o
d
el
or

oth
er

n
on
-n
orm

al
m
o
d
els.

In
su
ch

cases
ad
van

ced
M
C
M
C

algorith
m
s,
su
ch

as
reversib

le
ju
m
p
or

a
G
ib
b
s
variab

le
setu

p
,
sh
ou
ld

b
e
ad
op
ted

in
ord

er
to

id
en
tify

id
en
tify

ou
tliers.

F
or

ex
am

p
le

in
P
oisson

m
o
d
el
w
e
m
ay

ad
op
t
th
e
lin

ear
p
red

ictor

η
i
=

log
(λ

i )
=

v
i ∑j∈V

γ
j X

ij β
j
+
(1−

v
i )log

(o
i )

w
h
ere

o
i |γ

i
=

0∼
G
(a

o ,b
o )

or
in

b
in
om

ial
m
o
d
els

w
e
m
ay

gen
erally

con
sid

er

p
i
= 

g ∗  ∑j∈V
γ
j X

ij β
j  

v
i×

o
1−

v
i

i

w
h
ere

o
i |γ

i
=

0
∼

B
eta

(a
o ,b

o ).
W
e
ad
d
ition

ally
n
eed

to
d
efi
n
e
p
rop

osal
d
istrib

u
tion

s
for

th
ese

p
aram

eters
w
h
en

th
ey

are
n
ot

in
clu

d
ed

in
th
e
likelih

o
o
d
.
S
traigh

tforw
ard

p
rop

osal

are
given

b
y
o
i |γ

i
=

1
∼

G
(y

i ,1)
in

th
e
P
oisson

case
an
d
o
i |γ

i
=

1
∼

B
eta

(y
i ,N

i −
y
i )

in

b
in
om

ial.

In
th
e
case

w
h
ere

w
e
sim

p
ly
ign

ore
ou
tliers

from
th
e
likelih

o
o
d
,
th
e
p
ro
ced

u
re

for
sam

p
lin

g

m
o
d
el

p
aram

eters
an
d
covariate

in
d
icators

is
th
e
sam

e
to

th
e
sim

p
le

covariate
selection

m
eth

o
d
s
b
u
t
th
e
su
m
m
ation

s
(or

p
ro
d
u
cts)

in
volved

in
th
e
likelih

o
o
d
are

lim
ited

to
n
on
-

ou
tly

in
g
ob
servation

s.
T
h
e
ad
d
ition

al
ou
tlier

step
is
given

b
y
a
M
etrop

olis
or

G
ib
b
s
step

as

d
escrib

ed
in

th
e
p
rev

iou
s
ch
ap
ter

w
ith

O
∗i
=

f
(v

i
=

1|β
(γ

,v
i =

1
,v

\
i ) ,γ

,v
\
i ,y

)

f
(v

i
=

0|β
(γ

,v
i =

0
,v

\
i ) ,γ

,v
\
i ,y

)

w
h
ich

is
again

a
p
ro
d
u
ct

of
a
likelih

o
o
d
ratio,

a
p
rior

d
en
sity

ratio,
a
p
seu

d
op
rior

d
en
sity

ratio

an
d
p
rior

m
o
d
el
p
rob

ab
ility

ratio.
If
a
G
ib
b
s
variab

le
selection

ty
p
e
algorith

m
is
ad
op
ted

it

is
n
atu

ral
to

assu
m
e
th
at

th
e
p
rior

d
istrib

u
tion

of
m
o
d
el
p
aram

eters
an
d
th
e
covariate

p
rior

p
rob

ab
ility

are
in
d
ep
en
d
en
t
of

th
e
ou
tlier

stru
ctu

re
resu

ltin
g
to

O
∗i
=

f
(y

i |β
(γ

,v
i =

1
,v

\
i ) ,γ

,v
i
=

1,v
\
i ) f

(v
i
=

1,v
\
i )

f
(v

i
=

0,v
\
i ) .
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T
h
e
ab

ove
eq
u
ation

can
b
e
in
terp

reted
as

a
m
easu

re
of

h
ow

close
is

ob
servation

i
to

th
e

cu
rren

t
m
o
d
el

form
u
lation

.
If
th
e
m
ean

valu
e
of

th
e
cu
rren

t
m
o
d
el

is
close

to
th
e
m
o
d
e
of

th
e
likelih

o
o
d
for

i
ob
servation

th
en

w
e
in
clu

d
e
th
is
term

in
th
e
m
o
d
el
w
ith

h
igh

p
rob

ab
ility.

5
.3

L
in

k
o
r
T
ra

n
sfo

rm
a
tio

n
S
e
le
ctio

n
?

O
n
m
an
y
cases

w
e
w
ill

face
th
e
p
rob

lem
w
h
eth

er
w
e
sh
ou
ld

con
cen

trate
on

th
e
lin

k
or

tran
sform

ation
selection

.
U
sin

g
tran

sform
ation

s
of

th
e
resp

on
ses

in
lin

ear
m
o
d
els

ch
an
ges

th
e
d
istrib

u
tion

of
th
e
origin

al
resp

on
se

w
h
ile

lin
k
selection

d
o
es

n
ot

aff
ect

th
e
d
istrib

u
tion

of
th
e
origin

al
resp

on
se

b
u
t
ch
an
ges

th
e
con

n
ection

b
etw

een
th
e
m
ean

an
d
th
e
covariates.

F
or

ex
am

p
le,

if
w
e
u
se

th
e
sam

e
tran

sform
in
g
fu
n
ction

th
en

w
e
h
ave

E
[g
(Y

)]
=

X
β

in

tran
sform

ation
selection

w
h
ile

g
[E

(Y
)]

=
X

β
in

lin
k
selection

.
U
sin

g
th
e
fi
rst

tw
o
term

s

of
th
e
T
ay
lor

ex
p
an
sion

w
e
get

an
ap
p
rox

im
ation

for
E
[g
(Y

)]
in

tran
sform

ation
p
rob

lem
s

resu
ltin

g
to

E
[g
(Y

)]≈
g
[E

(Y
)]+

g ′′[E
(Y

)]V
a
r(Y

)/2.

V
a
r[g

(Y
)]≈

g ′[E
(Y

)]V
a
r(Y

).

T
h
e
ab

ove
ap
p
rox

im
ation

im
p
lies

th
at

tran
sform

ation
can

h
an
d
le

even
p
rob

lem
s
w
ith

h
et-

erosced
astic

errors
an
d
ad
op
t
m
ore

com
p
licated

d
istrib

u
tion

al
stru

ctu
res

w
h
ile

th
e
lin

k
se-

lection
on
ly

con
sid

ers
p
ossib

le
d
iff
eren

t
con

n
ection

s
b
etw

een
th
e
m
ean

of
th
e
resp

on
se

an
d

th
e
covariates.

A
n
in
itial

ex
p
loratory

an
aly

sis
m
ay

h
elp

to
d
ecid

e
w
h
at

is
m
ore

ap
p
rop

riate.

In
oth

er
cases

w
e
m
ay

in
corp

orate
b
oth

tran
sform

ation
an
d
lin

k
selection

in
M
C
M
C
an
d
let

th
e
d
ata

d
ecid

e
w
h
ich

is
m
ore

ap
p
rop

riate.
T
h
e
latter

ap
p
roach

m
ay

resu
lt
to

selection
of

com
p
licated

m
o
d
els

w
ith

n
o
p
ractical

in
terp

retation
.

D
istribution

of
Y

L
inear

P
redictor

η
i

V
a
r(Y

i )

N
o
L
ink

or
T
ransform

ation
N
orm

al
E
(Y

i )
σ

2

L
ink

N
orm

al
g[E

(Y
i )]

σ
2

T
ransform

ation
U
nknow

n
g[E

(Y
i )]+

g ′′(E
(Y

i ))V
a
r(Y

i )/2
σ

2/g ′[E
(Y

i )]

T
ab
le
5.3:

C
om

p
arison

of
L
in
k
an
d
T
ran

sform
ation

A
ttrib

u
tes

in
N
orm

al
R
egression

.
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5
.4

D
istrib

u
tio

n
S
e
le
ctio

n

D
istrib

u
tion

selection
can

easily
b
e
h
an
d
led

in
a
sim

ilar
w
ay

as
lin

k
selection

in
th
e
case

w
h
ere

w
e
con

sid
er

a
d
iscrete

n
u
m
b
er

of
d
istrib

u
tion

s.
T
w
o
u
su
al

cases
of

d
istrib

u
tion

selection

p
rob

lem
s
are

th
e
n
orm

al/S
tu
d
en
t
d
istrib

u
tion

an
d
th
e
P
oisson

/n
egative

b
in
om

ial.

F
or

th
e
selection

b
etw

een
n
orm

al
an
d
S
tu
d
en
t’s

w
e
m
ay

sim
p
ly

h
an
d
le
it
as

a
m
o
d
el
w
ith

S
tu
d
en
t
d
istrib

u
tion

w
ith

th
e
d
egrees

of
freed

om
taken

as
an

ex
tra

p
aram

eter
an
d
th
en

d
raw

in
feren

ces
from

its
p
osterior

d
istrib

u
tion

.
T
h
e
likelih

o
o
d
of

th
e
eq
u
ivalen

t
lin

ear
m
o
d
el
w
ith

S
tu
d
en
t
d
istrib

u
tion

is
given

b
y

f
(y|η

,σ
2,df

)
=

Γ
([df

+
n
]/2)

Γ
(df

/2)(2π
σ

2)
n
/
2 [1

+
1

df
σ

2 (y−
η
)
T
(y−

η
) ]−

(df
+
n
)/

2

w
h
ere

η
is
th
e
u
su
al

vector
of

lin
ear

p
red

ictors
an
d
df

are
th
e
d
egrees

of
freed

om
.
F
or

large

df
th
e
S
tu
d
en
t
d
istrib

u
tion

is
w
ell

ap
p
rox

im
ated

b
y
th
e
n
orm

al.

T
h
e
n
egative

b
in
om

ial,
can

b
e
w
ritten

as
a
m
ix
tu
re

P
oisson

d
istrib

u
tion

w
ith

y
i ∼

P
oisson

(ε
δi e

η
i),

ε
i ∼

G
(θ,θ)

w
h
ere

δ
is
an

in
d
icator

p
aram

eter
for

sw
itch

in
g
from

P
oisson

(δ
=

0)
to

n
egative

b
in
om

ial

(δ
=

1)
setu

p
.
T
h
e
p
aram

eter
θ
con

trols
th
e
over-d

isp
ersion

sin
ce

E
(Y

i )
=

e
η

i
an
d
V
a
r(Y

i )
=

e
η

i
+

e
2
η

i/θ.
L
arge

valu
es

of
θ
im

p
ly

low
over-d

isp
ersion

.
T
h
e
fu
ll
likelih

o
o
d
is
given

b
y

f
(y

,ε|η
,θ,γ

,δ)
=

f
(y|η

,ε,γ
)f
(ε|θ,δ).

F
or

th
e
can

on
ical

lin
k
w
e
h
ave

f
(y|η

,ε,γ
)
=

ex
p {−

n
∑i=

1

ε
δi e

η
i
+

δ
n
∑i=

1

y
i log

(ε
i )
+

n
∑i=

1

y
i η
i −

n
∑i=

1

log
(y

i !) }

an
d

f
(ε|θ,δ

=
1)ex

p {−
θ

n
∑i=

1

ε
i
+
(θ−

1)
n
∑i=

1

log
(ε
i )
+

n
θlog

(θ)−
n
log

[Γ
(θ)] }

.

T
h
e
sam

p
lin

g
p
ro
ced

u
re

is
sim

ilar
to

sim
p
le

variab
le

selection
in
clu

d
in
g
som

e
p
arts

for

gen
eratin

g
from

th
e
laten

t
variab

les
ε
i
an
d
th
e
d
isp

ersion
p
aram

eter
from

th
e
corresp

on
d
in
g

p
osterior

d
istrib

u
tion

s
or

a
su
itab

ly
selected

p
seu

d
op
rior.

T
h
e
d
istrib

u
tion

selection
step

can
b
e
con

stru
cted

u
sin

g
sim

ilar
p
ro
ced

u
res

as
d
escrib

ed
in

ch
ap
ter

for
variab

le
selection

.
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5
.5

Illu
stra

te
d

E
x
a
m

p
le

In
th
is
S
ection

w
e
illu

strate
variou

s
variab

le
an
d
lin

k
selection

m
eth

o
d
s
ap
p
lied

on
th
e
H
ealy

(1988)
d
ataset

p
resen

ted
at

p
age

133.
T
h
e
p
rior

u
sed

is
th
e
sam

e
as

in
S
ection

4.6.3.1
for

th
e
logit

lin
k
w
h
ile

th
e
oth

er
lin

k
fu
n
ction

s
w
ere

d
efi
n
ed

u
sin

g
th
e
T
ay
lor

ad
ju
stm

en
t
arou

n
d

0.4
w
h
ich

is
calcu

lated
b
y

p̄
=

14

2
∑i=

1

2
∑l=

1 (
Y
il

N
il )

w
h
ere

Y
il
an
d

N
il
are

th
e
n
u
m
b
er

of
su
rv
ivals

an
d
th
e
total

n
u
m
b
er

of
p
atien

ts
u
n
d
er

i

severity
an
d
l
treatm

en
t
resp

ectively.
W
e
con

sid
ered

fou
r
p
ossib

le
lin

k
fu
n
ction

s:
th
e
logit,

com
p
lem

en
tary

log-log,
p
rob

it
an
d
log-log.

T
h
e
log-log

lin
k
w
as

u
sed

in
ord

er
to

illu
strate

con
vergen

ce
d
iffi

cu
lties

w
h
en

on
e
lin

k
fu
n
ction

p
ro
d
u
ces

p
osterior

p
aram

eter
d
en
sities

far

aw
ay

from
th
e
oth

ers.

D
etails

of
th
e
m
eth

o
d
s
u
sed

are
p
rov

id
ed

in
T
ab
le
5.4.

F
or

all
m
eth

o
d
s
a
total

of
110,000

iteration
w
ere

con
sid

ered
d
iscard

in
g
th
e
fi
rst

10,000
as

b
u
rn

in
.
R
eversib

le
ju
m
p
an
d
C
arlin

an
d
C
h
ib

variab
le

an
d
lin

k
m
o
d
ifi
cation

p
erform

ed
very

w
ell

an
d
reach

ed
con

vergen
ce

very

fast
(m

ean
b
atch

stan
d
ard

d
ev
iation

low
er

th
an

0.005).
T
h
e
sim

p
le

ex
ten

sion
s
of

G
ib
b
s

variab
le

selection
,
S
S
V
S
an
d
K
u
o
an
d
M
allick

m
eth

o
d
s
d
id

n
ot

p
erform

w
ell

an
d
d
id

n
ot

reach
con

vergen
ce

(m
ean

b
atch

stan
d
ard

d
ev
iation

of
0.027,

0.053,
0.028

resp
ectively

).
T
h
is

is
con

fi
rm

ed
also

b
y
th
e
b
arp

lots
of

F
igu

re
5.1

w
h
ere

th
e
tw
o
reversib

le
ju
m
p
s
an
d
C
arlin

an
d

C
h
ib

variab
le

an
d
lin

k
selection

(C
C
V
L
S
)
h
ave

very
sm

o
oth

d
istrib

u
tion

s
w
h
ile

th
e
oth

er

sam
p
lers

d
em

on
strate

rou
gh

ch
an
ges.

N
ote

th
at

G
ib
b
s
variab

le
selection

(G
V
L
S
)
u
sin

g
p
ilot

ru
n
p
rop

osal
seem

s
to

h
ave

reach
ed

con
vergen

ce
b
u
t
th
is
is

n
ot

th
e
case.

T
h
e
log-log

lin
k

w
as

n
ot

v
isited

at
all

in
th
e
110,000

iteration
s
ex
am

in
ed

d
u
e
to

th
e
d
iffi

cu
lties

d
iscu

ssed
in

S
ection

5.1.3.
O
n
th
e
oth

er
h
an
d
,
u
sin

g
p
rop

osal
cen

tered
at

zero
w
ith

p
seu

d
op
rior

varian
ce

100
tim

es
sm

aller
th
an

th
e
p
rior

varian
ce

w
orked

b
etter

b
u
t
con

vergen
ce

w
as

very
slow

com
p
ared

to
reversib

le
ju
m
p
or

C
arlin

an
d
C
h
ib

b
ased

sch
em

es.

In
th
e
th
ree

con
verged

m
eth

o
d
s
eigh

t
ou
t
of

th
e
tw
en
ty

p
ossib

le
m
o
d
els

h
ad

p
osterior

p
rob

ab
ility

h
igh

er
th
an

5%
.

A
ll
th
ese

m
o
d
els

in
clu

d
e
th
e
factor

severity
(A

)
w
h
ile

fou
r

of
th
em

ad
d
ition

ally
in
clu

d
e
th
e
treatm

en
t
factor

(B
).

T
h
e
m
o
d
el

w
ith

logit
lin

k
an
d
th
e

severity
factor

h
as

th
e
h
igh

est
p
rob

ab
ility

(ab
ou
t
14%

)
w
h
ile

th
e
secon

d
m
o
d
el

is
given

b
y

log-log
lin

k
an
d
th
e
severity

factor
w
ith

p
rob

ab
ility

of
of

ab
ou
t
13%

.
N
ote

th
at

all
th
ese

eigh
t
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m
o
d
els

are
q
u
ite

close
in

term
s
of

p
osterior

p
rob

ab
ilities

an
d
a
selection

of
a
sin

gle
m
o
d
el

is
n
ot

su
ggested

.
In

su
ch

cases
B
ayesian

m
o
d
el

averagin
g
is
p
rop

osed
in
stead

of
selectin

g
a

sin
gle

m
o
d
el.

F
igu

res
5.2

an
d
5.3

give
com

p
arison

s
of

th
e
ergo

d
ic

p
osterior

p
rob

ab
ilities

of
th
e
b
est

eigh
t
m
o
d
els

for
d
iff
eren

t
algorith

m
s.

In
F
igu

re
5.2

w
e
clearly

see
th
at

th
e
reversib

le
ju
m
p
s

an
d
C
arlin

an
d
C
h
ib

variab
le

an
d
lin

k
selection

are
q
u
ite

close.
In

F
igu

re
5.3

w
e
com

p
are

th
e
rest

of
th
e
m
eth

o
d
s
u
sed

w
ith

th
e
fi
rst

reversib
le
ju
m
p
sch

em
e.

O
n
ly

G
V
L
S
w
ith

k
=

10

seem
s
to

give
close

resu
lts

alth
ou
gh

d
em

on
strates

greater
variab

ility.
F
in
ally,

F
igu

re
5.4

com
p
ares

th
e
ergo

d
ic

p
rob

ab
ilities

w
h
en

th
e
ad
ju
stm

en
t
of

n
on
-can

on
ical

lin
k
is

m
ad
e
b
y

T
ay
lor

ex
p
an
sion

arou
n
d

p̄
=

0.4,
T
ay
lor

ex
p
an
sion

arou
n
d
0.5

an
d
m
ax
im

u
m

likelih
o
o
d

stan
d
ard

d
ev
iation

s.
T
ay
lor

ap
p
rox

im
ation

arou
n
d
0.4

an
d
M
ax
im

u
m

likelih
o
o
d
estim

ates

ad
ju
stm

en
t
gave

sim
ilar

resu
lts

in
clog-log

an
d
log-log

lin
k
fu
n
ction

s
w
h
ile

tw
o
th
e
T
ay
lor

b
ased

ap
p
rox

im
ation

s
gave

sim
ilar

resu
lts

for
in

th
e
p
rob

it
lin

k
.
T
h
is
m
ay

in
d
icates

th
at

for

th
e
p
rob

it
lin

k
th
e
T
ay
lor

ex
p
an
sion

rou
n
d
0.5

is
su
ffi
cien

t
(p
rob

ab
ly

d
u
e
to

th
e
sy
m
m
etry

of
th
e
lin

k
)
w
h
ile

for
th
e
oth

er
tw
o
(asy

m
m
etric)

lin
k
s
m
ore

com
p
licated

ad
ju
stm

en
ts

are

d
em

an
d
ed

(b
ased

on
m
ax
im

u
m

likelih
o
o
d
estim

ates
or

T
ay
lor

ex
p
an
sion

rou
n
d
p̄).

A
lgorithm

for
Selection

of

A
bbreviation

V
ariable

L
ink

1
R
J
1

Sim
ple

R
J

(eq.
4.8-4.9

)
R
J
w
ith

T
ransform

ation
(eq.

5.9)

[T
ransform

ation:
eq.

5.7
&
5.8

w
ith

p
=
p̄]

2
R
J
2

Sim
ple

R
J

(eq.
4.8-4.9

)
R
J
w
ith

P
ilot

R
un

P
roposals

(eq.
5.10)

3
C
C
V
L
S

G
V
S

(eq.
4.3)

C
arlin

and
C
hib

T
ype

(eq.
5.12)

4
G
V
L
S
(k
=
10)

G
V
S

(eq.
4.3)

Sim
ple

G
ibbs

Step
(eq.

5.11)

[P
seudoprior:

N
(0,Σ

j /
k

2)
for

E
ach

L
ink

]

5
SSV

L
S

SSV
S

(eq.
3.25)

Sim
ple

G
ibbs

Step
(eq.

5.11)

6
K
M
V
L
S

K
M

(eq.
3.30)

Sim
ple

G
ibbs

Step
(eq.

5.11)

7
G
V
L
S

G
V
S

(eq.
3.30)

Sim
ple

G
ibbs

Step
(eq.

5.11)

[P
seudoprior:

Full
M
odel

P
ilot

R
un

for
E
ach

L
ink

]

T
ab
le
5.4:

V
ariab

le
an
d
L
in
k
A
lgorith

m
s
U
sed

in
H
ealy

D
ata.
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I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

M
o
d
el

P
osterior

P
rob

ab
ility

F
actors

L
in
k

R
J

1
R
J

2
C
C
V
L
S

G
V
L
S
(k

=
10)

A
logit

0.139
0.138

0.137
0.140

A
log-log

0.130
0.131

0.130
0.134

A
p
rob

it
0.127

0.127
0.126

0.126

A
+
B

logit
0.125

0.125
0.130

0.123

A
cloglog

0.121
0.121

0.122
0.121

A
+
B

cloglog
0.121

0.121
0.122

0.121

A
+
B

p
rob

it
0.100

0.101
0.103

0.096

A
+
B

log-log
0.073

0.072
0.077

0.078

T
ab
le
5.5:

L
in
k
an
d
V
ariab

le
S
election

for
H
ealy

D
ata:

P
osterior

M
o
d
el
P
rob

ab
ilities

H
igh

er

th
an

0.05;
S
ee

T
ab
le
5.4

for
A
cron

y
m
s.

P
osterior

P
rob

ab
ility

L
in
k

R
J

1
R
J

2
C
C
V
L
S

G
V
L
S
(k

=
10)

L
ogit

0.284
0.283

0.282
0.282

C
loglog

0.253
0.254

0.257
0.251

P
rob

it
0.243

0.244
0.242

0.238

L
oglog

0.220
0.220

0.219
0.230

T
ab
le

5.6:
L
in
k
an
d
V
ariab

le
S
election

in
H
ealy

D
ata:

M
argin

al
P
osterior

D
istrib

u
tion

of

L
in
k
F
u
n
ction

s;
S
ee

T
ab
le
5.4

for
A
cron

y
m
s.
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R
J 1

B
atch

Posterior Probability

0
10

20
30

40
50

0.0 0.2 0.4 0.6 0.8 1.0

R
J 2

B
atch

Posterior Probability

0
10

20
30

40
50

0.0 0.2 0.4 0.6 0.8 1.0

C
C

V
LS

B
atch

Posterior Probability

0
10

20
30

40
50

0.0 0.2 0.4 0.6 0.8 1.0

G
V

LS
 (k=

10)

B
atch

Posterior Probability

0
10

20
30

40
50

0.0 0.2 0.4 0.6 0.8 1.0

S
S

V
LS

B
atch

Posterior Probability

0
10

20
30

40
50

0.0 0.2 0.4 0.6 0.8 1.0

K
M

V
LS

B
atch

Posterior Probability

0
10

20
30

40
50

0.0 0.2 0.4 0.6 0.8 1.0

G
V

LS

B
atch

Posterior Probability

0
10

20
30

40
50

0.0 0.2 0.4 0.6 0.8 1.0

O
ther M

odels
A

 (Logit)
A

 (C
loglog)

A
 (P

robit)
A

 (Loglog)
A

+
B

 (Logit)
A

+
B

 (C
loglog)

A
+

B
 (P

robit)
A

+
B

 (Loglog)

F
igu

re
5.1:

L
in
k
an
d
V
ariab

le
S
election

in
H
ealy

D
ata:

B
atch

P
osterior

M
o
d
el
P
rob

ab
ilities

of
D
iff
eren

t
V
ariab

le
an
d
L
in
k
S
election

M
eth

o
d
s;
S
ee

T
ab
le
5.4

for
A
cron

y
m
s.
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I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.12 0.13 0.14 0.15 0.16

A
 (Logit)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.11 0.12 0.13 0.14

A
+

B
 (Logit)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.110 0.120 0.130 0.140

A
 (C

loglog)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.11 0.12 0.13 0.14

A
+

B
 (C

loglog)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.115 0.125 0.135 0.145

A
 (P

robit)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.08 0.09 0.10 0.11

A
+

B
 (P

robit)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.12 0.14 0.16

A
 (loglog)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.05 0.06 0.07 0.08 0.09

A
+

B
 (loglog)

R
J1

R
J2

C
C

V
LS

F
igu

re
5.2:

L
in
k
an
d
V
ariab

le
S
election

in
H
ealy

D
ata:

E
rgo

d
ic
P
osterior

M
o
d
el
P
rob

ab
ilities

of
R
J

1 ,
R
J

2
an
d
C
C
V
L
S
;
S
ee

T
ab
le
5.4

for
A
cron

y
m
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B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.05 0.10 0.15

A
 (Logit)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.0 0.05 0.10 0.15

A
+

B
 (Logit)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.05 0.10 0.15

A
 (C

loglog)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.0 0.05 0.10 0.15

A
+

B
 (C

loglog)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.05 0.10 0.15 0.20

A
 (P

robit)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.0 0.04 0.08 0.12

A
+

B
 (P

robit)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.0 0.1 0.2 0.3 0.4 0.5

A
 (loglog)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.0 0.1 0.2 0.3

A
+

B
 (loglog)

R
J1

S
S

V
LS

G
V

LS
10

K
M

V
LS

G
V

LS

F
igu

re
5.3:

L
in
k
an
d
V
ariab

le
S
election

in
H
ealy

D
ata:

E
rgo

d
ic
P
osterior

M
o
d
el
P
rob

ab
ilities

C
om

p
arison

of
R
J

1 ,
S
S
V
L
S
,
G
V
L
S
(k
=
10),

K
M
V
L
s
an
d
G
V
L
S
;
S
ee

T
ab
le
5.4

for
A
cron

y
m
s.
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tzou
fras:

A
sp
ects
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B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.11 0.13 0.15 0.17

A
 (Logit)

B
atch

Ergodic Posterior Probability

0
10

20
30
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50

0.09 0.11 0.13

A
+

B
 (Logit)

B
atch

Ergodic Posterior Probability

0
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50

0.10 0.12 0.14 0.16

A
 (C

loglog)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50

0.08 0.10 0.12 0.14 0.16 0.18

A
+

B
 (C

loglog)

B
atch

Ergodic Posterior Probability

0
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40
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A
 (P

robit)

B
atch

Ergodic Posterior Probability

0
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A
+

B
 (P

robit)

B
atch
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0
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A
 (loglog)

B
atch

Ergodic Posterior Probability

0
10

20
30

40
50
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A
+

B
 (loglog)

T
aylor 0.4

T
aylor 0.5

M
LE

 A
djustm

ent

F
igu

re
5.4:

L
in
k
an
d
V
ariab

le
S
election

in
H
ealy

D
ata:

C
om

p
arison

of
E
rgo

d
ic

P
osterior

M
o
d
el
P
rob

ab
ilities

for
D
iff
eren

t
P
rior

D
istrib

u
tion

L
in
k
A
d
ju
stm

en
t.



C
h
a
p
te

r
6

O
n

P
rio

r
D
istrib

u
tio

n
s
fo

r
M

o
d
e
l

S
e
le
ctio

n

6
.1

In
tro

d
u
ctio

n

In
th
is
ch
ap
ter

w
e
con

sid
er

th
e
p
rob

lem
of

p
rior

sp
ecifi

cation
for

m
o
d
el
selection

w
ith

em
p
h
a-

sis
on

th
e
n
orm

al
lin

ear
m
o
d
el.

T
h
e
m
ain

p
rob

lem
in

p
rior

sp
ecifi

cation
w
h
en

n
o
in
form

ation

is
availab

le
is
th
at

w
e
can

n
ot

u
se

im
p
rop

er
p
riors

on
m
o
d
el
p
aram

eters
d
u
e
to

th
e
u
n
k
n
ow

n

n
orm

alizin
g
con

stan
ts

in
volved

in
th
e
calcu

lation
of

th
e
p
osterior

o
d
d
s.

M
oreover,

even
if
w
e

u
se

p
rop

er
p
rior

d
istrib

u
tion

s
on

m
o
d
el
p
aram

eters,
th
e
p
osterior

o
d
d
s
are

very
sen

sitive
on

th
e
m
agn

itu
d
e
of

th
e
p
rior

varian
ce,

ten
d
in
g
to

su
p
p
ort

th
e
sim

p
ler

m
o
d
el
as

th
e
p
rior

vari-

an
ce

in
creases

(L
in
d
ley

-B
artlett

p
arad

ox
,
1957).

W
e
w
ou
ld

like
to

fi
n
d
a
p
rior

d
istrib

u
tion

th
at

w
ill

b
e
n
on
-in

form
ative

w
ithin

each
m

odel
(in

th
e
sen

se
th
at

th
e
p
osterior

m
o
d
es

w
ill

b
e
close

to
th
e
m
ax
im

u
m

likelih
o
o
d
estim

ates),
an
d
coh

eren
t
in

term
s
of

d
im

en
sion

p
en
alty

im
p
osed

betw
een

m
odels.

In
S
ection

6.2
w
e
b
riefl

y
d
escrib

e
th
e
gen

eral
m
o
d
el
com

p
arison

in
lin

ear
m
o
d
el
an
d
tw
o

sim
p
le
ex
am

p
les

th
at

m
otivated

ou
r
w
ork

.
W
e
also

p
rop

ose
th
at−

2log
(P

O
0
1 ),

w
h
ere

P
O

0
1

is
th
e
p
osterior

o
d
d
s
of

m
o
d
el

m
0
again

st
m
o
d
el

m
1 ,

can
b
e
ex
p
ressed

in
a
sim

ilar
w
ay

as

in
form

ation
criteria

w
h
ich

can
b
e
d
iv
id
ed

in
to

tw
o
p
arts.

T
h
e
fi
rst

on
e
can

b
e
called

as

ratio
of

p
osterior

su
m

of
sq
u
ares

(in
an
alogy

to
th
e
m
ax
im

u
m

likelih
o
o
d
resid

u
al

su
m

of

sq
u
ares

u
sed

in
m
ost

in
form

ation
criteria)

an
d
a
p
en
alty

fu
n
ction

w
h
ich

d
ep
en
d
s
on

th
e

p
rior

varian
ce

of
m
o
d
el
p
aram

eters
an
d
th
e
p
rior

m
o
d
el
p
rob

ab
ilities.

W
e
fu
rth

er
in
vestigate

159

160
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

w
h
eth

er
w
e
can

u
se

in
d
ep
en
d
en
t
p
rior

d
istrib

u
tion

s
in

variab
le
selection

setu
p
s
an
d
w
e
argu

e

th
at

in
collin

ear
cases

th
is
lead

s
to

p
arad

ox
es.

In
S
ection

6.3
w
e
argu

e
th
at

th
e
u
su
al
u
n
iform

d
istrib

u
tion

on
th
e
m
o
d
el

sp
ace

lead
s
to

in
coh

eren
t
p
rior

d
istrib

u
tion

s
if
w
e
u
se

altern
ative

m
easu

res
su
ch

as
con

d
ition

al
p
rior

o
d
d
s
at

zero
w
h
ich

are
b
ased

on
an

id
ea

of
R
ob

ert
(1993).

In
S
ection

6.4
w
e
p
rop

ose
a
p
rior

sp
ecifi

cation
tech

n
iq
u
e
w
h
ich

en
ab
les

u
s
to

elim
in
ate

th
e

p
rior

varian
ce

eff
ect

on
th
e
p
osterior

o
d
d
s,
to

im
p
ose

th
e
p
en
alty

w
e
p
refer

for
each

ad
d
ition

al

p
aram

eter
in
clu

d
ed

in
th
e
m
o
d
el,

an
d
to

ach
ieve

th
e
d
esired

coh
eren

cy.
F
ollow

in
g
L
in
d
ley

’s

(1957)
argu

m
en
ts

w
e
in
vestigate

th
e
b
eh
av
iou

r
of

p
osterior

o
d
d
s
in

th
e
lim

it
of

sign
ifi
can

ce

in
n
orm

al
lin

ear
m
o
d
el

in
S
ection

6.5.
In

S
ection

6.6
w
e
p
resen

t
h
ow

w
e
can

sp
ecify

p
rior

d
istrib

u
tion

s
w
ith

low
in
form

ation
v
ia

p
en
alty

d
eterm

in
ation

in
gen

eralised
lin

ear
m
o
d
els.

F
in
ally,

in
S
ection

6.7
w
e
d
iscu

ss
th
e
b
eh
av
iou

r
B
ayes

factor
varian

ts
in
clu

d
in
g
th
e
S
S
V
S

b
ased

B
ayes

factor.
N
ote

th
at

som
e
early

resu
lts

of
th
is

ch
ap
ter

h
ave

b
een

p
resen

ted
in

N
tzou

fras
et

a
l.
(1999a).

6
.2

T
h
e
N
o
rm

a
l
L
in

e
a
r
M

o
d
e
l

6
.2
.1

A
G
e
n
e
ra

l
M

o
d
e
l
C
o
m

p
a
riso

n

L
et

u
s
con

sid
er

tw
o
m
o
d
els

m
0
an
d
m

1
given

b
y

y
∼

N (X
(m

) β
(m

) ,σ
2I

n )
,

w
h
ere

m
∈
{m

0 ,m
1 },

n
is
th
e
sam

p
le
size,

β
(m

)
is
th
e
d
(m

)×
1
vector

of
m
o
d
el
p
aram

eters,

X
(m

)
is
th
e
n×

d
(m

)
d
esign

(or
d
ata)

m
atrix

of
m
o
d
el

m
,
N
(µ

,Σ
)
is
th
e
m
u
ltivariate

n
orm

al

d
istrib

u
tion

w
ith

m
ean

µ
an
d
varian

ce
covarian

ce
m
atrix

Σ
an
d

I
n
is

n×
n
id
en
tity

m
atrix

.

W
e
ad
op
t
th
e
con

ju
gate

p
rior

d
istrib

u
tion

given
b
y

f
(β

(m
) |σ

2,m
)∼

N (µ
β
(m

) ,c
2V

(m
) σ

2 )

an
d
th
e
im

p
rop

er
p
rior

for
th
e
resid

u
al

varian
ce

f
(σ

2)∝
σ
−

2.

T
h
e
resu

ltin
g
p
osterior

o
d
d
s
for

com
p
arin

g
m
o
d
el

m
0
w
ith

m
o
d
el

m
1
are

given
b
y

P
O

0
1
=

c
d
(m

1
)−

d
(m

0
) (|V

(m
0
) |

|V
(m

1
) | )

−
1
/
2 (|Σ̃

(m
0
) |

|Σ̃
(m

1
) | )

1
/
2 (

S
S
m

0

S
S
m

1 )
−
n
/
2
f
(m

0 )

f
(m

1 )
(6.1)
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w
h
ere

S
S
m
are

th
e
p
osterior

su
m

of
sq
u
ares

given
b
y

S
S
m
=

y
T
y−

β̃
T(m

) Σ̃
−

1

(m
) β̃

(m
)
+

c −
2µ

Tβ
(m

) V
−

1
(m

) µ
β
(m

) ,
(6.2)

β̃
(m

)
=

Σ̃
(m

) (X
T(m

) X
(m

) β̂
(m

)
+

c −
2V

−
1

(m
) µ

β
(m

) )
,
Σ̃

−
1

(m
)
=

X
T(m

) X
(m

)
+

c −
2V

−
1

(m
) ,

(6.3)

µ
β
(m

)
an
d

V
(m

)
are

th
e
p
rior

m
ean

vector
an
d
a
p
rior

m
atrix

asso
ciated

w
ith

th
e
p
rior

varian
ce-covarian

ce
m
atrix

of
th
e
p
aram

eter
vector

β
(m

)
resp

ectively,
an
d

β̃
(m

)
an
d
Σ̃

(m
)
are

th
e
corresp

on
d
in
g
p
osterior

m
easu

res.

A
n
altern

ative
ex
p
ression

of
th
e
p
osterior

su
m

of
sq
u
ares

is
given

b
y
A
tk
in
son

(1978)
an
d

P
ericch

i
(1984)

w
h
ere

S
S
m
=

R
S
S
m
+ (β̂

(m
) −

µ
β
(m

) )
T [(X

T(m
) X

(m
) )−

1
+

c
2V

(m
) ]−

1(β̂
(m

) −
µ
β
(m

) )
(6.4)

w
ith

R
S
S
m
=

y
T
y−

β̂
T(m

) X
T(m

) X
(m

) β̂
(m

)
b
ein

g
th
e
u
su
al
resid

u
al
su
m

of
sq
u
ares.

T
h
e
ab

ove

q
u
an
tity

is
th
e
su
m

of
tw
o
m
easu

res:
a
go
o
d
n
ess

of
fi
t
an
d
a
m
easu

re
of

d
istan

ce
b
etw

een

m
ax
im

u
m

likelih
o
o
d
estim

ates
an
d
th
e
p
rior

m
ean

.

6
.2
.2

M
o
tiv

a
tio

n

O
u
r
m
otivation

for
search

in
g
a
su
itab

le
p
rior

em
erges

from
ou
r
n
eed

to
u
se:

1.
N
on
-in

form
ative

p
riors

w
ith

in
each

m
o
d
el.

2.
In
d
ep
en
d
en
t
p
riors

on
m
o
d
el
p
aram

eters.

U
n
fortu

n
ately,

w
h
en

w
e
try

to
u
se

eith
er

n
on
-in

form
ative

or
in
d
ep
en
d
en
t
p
rior

d
istrib

u
-

tion
s
in

m
o
d
el

selection
,
p
arad

ox
es

em
erge.

In
th
e
fi
rst

case
w
e
h
ave

th
e
L
in
d
ley

-B
artlett

p
arad

ox
w
h
ile

in
th
e
secon

d
case

th
e
p
osterior

p
rob

ab
ilities

of
tw
o
collin

ear
m
o
d
els

are
close;

see
S
ection

6.2.4
at

p
age

168.

E
x
a
m

p
le

O
n
e

C
on

sid
er

th
e
m
o
d
el

y
∼

N
(β

1 X
1 ,I

n )
w
ith

a
n
orm

al
p
rior

d
istrib

u
tion

on
β

1
given

b
y

N
(µ

β
1 ,σ

2β
1 ).

T
h
en

th
e
p
osterior

d
en
sity

is
given

b
y

f
(β

1 |y
)∼

N (w
β̂

1
+
(1−

w
)µ

β
1 ,w

V
a
r(β̂

1 ) )
,

V
a
r(β̂

1 )
= (

n
∑i=

1

X
2i,1 )

−
1

,

162
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

w
h
ere

w
=

σ
2β
1 (σ

2β
1
+

V
a
r(β̂

1 ) )−
1.

C
on
sid

er
n
ow

a
sim

p
ler

n
orm

al
p
rior

w
ith

µ
β
1
=

0
an
d

σ
2β
1
=

c
2[ ∑

ni=
1
X

2i,1 ] −
1.

T
h
e
p
osterior

is
sim

p
lifi

ed
to

f
(β

1 |y
)∼

N (
c
2

c
2
+
1
β̂

1 ,
c
2

c
2
+
1
V
a
r(β̂

1 ) )
.

In
su
ch

case
it

is
n
atu

ral
to

assu
m
e
th
at

c
2
=

1000
can

b
e
con

sid
ered

as
n
on
-in

form
ative

sin
ce

w
=

0.999≈
1.

T
h
is
is
n
ot

alw
ay
s
th
e
case.

C
on
sid

er
a
case

w
h
ere

th
e
z
statistic

is

very
large,

for
ex
am

p
le

β̂
1
=

10
6
an
d
V
a
r(β̂

1 )
=

10
[ ∑

ni=
1
X

2i,1
=

1/10
an
d ∑

ni=
1
Y
i X

i,1
=

10
5].

T
h
en

a
ch
oice

of
c
2
=

1000
w
ill

resu
lt
to

a
p
osterior

d
en
sity

f
(β

1 |y
)∼

N
(999001,10)

,

w
h
ile

for
im

p
rop

er
fl
at

p
rior

th
e
p
osterior

d
en
sity

is
eq
u
al

to

f
(β

1 |y
)∼

N
(1000000,10)

.

T
h
e
tw
o
d
en
sities

are
far

aw
ay

an
d
th
erefore

th
e
ch
oice

of
c
2
=

1000
can

n
ot

b
e
th
ou
gh
t

as
n
on
-in

form
ative.

C
learly,

if
su
ch

a
p
rior

is
u
sed

for
on
e
m
o
d
el

p
aram

eter
th
e
resu

lts

from
a
B
ayesian

m
o
d
el
averagin

g
ap
p
roach

w
ill

con
tain

p
rior

in
form

ation
th
at

in
fl
u
en
ces

th
e

p
osterior

d
en
sities.

E
x
a
m

p
le

T
w
o
:
C
o
llin

e
a
rity,

In
d
e
p
e
n
d
e
n
t
P
rio

rs
a
n
d

M
o
d
e
l
S
e
le
ctio

n

C
on
sid

er
tw
o
n
orm

al
m
o
d
els

m
0
:
y
∼

N
(β

1 X
1 ,I

n σ
2)

an
d
m

1
:
y
∼

N
(β

1 X
1
+
β

2 X
2 ,I

n σ
2)

w
ith

p
riors

β
j ∼

N 
0,c

2 [
n
∑i=

1

X
2ij ]−

1

σ
2 

for
j
=

1,2.

In
th
e
ex
trem

e
(collin

ear)
case

w
h
ere

X
2 ∝

X
1 ,

for
large

c
2
an
d
eq
u
al

p
rior

m
o
d
el

p
rob

a-

b
ilities,

w
e
h
ave

th
at

th
e
p
osterior

o
d
d
s
are

eq
u
al

to
1.41

in
favou

r
of

th
e
sim

p
lest

m
o
d
el

w
h
atever

th
e
relation

sh
ip

of
X

1
an
d
Y

is!
M
ore

d
etails

of
th
is
m
otivated

ex
am

p
le
are

given

in
S
ection

6.2.4
(p
age

168).
T
h
is
p
arad

ox
is
tru

e
for

all
Y

an
d
X

an
d
clearly

in
d
icates

th
at

in
d
ep
en
d
en
t
p
rior

d
istrib

u
tion

s
m
ay

b
e
in
ap
p
rop

riate
for

regression
m
o
d
els.

6
.2
.3

P
o
ste

rio
r
O
d
d
s
a
n
d

In
fo

rm
a
tio

n
C
rite

ria

G
en
erally,

m
ost

in
form

ation
criteria

select
th
e
m
o
d
el

th
at

m
in
im

izes
a
q
u
an
tity

w
h
ich

is

u
su
ally

eq
u
al
to

th
e
m
ax
im

u
m

likelih
o
o
d
ratio

p
en
alized

for
each

ad
d
ition

al
term

u
sed

in
th
e
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m
o
d
el;

see
eq
u
ation

(2.14).
T
h
ere

are
m
an
y
m
o
d
el
selection

criteria
u
su
ally

ch
aracterized

b
y

th
e
ty
p
e
of

p
en
alties;

d
etailed

d
iscu

ssion
is
p
resen

ted
in

S
ection

2.3.
In

p
airw

ise
com

p
arison

s

of
m
o
d
els

m
0
an
d
m

1
w
e
w
ill

u
se

th
e
d
iff
eren

ce
of

tw
o
in
form

ation
criteria

I
C

0
1
=

I
C

0 −
I
C

1

d
efi
n
ed

b
y
eq
u
ation

(2.14).

It
is

ob
v
iou

s
th
at

if
I
C

0
1
<

0
w
e
p
refer

th
e
sim

p
ler

m
o
d
el

m
0
an

d
w
h
en

I
C

0
1
>

0

w
e
p
refer

th
e
m
ore

com
p
licated

m
o
d
el

m
1 .

F
u
rth

er
n
ote

th
at

w
e
h
ave

th
e
sam

e
su
p
p
ort

p
attern

w
h
en

w
e
u
se

th
e
m
in
u
s
tw

ice
th
e
logarith

m
of

th
e
p
osterior

o
d
d
s
of

m
o
d
el

m
0
v
s.

m
o
d
el

m
1
d
en
oted

b
y
P
O

0
1
sin

ce−
2log

(P
O

0
1 )

<
0
su
p
p
orts

th
e
sim

p
ler

m
o
d
el

m
0
w
h
ile

−
2log

(P
O

0
1 )

>
0
su
p
p
orts

th
e
m
ore

com
p
licated

m
o
d
el

m
1 .

M
oreover,

th
ere

is
a
variety

of

p
u
b
lication

s
con

n
ectin

g
sp
ecifi

c
in
form

ation
criteria

w
ith

p
osterior

o
d
d
s
an
d
B
ayes

factor;

see
S
ch
w
arz

(1978),
S
m
ith

an
d
S
p
iegelh

alter
(1980),

P
osk

itt
an
d
T
rem

ay
n
e
(1983)

an
d
K
ass

an
d
W
asserm

an
(1995).

H
ere

w
e
rem

in
d
th
at

w
e
m
ay

w
rite

th
e
in
form

ation
criteria

in
a
gen

eral
setu

p
given

b
y

I
C

0
1
=
−
2log (

f
(y|θ̂

m
0 ,m

0 )

f
(y|θ̂

m
1 ,m

1 ) )
−

ψ
,

(6.5)

w
h
ere

ψ
is
a
p
en
alty

fu
n
ction

d
ep
en
d
in
g
on

th
e
d
iff
eren

ce
of

m
o
d
el
d
im

en
sion

alities
d
(m

1 )−
d
(m

0 ),
th
e
sam

p
le

size
n
,
an
d
th
e
d
esign

m
atrices

X
(m

0
)
an
d

X
(m

1
) .

A
lso

in
n
orm

al
lin

ear

m
o
d
els

th
e
ab

ove
q
u
an
tity

is
sim

p
lifi

ed
to

I
C

0
1
=

n
log (

R
S
S
m

0

R
S
S
m

1 )
−

ψ
,

(6.6)

w
h
ere

R
S
S
m
are

th
e
resid

u
al

su
m

of
sq
u
ares

of
m
o
d
el

m
.

In
th
e
m
o
d
el
com

p
arison

p
rop

osed
in

S
ection

6.2.1,−
2log

(P
O

0
1 )

can
b
e
w
ritten

as

−
2log

(P
O

0
1 )

=
n
log (

S
S
m

0

S
S
m

1 )
−

ψ
,

(6.7)

ψ
=
{
d(m

1 )−
d(m

0 )}
log(c

2)+
log (|V

(m
1
) |

|V
(m

0
) | )

+
log 

|X
T(m

1
) X

(m
1
) +

c −
2V

−
1

(m
1
) |

|X
T(m

0
) X

(m
0
) +

c −
2V

−
1

(m
0
) | −

2log (
f(m

1 )
f(m

0 ) )
.

(6.8)

N
ote

th
at

if
w
e
con

sid
er

eq
u
ation

(6.4)
th
en

it
is
ob
v
iou

s
th
at

th
e
p
osterior

su
m

of
sq
u
ares

in
corp

orate
b
oth

p
rior

an
d
d
ata

in
form

ation
.

In
ad
d
ition

,
if

w
e
con

sid
er

large
c
2
th
en

p
osterior

su
m

of
sq
u
ares

b
ecom

es
ap
p
rox

im
ately

eq
u
al

to
th
e
u
su
al

resid
u
al

su
m

of
sq
u
ares.
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P
ro

p
o
sitio

n
6
.1

C
on

sider
tw

o
n
orm

al
lin

ear
m

odels
m

0
an

d
m

1
given

by

y
∼

N (X
(m

) β
(m

) ,σ
2I

n )

an
d

prior
setu

p

f
(β

(m
) |σ

2,m
)∼

N (0
,c

2V
(m

) σ
2 )

an
d
f
(σ

2)∝
σ
−

2

for
both

m
∈
{m

0 ,m
1 }.

T
hen

−
2log

(P
O

0
1 ),

for
large

c
2,

is
approxim

ately
equ

al
to

an

in
form

ation
criterion

of
type

(6.5)
w
ith

pen
alty

fu
n
ction

ψ
=
{
d(m

1 )−
d(m

0 )}log(c
2)
+
log (|V

(m
1
) |

|V
(m

0
) | )

+
log (|X

T(m
1
) X

(m
1
) |

|X
T(m

0
) X

(m
0
) | )

−
2log (

f(m
1 )

f(m
0 ) )

.
(6.9)

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

201.
W

F
rom

th
e
ab

ove
p
rop

osition
,
it
is
ev
id
en
t
th
at,

for
large

c
2,
th
e−

2log
(P

O
0
1 )

is
eq
u
ivalen

t

to
an

in
form

ation
criterion

w
ith

p
en
alty

aff
ected

b
y
th
e
p
rior

p
aram

eter
c
2.

W
h
at

is
d
esirab

le

is
to

elim
in
ate

th
e
eff
ect

of
c
2
from

th
e
p
en
alty

im
p
osed

to
th
e
ratio

of
p
osterior

o
d
d
s.

F
u
rth

erm
ore,

ad
op
tin

g
th
e
p
rior

d
istrib

u
tion

su
ggested

b
y
S
m
ith

an
d
K
oh
n
(1996)

lead
s
to

th
e
follow

in
g
p
rop

osition
.

P
ro

p
o
sitio

n
6
.2

C
on

sider
tw

o
n
orm

al
lin

ear
m

odels
m

0
an

d
m

1
given

by

y
∼

N (X
(m

) β
(m

) ,σ
2I

n )

an
d

prior
setu

pf
(β

(m
) |σ

2,m
)∼

N (
0
,c

2 (X
T(m

) X
(m

) )−
1
σ

2 )
an

d
f
(σ

2)∝
σ
−

2
(6.10)

for
both

m
∈
{m

0 ,m
1 }.

T
hen

−
2log

(P
O

0
1 )

is
equ

al
to

an
in

form
ation

like
criterion

given

by
(6.7)

an
d,

for
large

c
2,

approxim
ately

equ
al

to
an

in
form

ation
criterion

of
type

(6.5)
w
ith

pen
alty

fu
n
ction

ψ
=
{d
(m

1 )−
d
(m

0 )}log
(c

2
+
1)−

2log (
f
(m

1 )

f
(m

0 ) )
.

(6.11)

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

201.
W

T
h
e
ab

ove
p
rior

setu
p
resu

lts
in

a
B
ayes

factor
th
at

allow
s
u
s
to

fu
lly

con
trol

th
e
p
en
alty

of
th
e
log-likelih

o
o
d
v
ia

c
2.

B
oth

c
2
an

d
th
e
p
rior

o
d
d
s
h
ave

d
iff
eren

t
in
fl
u
en
ce

on
th
e

p
en
alty

(an
d
th
e
p
osterior

o
d
d
s).

T
h
e
ab

ove
resu

lt
w
as

in
d
ep
en
d
en
tly

rep
orted

b
y
F
ern

an
d
ez

et
a
l.
(1998).
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T
h
is
p
rior

can
n
ot

b
e
com

p
u
ted

if
an

ex
p
lan

atory
variab

le
is
an

ex
act

lin
ear

fu
n
ction

of

th
e
oth

ers.
In

su
ch

ex
trem

e
case

w
e
sh
ou
ld

rem
ove

th
is

term
from

th
e
m
o
d
el.

C
on
sid

er

n
ow

th
e
case

of
th
e
com

p
arison

b
etw

een
tw
o
m
o
d
els

th
at

d
iff
er

on
ly

b
y
on
e
ex
p
lan

atory

variab
le
in
volv

in
g
a
sin

gle
p
aram

eter.
W
h
en

th
e
ad
d
ition

al
variab

le
is
h
igh

ly
correlated

w
ith

th
e
oth

er
variab

les
in

th
e
m
o
d
el

m
0
(e.g.

regression
R

2
=

0.99
of

th
e
n
ew

variab
le

over

th
e
oth

ers)
th
en

th
e
likelih

o
o
d
ratio

test
w
ill

b
e
very

sm
all

an
d
th
erefore

th
e
B
ayes

factor

w
ill

b
e
close

to
c
2
+

1
in

favou
r
of

th
e
sim

p
ler

m
o
d
el.

T
h
erefore,

th
e
p
rior

p
aram

eter
c
2

in
th
is
p
rior

setu
p
h
as

tw
o
straigh

tforw
ard

in
terp

retation
s.

T
h
e
fi
rst

is
closely

related
w
ith

th
e
p
en
alty

attrib
u
ted

to
th
e
log-likelih

o
o
d
ratio

for
each

ad
d
ition

al
p
aram

eter
u
sed

an
d

th
e
secon

d
is
related

w
ith

th
e
B
ayes

factor
of

th
e
m
o
d
el

m
0
v
s.

th
e
sam

e
m
o
d
el

w
ith

on
e

ad
d
ition

al
variab

le
w
h
ich

is
h
igh

ly
correlated

w
ith

th
e
rest

variab
les

in
th
e
m
o
d
el.

6
.2
.4

In
d
e
p
e
n
d
e
n
t
P
rio

r
D
istrib

u
tio

n
s
fo

r
V
a
ria

b
le

S
e
le
ctio

n

In
lin

ear
m
o
d
els

it
is
con

ven
ien

t
to

u
se

th
e
ap
p
roach

of
variab

le
selection

.
F
or

th
is
reason

w
e

can
ex
p
ress

th
e
d
ata

m
atrix

of
th
e
fu
ll
m
o
d
el

X
an
d
its

p
aram

eter
vector

β
as

a
collection

of
d
istin

ct
n×

d
j
su
b
-m

atrices
X

j
an
d
d
j ×

1
su
b
-vectors

β
j ,
each

on
e
corresp

on
d
in
g
to

j

term
(factor,

variab
le
or

in
teraction

term
);
w
h
ere

d
j
are

th
e
n
u
m
b
er

of
p
aram

eters
in
volved

in
j
term

.
T
h
erefore

w
e
can

w
rite

X
=

[X
1 ,X

2 ,...,X
p ]
an
d

β
T
=

[β
T1
,β

T2
,...,β

Tp
],

w
h
ere

p
is
th
e
n
u
m
b
er

of
term

s
in

th
e
fu
ll
m
o
d
el.

U
n
d
er

su
ch

con
sid

eration
,
a
con

ven
ien

t

setu
p
is
to

u
se

in
d
ep
en
d
en
t
n
orm

al
p
riors

on
th
ese

su
b
-vectors.

M
oreover,

each
d
esign

m
atrix

X
(m

)
an
d
each

p
aram

eter
vector

β
(m

)
is
con

stru
cted

b
y
th
e
corresp

on
d
in
g
su
b
-m

atrices
X

j

an
d
su
b
-vectors

β
j
for

all
term

s
j
in
clu

d
ed

in
m
o
d
el

m
.

S
u
p
p
ose

w
e
u
se

th
e
p
riorsf

(β
j |σ

2)∼
N (0,c

2(X
Tj
X

j ) −
1σ

2 )

for
all

j∈
V
(m

),
w
h
ereV

(m
)
is
th
e
set

of
all

term
s
in
clu

d
ed

in
m
o
d
el

m
,
m
∈
V
.
R
aftery

et
a
l.
(1997)

p
rop

osed
sim

ilar
p
riors

for
gen

eralised
lin

ear
m
o
d
els.

T
o
facilitate

an
d
lin

k
th
e

con
n
ection

b
etw

een
m
o
d
el

an
d
variab

le
selection

w
e
u
se

a
vector

of
variab

le
in
d
icators

γ
m

d
en
otin

g
w
h
ich

term
s
are

in
clu

d
ed

in
m
o
d
el

m
an
d

γ
j,m

is
th
e
valu

e
of

th
e
in
d
icator

of
j
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M
C
M
C

term
for

m
o
d
el

m
.
T
h
e
p
rior

of
each

β
(m

)
is
given

b
y
th
e
p
ro
d
u
ct

of
all

p
riors

f
(β

j |σ
2)

for

th
e
term

s
in
clu

d
ed

in
m
o
d
el

m
(for

w
h
ich

γ
j,m

=
1).

L
et

u
s
fi
rstly

con
sid

er
a
sim

p
le
m
o
d
el
com

p
arison

of
tw
o
m
o
d
els

m
0
an
d
m

1
in

w
h
ich

m
1

d
iff
ers

from
m

0
b
y
on
ly

on
e
ad
d
ition

al
term

j.
T
h
en

w
e
h
ave

th
e
follow

in
g
p
rop

osition
.

P
ro

p
o
sitio

n
6
.3

C
on

sider
tw

o
n
ested

n
orm

al
m

odels
m

0
an

d
m

1
given

by

y
∼

N
(X

(m
) β

(m
) ,σ

2I
n )

for
both

m
∈
{m

0 ,m
1 }

an
d

addition
ally

that

X
(m

1
)
=

[X
(m

0
) ,X

j ]
an

d
β
T(m

1
)
=

[β
T(m

0
) ,β

Tj
]

(that
is

γ
j ′,m

0
=

γ
j ′,m

1
for

all
j ′�=

j
an

d
γ
j,m

0
=

0,
γ
j,m

1
=

1)
w
ith

in
depen

den
t
n
orm

al
prior

distribu
tion

s
that

can
be

su
m
m
arised

by

f
(β

(m
) |σ

2,m
)∼

N (0
,c

2D
−

1
(m

) (X
Tj
X

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2
(6.12)

w
here

D
(m

) (X
Tj
X

j )
is

a
d
(m

)×
d
(m

)
block

diagon
al

m
atrix

w
ith

elem
en

ts
the

m
atrices

X
Tj
X

j
for

all
j

term
s
in

clu
ded

in
m

odel
m

.
T
hen

the
resu

lted
pen

alty
is

given
by

ψ
=

d
j log

(c
2
+
1)−

log|X
Tj
X

j |+
log|X

Tj
∆

(m
0
) X

j |+
2log (

f
(m

0 )

f
(m

1 ) )
,

(6.13)

∆
(m

0
)
=

I
n −

c
2

c
2
+
1
X

(m
0
) Σ̃

(m
0
) X

T(m
0
) ,

Σ̃
−

1

(m
0
)
=

X
T(m

0
) X

(m
0
)
+

c −
2D

(m
0
) (X

Tj
X

j ).

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

202.
W

F
u
rth

erm
ore,

if
th
e
d
esign

m
atrix

of
th
e
fu
ll
m
o
d
el

is
orth

ogon
al

w
e
h
ave

th
e
follow

in
g

corollary.

C
o
ro

lla
ry

6
.3
.1

C
on

sider
tw

o
n
ested

n
orm

al
m

odels
m

0
an

d
m

1
given

by

y
∼

N
(X

(m
) β

(m
) ,σ

2I
n )

for
both

m
∈
{m

0 ,m
1 }

w
ith

in
depen

den
t
n
orm

al
prior

distribu
tion

s
that

can
be

su
m

m
arised

by

f
(β

(m
) |σ

2,m
)∼

N (0
,c

2D
−

1
(m

) (X
Tj
X

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2
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w
here

D
(m

) (X
Tj
X

j )
is

a
d
(m

)×
d
(m

)
block

diagon
al

m
atrix

w
ith

elem
en

ts
the

m
atrices

X
Tj
X

j

for
all

j
term

s
in

clu
ded

in
m

odel
m

.
If

the
design

(or
data)

m
atrix

of
the

addition
al

j
term

is
orthogon

al
to

the
design

(or
data)

m
atrix

of
the

n
u
ll

m
odel

then
the

pen
alty

degen
erates

to

ψ
=
{
d
(m

1 )−
d
(m

0 )}log
(c

2
+
1)

+
2log (

f
(m

0 )

f
(m

1 ) )
.

(6.14)

P
ro

o
f:

S
ee

ap
p
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d
ix
,
p
age

203.
W

F
u
rth

er,
con

sid
er

th
e
case

th
at

X
j
is

a
vector

corresp
on
d
in
g
to

on
e
d
im

en
sion

al
term

th
en

th
e
regression

m
o
d
el

X
j ∼

N
(X

(m
0
) β

(m
0
,x

j ) ,σ
2I

n )

u
sin

g
in
d
ep
en
d
en
t
n
orm

al
p
rior

d
istrib

u
tion

s
for

th
e
m
o
d
el

p
aram

eters
for

β
(m

0
,x

j )
sim

ilar

to
(6.12)

given
b
y

f
(β

(m
0
,x

j ) |σ
2,m

0 )∼
N (0

,c
2D

−
1

(m
0
) (X

Tj
X

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2.

F
or

th
is
n
ew

m
o
d
el,

th
e
p
osterior

su
m

of
sq
u
ares

is
given

b
y

S
S
m

0
,x

j
=

X
Tj
X

j −
X

Tj
X

(m
0
) [X

T(m
0
) X

(m
0
)
+

c −
2D

(m
0
) (X

Tj
X

j ) ]−
1
X

T(m
0
) X

j .

T
h
erefore

for
large

c
2

X
Tj
∆

(m
0
) X

j
=

X
Tj
X

j −
c
2

c
2
+
1
X

Tj
X

(m
0
) [X

T(m
0
) X

(m
0
)
+

c −
2D

(m
0
) (X

Tj
X

j ) ]−
1
X

T(m
0
) X

j

≈
X

Tj
X

j −
X

Tj
X

(m
0
) [X

T(m
0
) X

(m
0
)
+

c −
2D

(m
0
) (X

Tj
X

j ) ]−
1
X

T(m
0
) X

j

≈
S
S
m

0
,x

j .

It
is

ob
v
iou

s
th
at

th
e
d
eterm

in
an
t|X

Tj
∆

(m
0
) X

j |
is

a
m
easu

re
of

collin
earity

b
etw

een
th
e

ad
d
ition

al
term

j
an
d
th
e
term

s
of

m
o
d
el

m
0 .

W
h
en

X
j
is

orth
ogon

al
to

X
(m

0
)
th
en

th
e

ab
ove

d
eterm

in
an
t
an
d
th
e
corresp

on
d
in
g
p
en
alty

are
m
ax
im

ized
resu

ltin
g
to

(6.14).
O
n
th
e

oth
er

h
an
d
,
th
e
corresp

on
d
in
g
p
en
alty

of
p
rop

osition
6.3

is
m
in
im

ized
w
h
en

X
j
is
collin

ear

to
th
e
term

s
of

m
o
d
el

m
0
sin

ce
th
e
ab

ove
d
eterm

in
an
t
w
ill

b
e
close

to
zero.

F
u
rth

erm
ore,

in
th
e
collin

ear
case

th
e
ratio

of
th
e
su
m

of
sq
u
ares

w
ill

b
e
eq
u
al

to
on
e
an
d
th
erefore

th
e

B
ayes

factor
w
ill

d
ep
en
d
on
ly

on
th
e
im

p
osed

p
en
alty

(ψ
=

d
j log

(c
2
+
1)−

log|X
Tj
X

j |
+

2log (
f
(m

0
)

f
(m

1
) )).

W
h
at

is
d
esirab

le
an
d
p
lau

sib
le

is
th
at

w
h
en

X
1
an
d

X
2
are

collin
ear

an
d

X
(m

)
d
en
otes

a
collection

of
term

s
th
at

d
efi
n
e
m
o
d
el

m
for

an
y
m
∈
M

,
th
en

a
B
ayes

factor
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g
M
C
M
C

of
an
y
m
o
d
el
w
ith

on
e
of

th
e
collin

ear
variab

les
m

+
X

1
(or

m
+

X
2 )

versu
s
th
e
sam

e
m
o
d
el

w
ith

th
e
tw
o
collin

ear
variab

les,
m

+
X

1
+

X
2 ,
sh
ou
ld

fu
lly

su
p
p
ort

th
e
sim

p
ler

m
o
d
el.

O
n

th
e
oth

er
h
an
d
,
an
y
com

p
arison

of
th
e
m

+
X

1
an
d
m

+
X

2
sh
ou
ld

resu
lt
to

a
B
ayes

factor

eq
u
al

to
on
e
sin

ce
b
oth

m
o
d
els

h
ave

th
e
sam

e
p
osterior

d
istrib

u
tion

s.
T
h
is
is
tru

e
sin

ce
th
e

d
im

en
sion

ality
d
iff
eren

ce
of

th
e
tw
o
m
o
d
els

is
eq
u
al

to
zero

an
d
th
e
p
osterior

su
m

of
sq
u
ares

are
th
e
sam

e
resu

ltin
g
in

B
ayes

factor
eq
u
al

to
on
e.

F
or

th
is

reason
,
w
e
sh
ou
ld

b
e
carefu

l

an
d
try

to
satisfy

th
e
fi
rst

p
lau

sib
le
statem

en
t
(fu

lly
su
p
p
ort

m
o
d
els

m
+
X

1
again

st
m
o
d
els

m
+

X
1
+

X
2
for

all
m
∈
M

).
T
h
e
ex
am

p
le

w
h
ich

follow
s
clearly

d
em

on
strates

th
at

th
is

statem
en
t
is
n
ot

satisfi
ed

w
h
en

in
d
ep
en
d
en
t
p
rior

d
istrib

u
tion

s
are

u
sed

.

A
S
im

p
le

E
x
a
m

p
le

In
th
is
ex
am

p
le
w
e
u
se

th
e
sim

p
lest

p
ossib

le
case

w
h
ere

d
(m

0 )
=

1
an
d
d
(m

1 )
=

2

in
ord

er
to

illu
strate

th
e
eff
ect

of
su
ch

p
riors

in
m
o
d
el

selection
.
W
e
com

p
are

a

m
o
d
el

m
0
w
ith

X
(m

0
)
=

[X
1 ]

w
ith

p
aram

eter
vector

β
(m

0
)
=

[β
1 ]

an
d
a
m
o
d
el

m
1
w
ith

X
T(m

1
)
=

[X
1 ,X

2 ]
an
d

β
(m

1
)
=

[β
1 ,β

2 ].
T
h
e
resu

ltin
g
p
en
alty

(6.13)

u
sin

g
th
e
f
(m

0 )
=

f
(m

1 )
is
eq
u
al

to

ψ
=

log
(c

2
+
1)

+
log 

1− (
c
2

c
2
+
1 )

2

r ∗x
1
x
2 

w
ith

r ∗x
1
x
2
=

(r
x
1
x
2
+

x̄
1

σ
x
1

x̄
2

σ
x
2 )

2

(
1
+

x̄
21

σ
2x
1 )(

1
+

x̄
22

σ
2x
2 )

=

(r
x
1
x
2
+

x̄
1

σ
x
1

x̄
2

σ
x
2 )

2

(1
+

x̄
1

σ
x
1

x̄
2

σ
x
2 )

2
+ (

x̄
1

σ
x
1 −

x̄
2

σ
x
2 )

2 ≤
1

w
h
ere

r
x
1
x
2
are

correlation
co
effi

cien
ts

of
X

1
an
d
X

2
w
ith

r
x
1
x
2 ≤

1
an
d
σ

2x
j
are

th
e
b
iased

estim
ates

of
varian

ce
for

X
j
variab

le
.

C
on
sid

er
th
e
ex
trem

e
case

w
h
ere

X
2 ∝

X
1 ;

th
en

r
x
1
x
2
=

1
an
d

r ∗x
1
x
2
=

1.

In
su
ch

a
case

b
oth

variab
les

carry
ex
actly

th
e
sam

e
in
form

ation
an
d
on
ly

on
e

of
th
em

sh
ou
ld

b
e
in
clu

d
ed

in
th
e
m
o
d
el.

T
h
e
ab

ove
setu

p
resu

lts
to

p
en
alty

ψ
=

log (
2
c
2
+

1
c
2
+

1 ).
F
or

large
c,

ψ
≈

log
(2)

resu
ltin

g
in

B
ayes

factor
eq
u
al

to

1.41
(58.5%

over
41.5%

)
in

favou
r
of

th
e
sim

p
ler

m
o
d
el

w
h
atever

is
th
e
relation

b
etw

een
X

1
an
d

Y
!
S
im

ilar
is

th
e
case

in
w
h
ich

th
e
p
aram

eter
vector

of
each

term
is
m
u
ltid

im
en
sion

al.
N
ote

th
at

A
itk

in
’s
p
osterior

o
d
d
s
(1991)

give
p
en
alty

eq
u
al

to
log

(2)
to

th
e
log-likelih

o
o
d
;
see

A
itk

in
(1991)

an
d
O
’H
agan

(1995).
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P
ossib

le
w
ay
s
to

avoid
th
e
eff
ect

of
collin

earity
on

p
osterior

o
d
d
s
are

to
u
se

th
e
orth

ogon
al

tran
sform

ed
d
ata,

see
C
ly
d
e
et

a
l.
(1996),

C
ly
d
e
(1999),

or
u
se

th
e
m
o
d
el

d
ep
en
d
en
t
p
riors

u
sed

b
y
S
m
ith

an
d
K
oh
n
(1996)

an
d
G
eorge

an
d

F
oster

(1997);
see

S
ection

6.2.1
for

d
etails.

W
e
m
ay

gen
eralise

th
e
resu

lt
of

th
e
ab

ove
ex
am

p
le

for
an
y
on
e
d
im

en
sion

al
ad
d
ition

al

term
X

j .
In

th
ese

cases
all

m
atrices

in
volved

in
th
e
p
en
alty

fu
n
ction

(6.13)
are

of
1×

1

d
im

en
sion

an
d
th
erefore

w
e
can

om
it
all

d
eterm

in
an
ts.

P
ro

p
o
sitio

n
6
.4

C
on

sider
tw

o
n
ested

n
orm

al
m

odels
m

0
an

d
m

1
given

by

y
∼

N
(X

β
(m

) ,σ
2I

n )

for
both

m
∈
{m

0 ,m
1 }

an
d

addition
ally

that

X
(m

1
)
=

[X
(m

0
) ,X

j ]
an

d
β
T(m

1
)
=

[β
T(m

0
) ,β

Tj
]

(that
is

γ
j ′,m

0
=

γ
j ′,m

1
for

all
j ′�=

j
an

d
γ
j,m

0
=

0,
γ
j,m

1
=

1)
w
ith

in
depen

den
t
n
orm

al
prior

distribu
tion

s
that

can
be

su
m
m
arised

by
the

prior
setu

p

f
(β

(m
) |σ

2,m
)∼

N (0
,c

2D
−

1
(m

) (X
Tj
X

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2

an
d
X

j
on

e
dim

en
sion

al
term

,
collin

ear
to

the
term

s
in

clu
ded

in
m

odel
m

0
then

,
for

large

c
2,

2log
(P

O
0
1 )

is
approxim

ately
equ

al

2log
(P

O
0
1 )≈

ψ
=

log
[R

∗(m
0 ,X

j )
+
1]+

2log (
f
(m

0 )

f
(m

1 ) )

w
here

R
∗(m

0 ,x
j )

=
β̂
T(m

0
,x

j ) D
(m

0
) (X

Tj
X

j )β̂
(m

0
,x

j )

X
Tj
X

j

,
(6.15)

=
β̂
T(m

0
,x

j ) D
(m

0
) (X

Tj
X

j )clea
rβ̂

(m
0
,x

j )

β̂
T(m

0
,x

j ) X
T(m

0
) X

(m
0
) β̂

(m
0
,x

j )

(6.16)

=
1−

α
∗1

α
∗1
+

α
∗2

(6.17)

w
ith

α
∗1

=
∑ν∈V

(m
0
)

∑
ν ′∈V

(m
0
)\{

ν} [β̂
(m

0
,x

j ) ] Tν
X

Tν
X

ν ′[β̂
(m

0
,x

j ) ]ν ′

α
∗2

=
∑ν∈V

(m
0
) [β̂

(m
0
,x

j ) ] Tν
X

Tν
X

ν [β̂
(m

0
,x

j ) ]ν ,
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sin

g
M
C
M
C

w
here

[β̂
(m

0
,x

j ) ]ν
are

the
m

axim
u
m

likelihood
estim

ates
for

term
ν

of
a

n
orm

al
lin

ear
m

odel

w
ith

X
j
as

respon
se

an
d

X
(m

0
)
design

m
atrix

an
dV

(m
)
is

the
set

of
term

s
in

clu
ded

in
m

odel

m
.

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

203.
W

In
th
e
ab

ove
p
rop

osition
w
e
clearly

see
th
at

w
h
en

w
e
u
se

in
d
ep
en
d
en
t
p
rior

d
istrib

u
tion

s

on
m
o
d
el

term
s
an
d
com

p
are

tw
o
n
ested

m
o
d
els

th
at

d
iff
er

on
ly

b
y
j
term

th
en

th
e
p
oste-

rior
o
d
d
s
d
ep
en
d
on
ly

on
th
e
q
u
an
tity

R
∗(m

0 ,x
j )

or
th
e
ratio

α
∗1 /(α

∗1
+

α
∗2 )

w
h
atever

th
e

relation
sh
ip

b
etw

een
X

j
an
d
Y
.
A
d
d
ition

ally,
R

∗(m
0 ,x

j )
takes

valu
es

b
etw

een
zero

an
d
on
e

an
d
th
erefore

th
e
B
ayes

factor
w
ill

b
e
b
etw

een
1
an
d
1.41

(th
e
p
osterior

p
rob

ab
ility,

w
h
en

eq
u
al

w
eigh

ts
are

assu
m
ed
,
is
b
etw

een
0.500

an
d
0.586)

in
favou

r
of

th
e
sim

p
ler

m
o
d
el.

T
h
is

is
clearly

a
p
arad

ox
sin

ce,
in

su
ch

case,
an
y
m
o
d
el

selection
p
ro
ced

u
re

sh
ou
ld

fu
lly

su
p
p
ort

th
e
sim

p
ler

m
o
d
el
w
h
ich

carries
th
e
sam

e
in
form

ation
as

th
e
m
ost

com
p
licated

on
e.

T
h
is
is

a
seriou

s
d
raw

b
ack

of
th
e
in
d
ep
en
d
en
t
p
riors

setu
p
.
T
h
e
follow

in
g
corollary

con
sid

ers
th
e

case
w
h
ere

th
e
m
ax
im

u
m

of
th
e
p
en
alty

is
ob
served

u
n
d
er

th
e
ex
trem

e
case

of
collin

earity

an
d
it
is
a
m
ore

gen
eral

case
of

th
e
sim

p
le
ex
am

p
le

p
resen

ted
ab

ove.

C
o
ro

lla
ry

6
.4
.1

C
on

sider
the

m
odel

com
parison

of
proposition

6.4
an

d
addition

ally
assu

m
e

that
the

design
m

atrix
of

the
n
u
ll

m
odel

is
orthogon

al
then

,
for

large
c
2,

2log
(P

O
0
1 )≈

ψ
=

log
(2)

+
2log (

f
(m

0 )

f
(m

1 ) )
.

(6.18)

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

206.
W

6
.3

C
o
n
d
itio

n
a
l
P
rio

r
O
d
d
s
a
t
Z
e
ro

In
B
ayesian

m
o
d
el

selection
it

is
a
u
su
al

p
ractice

to
ad
op
t
th
e
u
n
iform

p
rior

on
m
o
d
el

sp
ace

as
a
‘n
on
-in

form
ative’

p
rior

d
istrib

u
tion

an
d
th
en

sp
ecify

th
e
p
rior

d
istrib

u
tion

of
each

p
aram

eter
vector

con
d
ition

ally
on

th
e
m
o
d
el.

W
e
argu

e
th
at

th
is

u
n
iform

p
rior

on
m
o
d
el

sp
ace

lead
s
to

in
coh

eren
cy

if
w
e
u
se

m
easu

res
of

con
d
ition

al
p
rior

o
d
d
s
b
ased

on
th
e
id
eas

p
rop

osed
b
y
R
ob

ert
(1993).

R
ob

ert
(1993)

ex
ten

sively
d
iscu

ssed
L
in
d
ley

’s
p
arad

ox
an
d
argu

ed
th
at

in
creasin

g
th
e

p
rior

varian
ce

of
a
p
aram

eter
is
essen

tially
giv

in
g
m
ore

p
rior

w
eigh

t
to

th
e
sim

p
ler

h
y
p
oth

esis.
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H
e
ex
am

in
ed

th
e
sim

p
le
case

w
ith

Y
i ∼

N
(µ

,σ
2)

for
i
=

1,...n
w
h
ere

H
0
:
µ
=

0
vs.

H
1
:
µ�=

0.

H
e
u
sed

th
e
term

‘con
d
ition

al
p
rior

o
d
d
s
at

a
n
eigh

b
ou
rh
o
o
d
of

zero’
[−

ξ,ξ]
(C

P
O
N
Z
ξ )

w
h
ich

is
d
efi
n
ed

as
follow

in
g.

D
e
fi
n
itio

n
6
.1

T
he

‘con
dition

al
prior

odds
at

a
n
eighbou

rhood
of

zero’
[−

ξ,ξ]
(C

P
O
N
Z
ξ )

is
given

by
the

ratio

C
P
O
N
Z
ξ
=

f
(m

1 |−
ξ
<

µ
<

ξ)

f
(m

0 |−
ξ
<

µ
<

ξ) .

W
e
ad
op
t
a
sim

ilar
ap
p
roach

for
n
orm

al
lin

ear
an
d
gen

eralised
lin

ear
m
o
d
els.

T
h
e
case

of

m
o
d
el

selection
in

th
ese

m
o
d
els

is
far

m
ore

com
p
licated

th
an

th
e
sim

p
le

case
illu

strated
b
y

R
ob

ert
(1993).

C
on
sid

er
tw
o
n
ested

n
orm

al
m
o
d
els

m
0
an
d
m

1
given

b
y

y
∼

N
(X

β
(m

) ,σ
2I

n )

for
b
oth

m
∈
{m

0 ,m
1 }

an
d
ad
d
ition

ally
th
at

X
(m

1
)
=

[X
(m

0
) ,X

j ]
an
d

β
T(m

1
)
=

[β
T(m

0
) ,β

Tj
].

T
h
e
h
y
p
oth

esis
test

m
ay

b
e
w
ritten

as

H
0
:
β
j
=

0
vs.

H
1
:
β
j �=

0
.

W
e
can

also
facilitate

th
e
u
se

of
a
variab

le
in
d
icator

γ
j
an
d
su
m
m
arize

b
oth

m
o
d
els

b
y

µ
(m

γ
j
)
=

X
(m

0
) β

(m
0
) +

γ
j X

j β
j
for

γ
j
=

0,1.
In
stead

of
th
e
u
su
al

p
rior

o
d
d
s
f
(m

1 )/f
(m

0 )
=

f
(γ

j
=

1)/f
(γ

j
=

0)
w
e
m
ay

ad
op
t
th
e
ap
p
roach

of
‘con

d
ition

al
p
rior

o
d
d
s
at

a
n
eigh

b
ou
r-

h
o
o
d
of

zero’
[−

ξ,ξ]
w
h
ich

is
given

b
y
th
e
follow

in
g
d
efi
n
ition

.

D
e
fi
n
itio

n
6
.2

T
he

con
dition

al
prior

odds
for

com
parin

g
tw

o
n
orm

al
lin

ear
m

odels
y
∼

N
(µ

(m
γ
j
) ,σ

2I
n )

w
ith

m
γ

j
:
X

(m
0
) β

(m
0
)
+

γ
j X

j β
j
for

γ
j ∈

{0,1}
is

defi
n
ed

as

C
P
O
N
Z
ξ
=

f
(m

1 |−
ξ
<

β
j
<

ξ,σ
2)

f
(m

0 |−
ξ
<

β
j
<

ξ,σ
2)

(6.19)

w
hen

j
term

is
on

e
dim

en
sion

al
an

d
by

C
P
O
N
Z
ξ
=

f
(m

1 |
β
Tj
β
j
<

ξ
2,σ

2)

f
(m

0 |
β
Tj
β
j
<

ξ
2,σ

2)
(6.20)

w
hen

j
term

is
m

u
lti-dim

en
sion

al.
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tzou
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A
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V
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S
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U
sin

g
M
C
M
C

T
h
e
ab

ove
d
efi
n
ition

can
b
e
gen

eralised
b
y
u
sin

g
a
m
ore

gen
eral

con
d
ition

given
b
yF

(β
j )

<

ξ ′
in
stead

of
th
e
n
eigh

b
ou
rh
o
o
d
d
efi
n
ed

b
y
th
e
con

d
ition

β
Tj
β
j
<

ξ
2;
w
h
ereF

is
a
fu
n
ction

d
efi
n
in
g
th
e
n
eigh

b
ou
rh
o
o
d
of

zero.

P
ro

p
o
sitio

n
6
.5

T
he

con
dition

al
prior

odds
of

defi
n
ition

6.2
for

com
parin

g
tw

o
n
orm

al

lin
ear

m
odels

y
∼

N
(µ

(m
γ
j
) ,σ

2I
n )

w
ith

µ
(m

γ
j
)
=

X
(m

0
) β

(m
0
)
+

γ
j X

j β
j
for

γ
j ∈

{0,1}
are

given
by

C
P
O
N
Z
ξ
=

f
(β

Tj
β
j
<

ξ
2|γ

j
=

1,σ
2) f

(σ
2|m

1 )

f
(σ

2|m
0 )

f
(m

1 )

f
(m

0 )
(6.21)

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

206.
W

R
ob

ert
(1993)

h
old

s
C
P
O
Z
ξ
con

stan
t
for

a
sp
ecifi

c
ξ.

G
eorge

an
d
M
cC

u
llo

ch
(1993)

ad
op
t
a
sim

ilar
m
eth

o
d
ology

in
d
efi
n
in
g
th
e
p
rior

d
istrib

u
tion

s
in

sem
iau

tom
atic

p
rior

selec-

tion
of

S
S
V
S
.
W
e
fu
rth

er
p
rop

ose
a
sim

p
ler

ap
p
roach

b
ased

on
th
e
‘con

d
ition

al
p
rior

o
d
d
s

at
zero’

(C
P
O
Z
)
w
h
ich

is
given

b
y
th
e
follow

in
g
d
efi
n
ition

.

D
e
fi
n
itio

n
6
.3

T
he

con
dition

al
prior

odds
at

zero
for

com
parin

g
tw

o
n
orm

al
lin

ear
m
odels

y
∼

N
(µ

(m
γ
j
) ,σ

2I
n )

w
ith

µ
(m

γ
j
)
=

X
(m

0
) β

(m
0
)
+

γ
j X

j β
j
for

γ
j ∈

{0,1}
is

defi
n
ed

as

C
P
O
Z
=

f
(m

1 |
β
j
=

0,σ
2)

f
(m

0 |
β
j
=

0,σ
2) .

(6.22)

P
ro

p
o
sitio

n
6
.6

T
he

con
dition

al
prior

odds
at

zero
of

the
defi

n
ition

6.3
for

com
parin

g

tw
o

n
orm

al
lin

ear
m

odels
y
∼

N
(µ

(m
γ
j
) ,σ

2I
n )

w
ith

µ
(m

γ
j
)
=

X
(m

0
) β

(m
0
)
+

γ
j X

j β
j

for

γ
j ∈

{0,1}
are

given
by

C
P
O
Z
=

f
(m

1 |
β
j
=

0
,σ

2)

f
(m

0 |β
j
=

0
,σ

2)
=

f
(β

j
=

0|σ
2,γ

j
=

1) f
(σ

2|m
1 )

f
(σ

2|m
0 )

f
(m

1 )

f
(m

0 ) .
(6.23)
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,
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F
rom

th
e
ab

ove
p
rop

osition
it
is
clear

th
at

w
h
en

th
e
p
rior

varian
ce

of
β
j
in
creases

th
en

th
e
con

d
ition

al
d
en
sity

f
(β

j
=

0|γ
j
=

1)
d
ecreases

an
d
h
en
ce

th
e
con

d
ition

al
p
rior

o
d
d
s

su
p
p
ort

m
ore

stron
gly

th
e
sim

p
lest

m
o
d
el.

U
n
d
er

th
is
v
iew

it
is
n
atu

ral
th
at

th
e
p
osterior

o
d
d
s
w
ill

also
ten

d
to

su
p
p
ort

th
e
sim

p
lest

m
o
d
el.

If
w
e
con

sid
er

th
e
in
d
ep
en
d
en
t
n
orm

alp
rior

setu
p
(6.12)

th
en

w
e
h
ave

th
at

th
e
con

d
ition

al

p
rior

o
d
d
s
at

zero
are

eq
u
al

to

C
P
O
Z
=

f
(m

1 |
β
j
=

0
,σ

2)

f
(m

0 |β
j
=

0
,σ

2)
=

f
(m

1 )

f
(m

0 ) (2π
c
2σ

2) −
d

j /
2|X

Tj
X

j | 1
/
2

(6.24)
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w
h
ich

d
em

on
strates

th
e
sam

e
ty
p
e
of

in
coh

eren
cy

for
large

valu
es

of
c
2.

In
th
e
cases

of
n
on
-n
ested

m
o
d
els

w
e
m
ay

ad
op
t
th
e
follow

in
g
m
ore

gen
eral

d
efi
n
ition

of

con
d
ition

al
p
rior

o
d
d
s.

D
e
fi
n
itio

n
6
.4

T
he

con
dition

al
prior

odds
at

zero
for

com
parin

g
tw

o
lin

ear
n
orm

al
m
odels

m
0
an

d
m

1
w
ith

y
∼

N
(µ

(m
γ
) ,σ

2I
n )

w
here

µ
(m

γ
)
=

(1−
γ
)X

(m
0
) β

(m
0
)
+

γ
X

(m
1
) β

(m
1
)
for

γ∈
{0,1}

is
defi

n
ed

as

C
P
O
Z
=

f
(m

1 |
β

(m
0
)
=

0
,β

(m
1
)
=

0
,σ

2)

f
(m

0 |
β

(m
0
)
=

0
,β

(m
1
)
=

0
,σ

2) .
(6.25)

P
ro

p
o
sitio

n
6
.7

T
he

con
dition

al
prior

odds
at

zero
of

the
defi

n
ition

6.4
for

com
parin

g
tw

o

lin
ear

n
orm

al
m

odels
m

0
an

d
m

1
w
ith

y
∼

N
(µ

(m
γ
) ,σ

2I
n )

w
here

µ
(m

γ
)
=

(1−
γ
)X

(m
0
) β

(m
0
) +

γ
X

(m
1
) β

(m
1
)
for

γ∈
{0,1}

are
given

by

C
P
O
Z
=

f
(β

(m
1
)
=

0|σ
2,m

1 )

f
(β

(m
0
)
=

0|σ
2,m

0 )

f
(σ

2|m
1 )

f
(σ

2|m
0 )

f
(m

1 )

f
(m

0 ) .
(6.26)
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T
h
e
p
rob

lem
of
in
coh

eren
cy

is
n
ot

d
irectly

ev
id
en
t
in

th
e
ab

ove
q
u
an
tity

b
u
t
if
w
e
con

sid
er

th
e
gen

eral
p
rior

setu
p
of

S
ection

6.2.1
th
en

w
e
h
ave

C
P
O
Z
=

f
(m

1 )

f
(m

0 ) (2π
c
2σ

2) −
(d

(m
1
)−

d
(m

0
))/

2 (|V
(m

1
) |

|V
(m

0
) | )

−
1
/
2

×
ex

p (−
1

2c
2σ

2 {
µ
Tβ
(m

1
) V

−
1

(m
1
) µ

β
(m

1
) −

µ
Tβ
(m

0
) V

−
1

(m
0
) µ

β
(m

0
) } )

in
w
h
ich

w
e
clearly

see
th
at,

for
fi
x
ed

m
atrices

V
(m

) ,
as

c
2
gets

larger
th
en

th
e
ab

ove

con
d
ition

al
p
rior

o
d
d
s
fu
lly

su
p
p
ort

th
e
sim

p
ler

m
o
d
el.

S
im

ilar
resu

lts
are

ob
tain

ed
if
w
e

u
se

th
e
p
rior

setu
p
of

(6.10)
resu

ltin
g
in

C
P
O
Z
=

f
(m

1 )

f
(m

0 ) (2π
c
2σ

2) −
(d

(m
1
)−

d
(m

0
))/

2  |X
T(m

1
) X

(m
1
) |

|X
T(m

0
) X

(m
0
) | 

1
/
2

w
h
ich

clearly
d
ep
en
d
s
on

th
e
m
agn

itu
d
e
of

c
2.

F
in
ally,

if
w
e
con

sid
er

th
e
in
d
ep
en
d
en
t
n
orm

al
p
rior

setu
p
(6.12)

th
en

b
oth

d
efi
n
ition

s

6.3
an
d
6.4

(for
n
ested

an
d
n
on
-n
ested

m
o
d
els)

give
th
e
sam

e
con

d
ition

al
p
rior

o
d
d
s
at

zero

(eq
u
ation

6.24).
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tzou
fras:

A
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B
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M
o
d
el
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d
V
ariab

le
S
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U
sin

g
M
C
M
C

6
.4

P
rio

r
S
p
e
cifi

ca
tio

n
v
ia

P
e
n
a
lty

D
e
te

rm
in

a
tio

n

6
.4
.1

P
rio

r
O
d
d
s
a
n
d

P
e
n
a
lty

S
p
e
cifi

ca
tio

n

A
d
iff
eren

t
ap
p
roach

is
p
rop

osed
h
ere

follow
in
g
th
e
logic

th
at

p
rior

o
d
d
s
an
d
p
rior

varian
ce

of
m
o
d
el

p
aram

eters
sh
ou
ld

d
ep
en
d
on

each
oth

er.
F
rom

p
rev

iou
s
section

s
w
e
clearly

saw

th
at

d
iff
eren

t
p
rior

d
istrib

u
tion

s
(in

d
irectly

)
im

p
ose

d
iff
eren

t
p
en
alty

to
th
e
log-likelih

o
o
d

ratio.
T
h
is
p
en
alty

d
ep
en
d
s
on

th
ree

elem
en
ts:

1.
th
e
m
agn

itu
d
e
of

th
e
p
rior

varian
ce

ex
p
ressed

b
y
c
2
(see

eq
u
ation

6.9),

2.
th
e
logarith

m
of

th
e
d
eterm

in
an
ts

ratio
of

p
rior

an
d
p
osterior

covarian
ce

stru
ctu

re
of

th
e
tw
o
m
o
d
els

(see
eq
u
ation

6.9)
an
d

3.
th
e
p
rior

o
d
d
s
(see

eq
u
ation

6.9).

W
e
p
rop

ose
a
calib

ratin
g
m
eth

o
d
th
at

w
ill

en
ab
le

u
s
to

u
se

a
p
rior

d
istrib

u
tion

as
n
on
-

in
form

ative
as

w
e
w
ou
ld

like,
w
ith

in
each

m
o
d
el,

an
d
,
at

th
e
sam

e
tim

e,
ap
p
ly

th
e
d
i-

m
en
sion

ality
p
en
alty

w
e
w
ish

.
W
e
lim

it
ou
rselves

in
th
e
n
orm

al
cases

d
escrib

ed
ab

ove
b
u
t

gen
eralization

to
oth

er
m
o
d
els

can
b
e
d
on
e
u
sin

g
L
ap
lace

ap
p
rox

im
ation

;
see

S
ection

6.6.

A
s
w
e
h
ave

alread
y
m
en
tion

ed
th
e
p
osterior

o
d
d
s
can

b
e
w
ritten

as
m
o
d
el
selection

criteria

given
b
y
(6.7).

T
h
e
p
en
alty

fu
n
ction

ψ
can

b
e
fu
rth

er
w
ritten

as

ψ
=

ψ
′−

2log (
f
(m

1 )

f
(m

0 ) )

w
h
ere

ψ
′
is

th
e
p
en
alty

fu
n
ction

w
h
en

eq
u
al

p
rior

m
o
d
el

p
rob

ab
ilities

are
con

sid
ered

.
In

su
ch

cases,
in
stead

of
u
sin

g
th
e
u
n
iform

p
rior

d
istrib

u
tion

on
m
o
d
el

sp
ace

w
e
m
ay

ex
p
ress

ou
r
‘m

o
d
el

selection
’
op
in
ion

or
p
rior

in
form

ation
in

term
s
of

p
en
alty

for
each

ad
d
ition

al

p
aram

eter
u
sed

.
T
h
erefore,

if
w
e
w
an
t
to

assign
p
en
alty

F
=

log
(κ
)
for

each
ad
d
ition

al

p
aram

eter
w
e
w
ou
ld

sim
p
ly

u
se

p
rior

p
rob

ab
ilities

th
at

satisfy
th
e
eq
u
ality

f
(m

1 )

f
(m

0 )
=

ex
p (

12 {ψ
′−

[d
(m

1 )−
d
(m

0 )]F} )
=

e
ψ
′/

2/κ
[d

(m
1
)−

d
(m

0
)]/

2.

M
oreover,

if
th
e
p
en
alty

ψ
′
can

b
e
w
ritten

as
a
d
iff
eren

ce
b
etw

een
tw
o
p
en
alties

ψ
′
=

ψ
′m

1 −
ψ

′m
0
attrib

u
ted

to
each

m
o
d
el
th
en

w
e
can

sim
p
ly

set

f
(m

)∝
ex

p (
12 {ψ

′m
−

d
(m

)F} )
=

e
ψ
′m
/
2/κ

d
(m

)/
2.
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In
th
e
cases

ex
am

in
ed

(gen
eral

m
u
ltivariate

n
orm

al
p
rior

d
istrib

u
tion

an
d
in
d
ep
en
d
en
t

n
orm

al
d
istrib

u
tion

s),
b
oth

c
2
an
d
th
e
p
rior

o
d
d
s
h
ave

great
eff
ect

on
th
e
p
en
alty

im
p
osed

on
th
e
likelih

o
o
d
.
O
u
r
aim

is
to

u
se

‘n
on
-in

form
ative’

p
riors

on
m
o
d
el

p
aram

eters
w
ith

ou
t

b
ein

g
in
form

ative
in

th
e
m
o
d
el
selection

p
ro
cess.

T
h
is
can

b
e
ach

ieved
b
y
su
itab

ly
sp
ecify

in
g

th
e
p
rior

p
rob

ab
ilities

w
h
ich

con
trol

th
e
m
o
d
el
selection

p
ro
ced

u
re

w
ith

th
e
d
esired

p
en
alty

im
p
osed

b
y
th
e
u
ser.

S
im

ilar
id
eas

w
ere

u
sed

b
y
P
osk

itt
an
d
T
rem

ay
n
e
(1983)

for
J
eff
rey

s

p
rior

an
d
P
ericch

i
(1984).

A
su
itab

le
sp
ecifi

cation
of

p
rior

m
o
d
el

p
rob

ab
ilities

v
ia

p
en
alty

d
eterm

in
ation

lead
s
to

th
e
follow

in
g
p
rop

osition
s.

P
ro

p
o
sitio

n
6
.8

C
on

sider
tw

o
n
ested

n
orm

al
lin

ear
m

odels
m

0
an

d
m

1
given

by

y
∼

N (X
(m

) β
(m

) ,σ
2I

n )

an
d

prior
setu

p

f
(β

(m
) |σ

2,m
)∼

N (0
,c

2V
(m

) σ
2 )

an
d
f
(σ

2)∝
σ
−

2

for
both

m
∈
{m

0 ,m
1 }.

W
hen

w
e

u
se

prior
probabilities

given
by

f
(m

)∝ (
c
2κ )

d
(m

)/
2∣∣∣V

(m
) ∣∣∣ 1

/
2 ∣∣∣X

T(m
) X

(m
)
+

c −
2V

−
1

(m
) ∣∣∣ 1

/
2

(6.27)

then
,
for

large
c
2,−

2log
(P

O
0
1 )

is
approxim

ately
equ

al
to

an
in

form
ation

criterion
of

type

(6.5)
w
ith

pen
alty

fu
n
ction

ψ
=
{d
(m

1 )−
d
(m

0 )}log
(κ
),

or
pen

alty
for

each
addition

al
param

eter
equ

al
to

F
=

log
(κ
).

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

207.
W

C
o
ro

lla
ry

6
.8
.1

C
on

sider
tw

o
n
orm

al
lin

ear
m

odels
m

0
an

d
m

1
given

by

y
∼

N (X
(m

) β
(m

) ,σ
2I

n )

an
d

prior
setu

pf
(β

(m
) |σ

2,m
)∼

N (
0
,c

2 (X
T(m

) X
(m

) )−
1
σ

2 )
an

d
f
(σ

2)∝
σ
−

2

for
both

m
∈
{m

0 ,m
1 }

.
W

hen
w
e

u
se

prior
probabilities

f
(m

)∝ (
c
2
+
1

κ

)
d
(m

)/
2

(6.28)
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g
M
C
M
C

then
,
for

large
c
2,−

2log
(P

O
0
1 )

is
equ

al
to

a
criterion

of
type

(6.5)
w
ith

pen
alty

fu
n
ction

ψ
=
{d
(m

1 )−
d
(m

0 )}log
(κ
),

or
pen

alty
for

each
addition

al
param

eter
equ

al
to

F
=

log
(κ
).

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

207.
W

T
h
e
p
aram

eter
κ
n
ow

fu
lly

con
trols

th
e
p
en
alty

th
at

is
im

p
osed

on
th
e
log-likelih

o
o
d
.

W
e
can

easily
ad
op
t
th
is
k
in
d
of

p
rior

in
variab

le
selection

p
rob

lem
s
u
sin

g
b
in
ary

in
d
icator

variab
les

γ
as

in
G
eorge

an
d
M
cC

u
llo

ch
(1993).

W
h
en

n
o
restriction

s
on

th
e
m
o
d
el

sp
ace

are
im

p
osed

,
a
com

m
on

p
rior

for
each

term
p
rob

ab
ility

is
given

b
y
γ
j ∼

B
ern

ou
lli(π

)
w
h
ich

can
b
e
w
ritten

as

f
(γ

)∝ (
π

1−
π )

d
(γ

)

=
[P

rO
] d

(γ
)

(6.29)

d
en
otin

g
th
at

th
e
p
rior

p
rob

ab
ility

of
a
m
o
d
el
d
ep
en
d
s
on

its
d
im

en
sion

an
d
p
aram

eter
P
rO

w
h
ich

m
easu

res
th
e
p
rior

o
d
d
s
of

in
clu

d
in
g
an
y
term

in
th
e
m
o
d
el

eq
u
ation

.
A

com
m
on

ch
oice,

con
sid

ered
as

n
on
-in

form
ative

p
rior,

is
given

for
P
rO

=
1.

C
o
ro

lla
ry

6
.8
.2

C
on

sider
the

m
odel

com
parison

of
proposition

6.8.1.
If

w
e
u
se

the
variable

selection
approach

u
sin

g
the

laten
t
variables

γ
in

stead
of

the
m

odel
in

dicator
m

w
ith

prior

γ
j ∼

B
ern

ou
lli(π

j )

an
d

P
rO

j
=

f
(γ

j
=

1)

f
(γ

j
=

0)
=

π
j

1−
π
j

= (
c
2
+
1

κ

)
d

j /
2

(w
here

d
j
are

the
n
u
m
ber

of
param

eters
for

the
j

term
)
then

,
for

large
c
2,−

2log
(P

O
0
1 )

is

equ
al

to
a

criterion
of

type
(6.5)

w
ith

pen
alty

fu
n
ction

ψ
=
{d
(m

1 )−
d
(m

0 )}log
(κ
)

or
pen

alty
for

each
addition

al
param

eter
equ

al
to

F
=

log
(κ
).

P
ro

o
f:

S
ee

ap
p
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d
ix
,
p
age

207.
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for
both

m
∈
{m

0 ,m
1 }

an
d

addition
ally

that

X
(m

1
)
=

[X
(m

0
) ,X

j ]
an

d
β
T(m

1
)
=

[β
T(m

0
) ,β

Tj
]

w
ith

in
depen

den
t
n
orm

al
prior

distribu
tion

s
that

can
be

su
m

m
arised

by
the

prior
setu

p

f
(β

(m
) |σ

2,m
)∼

N (0
,c

2D
−

1
(m

) (X
Tj
X

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2,

an
d

prior
probabilities

f
(m

)∝ (
c
2κ )

d
(m

)/
2∣∣∣X

T(m
) X

(m
)
+

c −
2D

(m
) (X

Tj
X

j ) ∣∣∣ 1
/
2

p
∏j=

1

|X
Tj
X

j | −
γ

j
,m
/
2.

(6.30)

T
hen

the
resu

lted
pen

alty
is

given
by

ψ
=
{d
(m

1 )−
d
(m

0 )}log
(κ
),

or
pen

alty
for

each
addition

al
param

eter
equ

al
to

F
=

log
(κ
).
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6
.4
.2

C
o
n
d
itio

n
a
l
P
rio

r
O
d
d
s
U
sin

g
P
e
n
a
lty

D
e
te

rm
in

a
tio

n

T
h
e
ab

ove
p
rop

osed
m
eth

o
d
is
coh

eren
t
in

term
s
of

con
d
ition

al
p
osterior

o
d
d
s
at

zero
sin

ce

th
is
m
easu

re
rem

ain
s
con

stan
t
as

c
2
in
creases.

T
h
e
follow

in
g
p
rop

osition
s
give

th
e
form

of

con
d
ition

al
p
rior

o
d
d
s
at

zero
w
h
en

p
rior

m
o
d
el

p
rob

ab
ilities

are
con

stru
cted

v
ia

p
en
alty

sp
ecifi

cation
.
T
h
eir

b
eh
av
iou

r
w
h
en

c
2
is
large,

an
d
h
en
ce

w
h
en

low
p
rior

in
form

ation
w
ith

in

each
m
o
d
el
is
u
sed

,
is
d
iscu

ssed
in

d
etail.

P
ro

p
o
sitio

n
6
.9

C
on

sider
tw

o
n
orm

al
lin

ear
m

odels
m

0
an

d
m

1
w
hich

are
given

by

y
∼

N (X
(m

) β
(m

) ,σ
2I

n )
,

prior
setu

p

f
(β

(m
) |σ

2,m
)∼

N (0
,c

2V
(m

) σ
2 )

an
d
f
(σ

2)∝
σ
−

2

for
both

m
∈
{m

0 ,m
1 },

an
d

prior
m

odel
probabilities

given
by

f
(m

)∝ (
c
2κ )

d
(m

)/
2∣∣∣V

(m
) ∣∣∣ 1

/
2 ∣∣∣X

T(m
) X

(m
)
+

c −
2V

−
1

(m
) ∣∣∣ 1

/
2
.
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T
hen

the
prior

odds
at

zero
are

given
by

C
P
O
Z
=

(2π
κ
σ

2) −
(d

(m
1
)−

d
(m

0
))/

2  ∣∣∣X
T(m

1
) X

(m
1
)
+

c −
2V

−
1

(m
1
) ∣∣∣

∣∣∣X
T(m

0
) X

(m
0
)
+

c −
2V

−
1

(m
0
) ∣∣∣ 

1
/
2

×
ex

p (−
1

2c
2σ

2 {
µ
Tβ
(m

1
) V

−
1

(m
1
) µ

β
(m

1
) −

µ
Tβ
(m

0
) V

−
1

(m
0
) µ

β
(m

0
) } )

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

208.
W

W
h
en

w
e
u
se

th
e
ab

ove
p
rior

setu
p
an
d
c
2
is
very

large
(an

d
th
erefore

n
on
-in

form
ative

w
ith

in
each

m
o
d
el)

th
en

C
P
O
Z
≈

(2π
κ
σ

2) −
(d

(m
1
)−

d
(m

0
))/

2  ∣∣∣X
T(m

1
) X

(m
1
) ∣∣∣

∣∣∣X
T(m

0
) X

(m
0
) ∣∣∣ 

1
/
2

<
∞

,

th
at

is
th
e
con

d
ition

al
p
rior

o
d
d
s
d
o
n
ot

fu
lly

su
p
p
ort

th
e
sim

p
ler

m
o
d
el

an
d
th
erefore

th
e

ab
ove

p
rior

setu
p
is
coh

eren
t
an
d
rob

u
st

for
large

valu
es

of
c
2.

C
o
ro

lla
ry

6
.9
.1

C
on

sider
tw

o
n
orm

al
lin

ear
m

odels
m

0
an

d
m

1
given

by

y
∼

N (X
(m

) β
(m

) ,σ
2I

n )

an
d

prior
setu

pf
(β

(m
) |σ

2,m
)∼

N (
0
,c

2 (X
T(m

) X
(m

) )−
1
σ

2 )
an

d
f
(σ

2)∝
σ
−

2

for
both

m
∈
{m

0 ,m
1 }.

W
hen

w
e

u
se

prior
probabilities

f
(m

)∝ (
c
2
+
1

κ

)
d
(m

)/
2

then
the

prior
odds

at
zero

are
given

by

C
P
O
Z
=

(2π
κ
σ

2) −
(d

(m
1
)−

d
(m

0
))/

2 (
c
2

c
2
+
1 )

−
[d

(m
1
)−

d
(m

0
)]/

2  ∣∣∣X
T(m

1
) X

(m
1
) ∣∣∣

∣∣∣X
T(m

0
) X

(m
0
) ∣∣∣ 

1
/
2

.
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for
both

m
∈
{m

0 ,m
1 }

an
d

addition
ally

that

X
(m

1
)
=

[X
(m

0
) ,X

j ]
an

d
β
T(m

1
)
=

[β
T(m

0
) ,β

Tj
]

w
ith

in
depen

den
t
n
orm

al
prior

distribu
tion

s
that

can
be

su
m

m
arised

by
the

prior
setu

p

f
(β

(m
) |σ

2,m
)∼

N (0
,c

2D
−

1
(m

) (X
Tj
X

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2

an
d

prior
probabilities

f
(m

)∝ (
c
2κ )

d
(m

)/
2∣∣∣X

T(m
) X

(m
)
+

c −
2D

(m
) (X

Tj
X

j ) ∣∣∣ 1
/
2

p
∏j=

1

|X
Tj
X

j | −
γ

j
,m
/
2

then
the

prior
odds

at
zero

are
equ

al
to

C
P
O
Z
=

(2π
κ
σ

2) −
(d

(m
1
)−

d
(m

0
))/

2  ∣∣∣X
T(m

1
) X

(m
1
)
+

c −
2D

(m
1
) (X

Tj
X

j ) ∣∣∣
∣∣∣X

T(m
0
) X

(m
0
)
+

c −
2D

(m
0
) (X

Tj
X

j ) ∣∣∣ 
1
/
2

.
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F
rom

th
e
ab

ove
w
e
m
ay

con
clu

d
e
th
at

u
sin

g
th
e
p
rior

p
rob

ab
ilities

p
rop

osed
in

S
ection

6.4.1
th
en

th
e
‘con

d
ition

al
p
rior

o
d
d
s
at

zero’
d
o
n
ot

d
ep
en
d
on

varian
ce

m
u
ltip

licator
c
2.

M
oreover,

w
e
can

u
se

th
is
q
u
an
tity

to
d
efi
n
e
th
e
ap
p
rop

riate
a-p

riorip
en
alty

w
h
ich

,
accord

in
g

to
ou
r
p
rior

b
elief,

is
correct.

F
or

ex
am

p
le,

a
q
u
ick

ap
p
roach

can
b
e
b
ased

on
d
efi
n
in
g
th
e

con
d
ition

al
p
rior

o
d
d
s
at

zero
su
ch

th
at

stron
gly

su
p
p
ort

th
e
sim

p
ler

m
o
d
el.

T
h
erefore,

d
efi
n
in
g
C
P
O
Z
=

1/99
for

n
ested

m
o
d
els

is
eq
u
ivalen

t
to

giv
in
g
a-p

riori
a
p
rob

ab
ility

1%
to

th
e
sim

p
lest

m
o
d
el
w
h
en

th
e
m
o
d
el
p
aram

eter
vector

is
eq
u
al

to
zero.

T
h
e
m
ore

w
e
su
p
p
ort

th
e
sim

p
lest

m
o
d
el
v
ia

C
P
O
Z

th
e
m
ore

p
en
alty

is
ap
p
lied

to
th
e
log-ratio

of
p
osterior

su
m

of
sq
u
ares.

6
.5

P
o
ste

rio
r
O
d
d
s
a
t
th

e
L
im

it
o
f
S
ig
n
ifi

ca
n
ce

In
th
is
section

w
e
u
se

th
e
p
osterior

o
d
d
s
at

th
e
lim

it
of

sign
ifi
can

ce
an
d
th
e
logic

of
L
in
d
ley

(1957)
in

ord
er

to
ex
am

in
e
its

b
eh
av
iou

r
in

n
orm

al
lin

ear
m
o
d
els

an
d
asso

ciate
classical

an
d
B
ayesian

ap
p
roach

in
h
y
p
oth

esis
tests

an
d
m
o
d
el

selection
.
T
h
e
section

is
d
iv
id
ed

in
to

th
ree

su
b
-section

s.
W
e
fi
rstly

d
efi
n
e
th
e
p
osterior

o
d
d
s
at

th
e
lim

it
of

sign
ifi
can

ce
an
d
w
e

p
resen

t
its

b
eh
av
iou

r
in

b
oth

L
in
d
ley

’s
ex
am

p
le
an
d
n
orm

al
lin

ear
m
o
d
el.

T
h
en
,
w
e
con

sid
er
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A
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of
B
ayesian

M
o
d
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an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

th
eir

rob
u
stn

ess
after

elim
in
atin

g
th
e
varian

ce
eff
ect

an
d
fi
n
ally

w
e
p
resen

t
an

altern
ative

m
eth

o
d
ology

w
h
ich

eq
u
ates

p
osterior

p
rob

ab
ility

of
th
e
n
u
ll
h
y
p
oth

esis
(or

m
o
d
el)

to
a

p
resp

ecifi
ed

sign
ifi
can

ce
level

q.

6
.5
.1

P
o
ste

rio
r

O
d
d
s

a
t

th
e

L
im

it
o
f
S
ig
n
ifi

ca
n
ce

a
n
d

L
in

d
le
y
’s

E
x
a
m

p
le

L
in
d
ley

(1957)
u
sed

th
e
sim

p
le

ex
am

p
le

w
h
ere

y
∼

N
(µ

,σ
2),

w
ith

σ
2
k
n
ow

n
,
to

test
th
e

h
y
p
oth

esis
th
at

H
0
:
µ

=
µ

0
v
s.

H
1
:
µ
�=

µ
0 .

W
e
w
ill

altern
atively

con
sid

er
a
n
orm

al

p
rior

d
istrib

u
tion

w
ith

m
ean

µ
0
an
d
varian

ce
c
2σ

2
in

ord
er

to
h
ave

sim
ilar

p
attern

s
w
ith

th
e

p
rev

iou
s
section

s.

D
e
fi
n
itio

n
6
.5

T
he

‘posterior
odds

at
the

lim
it

of
sign

ifi
can

ce’
(P

O
L
S
)
are

defi
n
ed

as
the

posterior
odds

resu
ltin

g
from

observed
sam

ples
that

are
in

the
lim

it
of

rejection
area

of
a

sign
ifi

can
ce

test
of

level
q.

F
or

L
in
d
ley

’s
ex
am

p
le
su
ch

sam
p
les

satisfy
th
e
eq
u
ality

ȳ
=

µ
0 ±

z
q
/
2 σ

/ √
n
.

P
ro

p
o
sitio

n
6
.1
0

C
on

sider
the

sim
ple

case
w
ith

y
∼

N
(µ

,σ
2)

w
here

σ
2

is
kn

ow
n
.

W
e

w
an

t
to

assess
w
hich

of
the

hypotheses
H

0
:
µ
=

µ
0
v
s.

H
1
:
µ
�=

µ
0
is

su
pported

by
the

data

(an
d

prior
beliefs)

u
sin

g
the

prior
f
(µ|σ

2)∼
N
(µ

0 ,c
2σ

2).
T
he

posterior
odds

at
the

lim
it

of

sign
ifi

can
ce

are
then

given
by

P
O
L
S
q0
1
=

f
(m

0 )

1−
f
(m

0 ) √
n
c
2
+
1
ex

p (−
12

n
c
2

n
c
2
+
1
z

2q
/
2 )

(6.31)

w
here

z
q
is

the
q

qu
an

tile
of

the
stan

dardised
n
orm

al
distribu

tion
.
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T
h
e
p
arad

ox
n
oted

b
y
L
in
d
ley

(1957)
also

h
old

s
for

th
is
altern

ative
p
rior

an
d
th
erefore

for

n
→
∞
,
P
O
L
S
q0
1 →

∞
.
S
im

ilarly
for

fi
x
ed

sam
p
le

size
w
h
en

c
2→

∞
,
th
en

P
O
L
S
q0
1 →

∞
.

F
igu

re
6.1

sh
ow

s
h
ow

log-p
osterior

o
d
d
s
at

th
e
lim

it
of

5%
sign

ifi
can

ce,
in
crease

for
sam

p
le

sizes
from

on
e
to

100
w
h
en
M

=
{m

0 ,m
1 }

an
d
f
(m

0 )
=

f
(m

1 )
=

1/2
for

variou
s
valu

es
of

c,
w
h
ile

F
igu

re
6.2

gives
th
e
corresp

on
d
in
g
p
lot

for
th
e
p
osterior

p
rob

ab
ility

f
(m

0 |y
).

S
im

ilarly,
w
e
can

d
efi
n
e
th
e
p
osterior

o
d
d
s
at

th
e
lim

it
of
sign

ifi
can

ce
for

n
orm

allin
ear

an
d

gen
eralised

lin
ear

m
o
d
els

u
sin

g
eith

er
th
e
F
-d
istrib

u
tion

or
th
e
χ

2
d
istrib

u
tion

resp
ectively.
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W
e
w
ill

b
riefl

y
ex
am

in
e
th
e
tw
o
sp
ecial

m
o
d
el
com

p
arison

s
p
resen

ted
in

p
rop

osition
s
6.2

an
d

6.3
an
d
th
e
b
eh
av
iou

r
of

th
ese

p
osterior

o
d
d
s
at

th
e
lim

it
of

sign
ifi
can

ce.

L
et

u
s
con

sid
er

th
e
gen

eralcase
of
S
ection

6.2.1
in

w
h
ich

th
e
tw
o
m
o
d
els

u
n
d
er

com
p
arison

d
iff
er

on
ly

in
j
term

.
In

su
ch

case
an
d
for

large
c
2
w
e
h
ave

from
p
rop

osition
6.1

th
at

th
e

p
osterior

o
d
d
s
at

th
e
lim

it
of

sign
ifi
can

ce
are

given
b
y

P
O
L
S
q0
1 ≈

c
d
(m

1
)−

d
(m

0
) (|V

(m
0
) |

|V
(m

1
) | )

−
1
/
2 (|Σ̃

(m
0
) |

|Σ̃
(m

1
) | )

1
/
2
f(m

0 )
f(m

1 ) (
1
+

d
j

n−
d(m

1 ) F
d

j ,n−
d
(m

1
),1−

q )
−
n
/
2

w
h
ere

F
n

1
,n

2
,q
is
th
e
qth

q
u
an
tile

of
F

d
istrib

u
tion

w
ith

d
egrees

of
freed

om
n

1
an
d
n

2 ;
see

also
S
p
iegelh

alter
an
d
S
m
ith

(1982).
If
w
e
fu
rth

er
con

sid
er

th
e
p
rior

setu
p
(6.12)

th
e
ab

ove

q
u
an
tity

sim
p
lifi

es
to

P
O
L
S
q0
1 ≈

(c
2
+
1)

d
j /

2|X
Tj
X

j | −
1
/
2|X

Tj
∆

(m
0
) X

j | 1
/
2
f(m

0 )
f(m

1 ) (
1
+

d
j

n−
d(m

1 ) F
d

j ,n−
d
(m

1
),1−

q )
−
n
/
2

.

(6.32)
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e
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S
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P
rio

r
S
p
e
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tio
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U
sin

g
P
e
n
a
lty

D
e
te

rm
in

a
tio

n

In
follow

in
g
section

w
e
p
resen

t
th
e
sim

p
le
L
in
d
ley

’s
ex
am

p
le
an
d
th
e
gen

eral
m
o
d
el
com

p
ari-

son
of

tw
o
n
ested

m
o
d
els
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=
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µ
0
is

su
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=
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+
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√
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−
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2∣∣∣X

T(m
) X

(m
)
+

c −
2D

(m
) (X

Tj
X

j ) ∣∣∣ 1
/
2

p
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+
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(an
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√
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p
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µ
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b
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ȳ
=

µ
0
+

t
n
,q
/
2 s/ √
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∈
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=
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N (0
,c

2D
−

1
(m

) (X
Tj
X

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2

an
d

prior
m

odel
probabilities

f
(m

1 )

f
(m

0 )
=

(c
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) X
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d
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1−
q

q

)
.

(6.38)

S
u
ch

a
p
en
alty

is
in
coh

eren
t
b
ecau

se,
for

large
n
an
d
sm

all
d
j ,

it
is

n
ot

on
ly

very
sm

all

b
u
t,
in

som
e
ex
trem

e
cases,

also
n
egative.

T
h
e
n
egative

p
en
alty

su
p
p
orts

m
ore

com
p
licated

m
o
d
els

an
d
th
erefore

th
e
ab

ove
ex
p
ression

also
d
em

on
strates

w
h
y
sign

ifi
can

ce
tests

sh
ou
ld

b
e

avoid
ed

w
h
en

th
e
sam

p
le
size

is
large;

for
ex
am

p
le
F
igu

re
6.7

d
em

on
strates

h
ow

th
e
p
en
alty

fu
n
ction

ch
an
ges

w
ith

th
e
d
im

en
sion

of
th
e
sim

p
ler

m
o
d
el,

d
(m

0 ),
w
h
en

th
e
m
o
d
el
d
im

en
sion
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d
iff
eren

ce
d
j
is
eq
u
al

to
on
e
an
d
th
e
sam

p
le

size
n
is
eq
u
al

to
100

(th
e
fi
rst

33
valu

es
of

th
e

p
en
alty

fu
n
ction

are
n
egative).

6
.6

P
rio

r
S
p
e
cifi

ca
tio

n
v
ia

P
e
n
a
lty

D
e
te

rm
in

a
tio

n
in

G
e
n
e
ra

lise
d

L
in

e
a
r
M

o
d
e
ls

T
h
e
p
rim

ary
p
u
rp
ose

of
th
is
section

is
to

ex
ten

d
th
e
m
eth

o
d
ology

p
resen

ted
in

th
e
p
rev

iou
s

section
s
to

th
e
gen

eralised
lin

ear
m
o
d
el
u
sin

g
th
e
L
ap
lace

ap
p
rox

im
ation

.
T
w
o
su
b
-section

s

are
p
resen

ted
.
F
irstly,

a
m
o
d
el
selection

criterion
is
p
resen

ted
as

w
ell

as
a
d
iff
eren

t
ap
p
roach

b
ased

on
th
e
p
osterior

d
istrib

u
tion

of
im

agin
ary

p
rior

d
ata

p
oin

ts.
S
econ

d
ly,

con
stru

ction

of
p
rior

d
istrib

u
tion

s
v
ia

sp
ecifi

cation
of

th
e
p
en
alty

fu
n
ction

in
gen

eralised
lin

ear
m
o
d
els

is

p
resen

ted
in

d
etail.

6
.6
.1

P
o
ste

rio
r
O
d
d
s,

M
a
x
im

u
m

L
ik
e
lih

o
o
d

R
a
tio

s
a
n
d

In
fo

rm
a
-

tio
n

C
rite

ria
U
sin

g
L
a
p
la
ce

A
p
p
ro

x
im

a
tio

n

If
w
e
u
se

L
ap
lace

ap
p
rox

im
ation

it
is

straigh
tforw

ard
to

ex
p
ress

th
e
p
osterior

o
d
d
s
in

an

criterion
form

given
b
y

−
2log

(P
O

0
1 )≈

−
2log 

f
(y|β̆

(m
0
) ,m

0 )f
N
(β̆

(m
0
) |m

0 )

f
(y|β̆

(m
1
) ,m

1 )f
N
(β̆

(m
1
) |m

1 ) 
−

ψ

ψ
=

2log 
C
[f
(β̆

(m
1
) |m

1 )]

C
[f
(β̆

(m
0
) |m

0 )] 
−

log  |I
˘β

(m
1
) |

|I
˘β

(m
0
) | 

−
[d
(m

1 )−
d
(m

0 )]log
(2π

)−
2log (

f
(m

1 )

f
(m

0 ) )
,

(6.39)

w
h
ere

β̆
(m

)
is
th
e
p
osterior

m
o
d
e
an
d
f
N
(x
)
is
th
e
n
on
-n
orm

alised
d
en
sity

fu
n
ction

of
f
(x
)

an
d

C
[f
(x
)]

is
th
e
corresp

on
d
in
g
n
orm

alisin
g
con

stan
t,

[th
at

is
f
(x
)
=

f
N
(x
)/C

[f
(x
)]∝

f
N
(x
)]
an

d

I
˘β

(m
)

=
− [

∂
2f

m
,y (β

(m
) )

∂
β
i,(m

) ∂
β
j,(m

) ]−
1

β
(m

) =
˘β

(m
) ,

f
m
,y (β

(m
) )

=
log [f (y|β

(m
) ,m )]

+
log [f (β

(m
) |m )]

.

T
h
e
ratio

ap
p
earin

g
in

th
e
ab

ove
ex
p
ression

is
n
ot

n
atu

ral.
W
e
w
ill

try
to

in
terp

ret
th
e

ab
ove

resu
lt

as
fu
n
ction

s
of

m
ax
im

u
m

likelih
o
o
d
ratios

an
d
th
erefore

argu
e
w
h
y
su
ch

an
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A
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B
ayesian
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o
d
el
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d
V
ariab

le
S
election

U
sin

g
M
C
M
C

ex
p
ression

sh
ou
ld

u
sed

in
gen

eralised
lin

ear
m
o
d
els

in
stead

of
th
e
sim

p
le
log-likelih

o
o
d
ratio

in
classical

in
form

ation
criteria

or
th
e
log-ratio

of
p
osterior

su
m

of
sq
u
ares

in
th
e
m
o
d
el

selection
criteria

p
resen

ted
for

th
e
n
orm

al
lin

ear
case.

C
on
sid

er
an

ap
p
roach

sim
ilar

to
C
h
en

et
a
l.
(1999).

W
e
assu

m
e
th
at

in
stead

of
u
sin

g
an

arb
itrary

p
rior

d
istrib

u
tion

,
w
e
h
ave

y
∗
an
d

X
∗
p
rior

p
oin

ts
ex
p
ressin

g
ou
r
p
rior

op
in
ion

.

W
e
ad

op
t
th
e
p
rior

f
(β

(m
) |X

∗(m
) ,y

∗)∝
f
(y

∗|β
(m

) ,X
∗(m

) ,m
).

T
h
en

w
e
h
ave

th
e
follow

in
g
p
rop

osition
.

P
ro

p
o
sitio

n
6
.1
5

T
he

posterior
odds

of
m
odel

m
0
again

st
m

odel
m

1
u
sin

g
prior

of
the

form

f
(β

(m
) |y

∗,m
)∝

f
(y

∗|β
(m

) ,X
∗(m

) ,m
)

w
here

y
∗
are

im
agin

ary
data

that
express

ou
r

prior
in

form
ation

,
can

be
w
ritten

in
a

form

equ
ivalen

t
to

in
form

ation
criteria

given
by

−
2log

(P
O

0
1 )≈

−
2log 

f
(y

,y
∗|β̂

(y
,y

∗
)

(m
0
)

,m
0 )/f

(y
∗|β̂

(y
∗
)

(m
0
) ,m

0 )

f
(y

,y
∗|β̂

(y
,y

∗
)

(m
1
)

,m
1 )/f

(y
∗|β̂

(y
∗
)

(m
1
) ,m

1 ) 
−

ψ

ψ
=

log  |I
ˆβ

(y
∗
)

(m
) |

|I
ˆβ

(y
∗
)

(m
) | 

−
log  |I

ˆβ
(y

,y
∗
)

(m
1
)

|

|I
ˆβ

(y
,y

∗
)

(m
0
)

| 
−
2log (

f
(m

1 )

f
(m

0 ) )
,

w
here

β̂
(y

,y
∗
)

(m
)

is
the

m
axim

u
m

likelihood
estim

ate
u
sin

g
actu

al
an

d
prior

data
(y

,y
∗)

w
hile

β̂
(y

∗
)

(m
0
)
is

the
m

axim
u
m

likelihood
estim

ate
u
sin

g
on

ly
the

prior
data

(y
∗).

T
he

determ
in

an
ts

in
volved

in
the

pen
alty

fu
n
ction

are
given

by

I
ˆβ

(y
,y

∗
)

(m
)

=
− 

∂
2 {

log [f (y
,y

∗|β
(m

) ,m )]}
∂
β
i,(m

) ∂
β
j,(m

)

 −
1

β
(m

) =
ˆβ

(y
,y

∗
)

(m
)

,

an
d

I
ˆβ

(y
∗
)

(m
)

=
− 

∂
2 {

log [f (y
∗|β

(m
) ,m )]}

∂
β
i,(m

) ∂
β
j,(m

)

 −
1

β
(m

) =
ˆβ

(y
∗
)

(m
)

.

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

209.
W

A
ltern

atively,
in
stead

of
th
e
ab

ove
p
rior,

w
e
m
ay

u
se

th
e
follow

in
g
‘fraction

al’
p
rior

f
(β

(m
) |X

∗(m
) ,y

∗)∝ [f
(y

∗|β
(m

) ,X
∗(m

) ,m
) ]

1
/
c
20
.

(6.40)
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T
h
e
p
aram

eter
c
20
con

trols
th
e
w
eigh

t
of

in
form

ation
th
at

p
rior

p
oin

ts
con

trib
u
te

in
th
e

p
osterior.

T
h
e
actu

al
d
ata

(an
d
th
e
likelih

o
o
d
)
con

trib
u
te

in
th
e
p
osterior

d
istrib

u
tion

total

w
eigh

t
eq
u
al

to
n
/(n

+
n

0 /c
20 )

(w
h
ere

n
0
is
th
e
size

of
p
rior

d
ata).

W
h
en

low
in
form

ation
is

en
tered

it
is
n
atu

ral
to

assu
m
e
c
20
=

n
0
an
d
th
erefore

th
e
w
eigh

t
of

th
e
actu

al
d
ata

b
ecom

es

eq
u
al

to
n
/(n

+
1)

w
h
ile

th
e
w
eigh

t
of

th
e
p
rior

d
ata

is
eq
u
al

to
on
ly

on
e
d
ata

p
oin

t.

L
et

u
s
n
ow

d
en
ote

b
y

l(y
,y

∗,w
1 ,w

2 |m
)
=

n∏i=
1 [f

(y
i |β

(m
) ,m

)] w
1

n
0
∏i=

1 [f
(y ∗i |β

(m
) ,m

)] w
2

th
e
w
eigh

ted
likelih

o
o
d
of

m
o
d
el

m
w
ith

real
d
ata

y
,
each

on
e
h
av
in
g
w
eigh

t
eq
u
al

to
w

1 ,

an
d
p
rior

d
ata

y
∗,
each

on
e
h
av
in
g
w
eigh

t
eq
u
al

to
w

2 .
F
or

ex
am

p
le,

l(y
,y

∗,0,c −
2

0
|m

)
is
th
e

p
rior

given
b
y
(6.41)

w
h
ile

l(y
,y

∗,1,0|m
)
is
th
e
u
su
al

likelih
o
o
d
.
T
h
e
ab

ove
con

sid
eration

s

lead
u
s
to

th
e
follow

in
g
p
rop

osition
.

P
ro

p
o
sitio

n
6
.1
6

T
he

posterior
odds

of
m
odel

m
0
again

st
m

odel
m

1
u
sin

g
prior

of
the

form

f
(β

(m
) |y

∗,m
)∝

[f
(y

∗|β
(m

) ,X
∗(m

) ,m
)] 1

/
c
20

(6.41)

w
here

y
∗
are

im
agin

ary
data

that
express

ou
r

prior
in

form
ation

,
can

be
w
ritten

in
a

form

equ
ivalen

t
to

in
form

ation
criteria

given
by

−
2log

(P
O

0
1 )≈

−
2log (

l(y
,y

∗,1,c −
2

0
|m

0 )/l(y
,y

∗,0,c −
2

0
|m

0 )

l(y
,y

∗,1,c −
2

0
|m

1 )/l(y
,y

∗,0,c −
2

0
|m

1 ) )
−

ψ

ψ
=

[d
(m

1 )−
d
(m

0 )]log
(c

20 )
+

log  |I
ˆβ

(y
∗
)

(m
1
) |

|I
ˆβ

(y
∗
)

(m
)0 | 

−
log  |I

ˆβ
∗
(1

/
c
20
)

(m
1
)

|

|I
ˆβ

∗
(1

/
c
20
)

(m
0
)

| 
−
2log (

f
(m

1 )

f
(m

0 ) )
,

w
here

β̂
∗
(1
/
c
20
)

(m
)

is
the

m
axim

u
m

of
the

w
eighted

likelihood
l(y

,y
∗,1,c −

2
0
|m

)
an

d
the

determ
i-

n
an

ts
in

volved
in

the
pen

alty
are

n
ow

given
by

I
ˆβ

∗
(1

/
c
20
)

(m
)

=
− 

∂
2 {

log [l(y
,y

∗,1,c −
2

0
|m

) ]}
∂
β
i,(m

) ∂
β
j,(m

)

 −
1

β
(m

) =
ˆβ

∗
(1

/
c
20
)

(m
)

,

I
ˆβ

(y
∗
)

(m
)

=
− 

∂
2 {

log [f (y
∗|β

(m
) ,m )]}

∂
β
i,(m

) ∂
β
j,(m

)

 −
1

β
(m

) =
ˆβ

(y
∗
)

(m
)

.
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P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

210.
W

W
ith

ou
t
loss

of
gen

erality
w
e
m
ay

assu
m
e
th
at

for
every

p
rior

d
en
sity

assign
ed

on
th
e

m
o
d
el

p
aram

eters,
th
ere

ex
ists

a
p
rior

d
istrib

u
tion

of
ty
p
e
(6.40)

for
w
h
ich

th
e
p
ro
d
u
ct

f
(y|β̆

(m
) ,m

)f
N
(β̆

(m
) |m

)
can

b
e
ex
p
ressed

as
a
ratio

of
tw
o
m
ax
im

u
m

w
eigh

ted
likelih

o
o
d
s.

T
h
e
likelih

o
o
d
in

th
e
n
u
m
erator

is
a
m
easu

re
of

fi
t
if
in
form

ation
resu

ltin
g
from

b
oth

p
rior

an
d
d
ata

is
u
sed

w
h
ile

th
e
likelih

o
o
d
of

th
e
d
en
om

in
ator

is
th
e
m
easu

re
of

fi
t
resu

ltin
g
if

on
ly

th
e
p
rior

in
form

ation
is

u
sed

.
T
h
e
p
aram

eter
c
20
p
lay

s
sim

ilar
role

as
th
e
varian

ce

m
u
ltip

licator
c
2
in

n
orm

al
lin

ear
m
o
d
els.

S
traigh

tforw
ard

ex
am

p
les

can
b
e
given

in
n
orm

al
lin

ear
an
d
gen

eralised
lin

ear
m
o
d
els.

In
n
orm

al
m
o
d
els

a
p
rior

of
ty
p
e
(6.40)

resu
lts

in

f (β
(m

) |σ
2,y

∗,X
∗(m

) )∼
N (

β̂
(y

∗
)

(m
)
,c

20 (X
∗
T

(m
) X

∗(m
) )−

1
σ

2 )
.

T
h
e
p
rior

setu
p
(6.10)

u
sed

b
y
S
m
ith

an
d
K
oh
n
(1996)

corresp
on
d
s
to

an
ex
p
erim

en
t
w
ith

n
0
=

n
ob
servation

s,
th
e
sam

e
d
ata

m
atrix

for
b
oth

p
rior

an
d
actu

al
d
ata

(X
∗(m

)
=

X
(m

) ),

an
d
all

th
e
resp

on
se

d
ata

eq
u
al

to
zero,

y
∗
=

0
.
T
h
e
ch
oice

c
2
=

n
in

su
ch

case
is
n
atu

ral

sin
ce

th
e
p
rior

w
ill

con
trib

u
te

in
th
e
p
osterior

d
en
sity

on
ly

b
y
1/(n

+
1)

fraction
.

In
gen

eralised
lin

ear
m
o
d
els

w
ith

likelih
o
o
d

f
(β

(m
) |y

∗,X
∗(m

) ,φ
,m

)
=

ex
p (

n
∑i=

1

y
i ϑ

i −
b(ϑ

i )

a
i (φ

)
+

n
∑i=

1

c(y
i ,a

i (φ
)) )

w
h
ere

ϑ
i
is
a
fu
n
ction

of
th
e
ex
p
ected

valu
e
µ
i
=

E
[Y

i ]
lin

ked
w
ith

th
e
p
aram

eters
of

in
terest,

β
(m

) ,
v
ia

th
e
lin

k
fu
n
ction

g
(η

i )
an
d
η
is
th
e
lin

ear
p
red

ictor.
In

th
is
case

th
e
p
rior

of
ty
p
e

(6.40)
is
given

b
y

f
(β

(m
) |y

∗,X
∗(m

) ,φ
,m

)∝
ex

p (
n

0
∑i=

1

y ∗i ϑ
i −

b(ϑ
i )

c
20 a

i (φ
)

+
c −

2
0

n
0
∑i=

1

c(y ∗i ,a
i (φ

)) )

w
h
ich

can
b
e
w
ell

ap
p
rox

im
ated

b
y

f
(β

(m
) |y

∗,X
∗(m

) ,φ
,m

)≈
N (

β̂
(y

∗
)

(m
)
,c

20 (X
∗
T

(m
) H

∗(m
) X

∗(m
) )−

1 )
,

w
h
ere

H
∗(m

)
=

D
ia
g
(h ∗i )

w
ith

h ∗−
1

i
=

g ′(E
[Y

∗i
])

2a
i (φ

)v
(E

[Y
∗i
]);

g
(x
)
is
th
e
lin

k
fu
n
ction

u
sed

.

If
w
e
assu

m
e

µ
β
(m

)
=

0
w
e
essen

tially
set

E
(Y

∗i
)
=

g −
1(0).

T
h
e
w
eigh

ts
h ∗i

in
volved

in

m
atrix

H
∗(m

)
are

n
ow

given
b
y

h ∗i
=
{[g ′(g −

1(0))] 2a
i (φ

)v
(g −

1(0))} −
1.
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U
su
ally

a
i (φ

)
=

φ
/w

i ;
w
h
ere

w
i
are

w
eigh

ts
for

each
ob
servation

(eq
u
al

to
on
e
w
h
en

u
n
-

grou
p
ed

d
ata

are
u
sed

).
H
ere

w
e
assu

m
e
th
at

ou
r
p
rior

d
ata

are
u
n
grou

p
ed

an
d
h
en
ce

w
i
=

1
resu

ltin
g
in

h ∗i
=
{φ

[g ′(g −
1(0))] 2v

(g −
1(0))} −

1
w
h
ich

is
con

stan
t
over

all
p
rior

d
ata.

T
h
erefore

th
e
p
rior

d
istrib

u
tion

of
ty
p
e

f
(β

(m
) |y

∗,X
∗(m

) ,φ
,m

)
=

N (
0
,c

2 (X
∗
T

(m
) X

∗(m
) )−

1
φ )

corresp
on
d
s
to

n
0
p
rior

p
oin

ts,
each

on
e
w
eigh

ted
b
y
1/c

20 ,
d
ata

m
atrix

X
∗(m

) ,
y
∗
=

0
an
d

c
20
=

c
2{[g ′(g −

1(0))] 2v
(g −

1(0))} −
1.

W
h
en

th
e
d
esign

m
atrix

of
th
e
p
rior

d
ata

is
set

eq
u
al

to

X
∗(m

)
=

X
(m

)
th
en

n
0
=

n
an
d
h
en
ce

p
lau

sib
le
ch
oice

for
c
2
=

n
[g ′(g −

1(0))] 2v
(g −

1(0))
w
h
ich

resu
lts

in
n
/(n

+
1)

con
trib

u
tion

of
th
e
d
ata

an
d
1/(n

+
1)

of
th
e
p
rior

in
form

ation
.

6
.6
.2

P
rio

r
D
istrib

u
tio

n
s

v
ia

P
e
n
a
lty

D
e
te

rm
in

a
tio

n
in

G
e
n
e
r-

a
lise

d
L
in

e
a
r
M

o
d
e
ls

In
th
e
section

w
h
ich

follow
s
w
e
sp
ecify

th
e
p
rior

d
istrib

u
tion

s
v
ia

p
rior

d
eterm

in
ation

of

th
e
d
esired

p
en
alty

im
p
osed

to
th
e
p
rior

an
d
p
osterior

w
eigh

ted
m
ax
im

u
m

likelih
o
o
d
ratios

p
resen

ted
in

p
rop

osition
6.16.

P
ro

p
o
sitio

n
6
.1
7

T
he

posterior
odds

of
m
odel

m
0
again

st
m

odel
m

1
w
ith

prior
distribu

tion

f
(β

(m
) |m

)∼
N (µ

β
(m

) ,c
2V

(m
) )

for
m
∈
{m

0 ,m
1 }

can
be

w
ritten

in
a

form
equ

ivalen
t
to

in
form

ation
criteria

given
by

−
2log

(P
O

0
1 )≈

−
2log 

f
(y|β̆

(m
0
) ,m

0 )f
N
(β̆

(m
0
) |m

0 )

f
(y|β̆

(m
1
) ,m

1 )f
N
(β̆

(m
1
) |m

1 ) 
−

ψ

w
ith

pen
alty

fu
n
ction

ψ
=
{d(m

1 )−
d(m

0 )}log(c
2)
+
log (|V

(m
1
) |

|V
(m

0
) | )

+
log (

|X
T(m

1
) H

(m
) X

(m
1
) +

c −
2V

(m
1
) |

|X
T(m

0
) H

(m
) X

(m
0
) +

c −
2V

(m
0
) | )

−
2log (

f(m
1 )

f(m
0 ) )

,

w
here

H
(m

)
=

D
ia
g
(h

i ),
h
i
=
{g ′(E

[Y
i ])

2a
i (φ

)v
(E

[Y
i ])} −

1.

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

210.
W

T
h
e
ab

ove
p
en
alty

fu
n
ction

is
sim

ilar
to

th
e
p
en
alty

of
th
e
gen

eral
case

of
n
orm

al
m
o
d
els

given
b
y
(6.9).
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U
sin

g
M
C
M
C

C
o
ro

lla
ry

6
.1
7
.1

T
he

posterior
odds

of
m
odel

m
0
again

st
m

odel
m

1
w
ith

prior
distribu

tion

β
(m

) ∼
N (0

,c
2 (

X
T(m

) H
(m

) X
(m

) )−
1 )

for
m
∈
{m

0 ,m
1 }

can
be

w
ritten

in
a

form
equ

ivalen
t
to

in
form

ation
criteria

given
by

−
2log

(P
O

0
1 )≈

−
2log 

f
(y|β̆

(m
0
) ,m

0 )f
N
(β̆

(m
0
) |m

0 )

f
(y|β̆

(m
1
) ,m

1 )f
N
(β̆

(m
1
) |m

1 ) 
−

ψ

ψ
=
{d
(m

1 )−
d
(m

0 )}log
(c

2
+
1)−

2log (
f
(m

1 )

f
(m

0 ) )
,

w
here

H
(m

)
=

D
ia
g
(h

i ),
h
i
=
{g ′(E

[Y
i ])

2a
i (φ

)v
(E

[Y
i ])} −

1.

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

210.
W

F
or

large
c
2,
th
e
p
osterior

m
o
d
e
b
ecom

es
ap
p
rox

im
ately

eq
u
al
to

th
e
m
ax
im

u
m

likelih
o
o
d

estim
ate

an
d
th
e
ratio

f
N
(β̆

(m
0
) |m

0 )/f
N
(β̆

(m
1
) |m

1 )
w
ill

b
e
ap
p
rox

im
ately

eq
u
al

to
on
e.

In

su
ch

cases
th
e−

2log
(P

O
0
1 )

w
ill

b
e
eq
u
ivalen

t
to

in
form

ation
criteria

w
ith

th
e
ab

ove
p
en
alty

fu
n
ction

s.
If
w
e
ap
p
ly

th
e
p
rior

sp
ecifi

cation
m
eth

o
d
p
rop

osed
in

S
ection

6.4.1
th
en

w
e
h
ave

th
e
follow

in
g
p
rop

osition
.

P
ro

p
o
sitio

n
6
.1
8

C
on

sider
tw

o
gen

eralised
lin

ear
m

odels
m

0
an

d
m

1
w
ith

prior
distribu

-

tion
s

f
(β

(m
) |m

)∼
N (µ

β
(m

) ,c
2V

(m
) )

for
both

m
∈
{m

0 ,m
1 }

an
d

prior
m

odel
probabilities

f
(m

)∝ (
c
2κ )

d
(m

)/
2|V

(m
) | 1

/
2|X

T(m
) H

(m
) X

(m
)
+

c −
2V

(m
) | 1

/
2.

T
hen

the
posterior

odds
of

m
odel

m
0
again

st
m

odel
m

1
can

be
w
ritten

in
a

form
equ

ivalen
t

to
in

form
ation

criteria
given

by

−
2log

(P
O

0
1 )≈

−
2log 

f
(y|β̆

(m
0
) ,m

0 )f
N
(β̆

(m
0
) |m

0 )

f
(y|β̆

(m
1
) ,m

1 )f
N
(β̆

(m
1
) |m

1 ) 
−

ψ

w
ith

pen
alty

fu
n
ction

ψ
=
{d
(m

1 )−
d
(m

0 )}log
(κ
).

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

210.
W

S
im

ilarly
to

th
e
ab

ove
p
rop

osition
w
e
h
ave

th
e
follow

in
g
corollary

for
th
e
sim

p
ler

case.
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C
o
ro

lla
ry

6
.1
8
.1

C
on

sider
tw

o
gen

eralised
lin

ear
m

odels
m

0
an

d
m

1
w
ith

prior
distribu

-

tion
s

β
(m

) ∼
N (0

,c
2 (

X
T(m

) H
(m

) X
(m

) )−
1 )

for
both

m
∈
{m

0 ,m
1 }

w
ith

prior
m

odel
probabilities

f
(m

)∝ (
c
2
+
1

κ

)
d
(m

)/
2

.

T
hen

the
posterior

odds
of

m
odel

m
0
again

st
m

odel
m

1
can

be
w
ritten

in
a

form
equ

ivalen
t

to
in

form
ation

criteria
given

by

−
2log

(P
O

0
1 )≈

−
2log 

f
(y|β̆

(m
0
) ,m

0 )f
N
(β̆

(m
0
) |m

0 )

f
(y|β̆

(m
1
) ,m

1 )f
N
(β̆

(m
1
) |m

1 ) 
−

ψ

w
ith

pen
alty

fu
n
ction

ψ
=
{d
(m

1 )−
d
(m

0 )}log
(κ
).

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

211.
W

T
h
e
p
rior

o
d
d
s
at

zero
are

sim
ilar

to
th
e
n
orm

al
lin

ear
m
o
d
el.

T
h
e
p
osterior

o
d
d
s
at

zero

can
b
e
calcu

lated
u
sin

g
χ

2
d
istrib

u
tion

.

6
.7

B
a
y
e
s
F
a
cto

r’s
V
a
ria

n
ts

a
n
d

In
fo

rm
a
tio

n
C
rite

ria

H
ere

w
e
b
riefl

y
rev

iew
th
e
asso

ciation
of

th
e
th
ree

m
ost

p
op
u
lar

varian
ts

of
B
ayes

factor

(p
osterior,

in
trin

sic
an
d
fraction

al)
w
ith

th
e
in
form

ation
criteria

an
d
w
e
fu
rth

er
in
vestigate

th
e
b
eh
av
iou

r
of

th
e
S
S
V
S
B
ayes

factor
u
n
d
er

certain
con

d
ition

s.

6
.7
.1

P
o
ste

rio
r,

F
ra

ctio
n
a
l
a
n
d

In
trin

sic
B
a
y
e
s
F
a
cto

rs.

T
h
e
n
eed

to
u
se

n
on
-in

form
ative

p
riors

in
m
o
d
el
selection

led
to

th
e
d
efi
n
ition

of
th
ree

n
ew

ty
p
es

of
B
ayes

factors:
th
e
p
osterior,

th
e
fraction

al
an
d
th
e
in
trin

sic
B
ayes

factors
b
y
A
itk

in

(1991),
O
’H
agan

(1995)
an
d
B
erger

an
d
P
ericch

i
(1996a,

1996b
),
resp

ectively.
H
ere

w
e
b
riefl

y

rev
iew

th
e
asso

ciation
of

B
ayes

factor
w
ith

in
form

ation
criteria.

A
ccord

in
g
to

O
’H
agan

(1995)
fraction

al
B
ayes

factor
can

b
e
w
ritten

as

−
2log

(F
B
F
b,0

1 )
=
−
2(1−

b)log (
f
(y|θ̂

m
0 ,m

0 )

f
(y|θ̂

m
1 ,m

1 ) )
−
{
d
(m

1 )−
d

( m
0 )}log

(1/b)
(6.42)

196
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

w
h
ere

b
<

1
is

th
e
fraction

al
p
aram

eter.
It

is
ob
v
iou

s
th
at

th
e
log-likelih

o
o
d
ratio

test
is

p
en
alised

b
y
th
e
fraction

al
p
aram

eter.
M
oreover,

in
stead

of
th
e
fu
ll
log-likelih

o
o
d
ratio

w
e

u
se

a
fraction

of
it

d
ep
en
d
in
g
on

p
aram

eter
b.

T
h
e
p
osterior

B
ayes

factor,
in
tro

d
u
ced

b
y

A
itk

in
(1991),

is
even

m
ore

closely
related

to
in
form

ation
criteria

sin
ce

it
is
given

b
y

−
2log

(P
B
F

0
1 )

=
−
2log (

f
(y|θ̂

m
0 ,m

0 )

f
(y|θ̂

m
0 ,m

0 ) )
−
{
d
(m

1 )−
d
(m

2 )}log
(2),

(6.43)

th
at

is
F

=
log

(2).
T
h
is
p
en
alty

is
q
u
ite

sm
all

com
p
ared

to
A
IC

in
w
h
ich

F
=

2
an
d
B
IC

in

w
h
ich

F
=

log
(n
)
an
d
th
erefore

p
osterior

B
ayes

factor
su
p
p
orts

m
ore

com
p
licated

m
o
d
els.

N
ote

th
at

B
IC

gives
th
e
sam

e
p
en
alty

on
ly

for
sam

p
les

w
ith

on
ly

tw
o
ob
servation

s
(m

in
im

al

req
u
ired

sam
p
le

for
estim

atin
g
varian

ce).
F
in
ally,

it
is
clear

th
at

th
ere

is
a
p
rior

for
w
h
ich

th
e
corresp

on
d
in
g
u
su
al

B
ayes

factor
is
ex
actly

th
e
sam

e
as

th
e
p
osterior

B
ayes

factor.
If
w
e

u
se

th
e
p
rior

(6.10)
w
ith

c
2
=

1
th
en

th
e
p
en
alizin

g
p
art

is
th
e
sam

e
as

in
p
osterior

B
ayes

factor
b
u
t
th
e
ratio

S
S
m

1 /S
S
m

0
w
ill

n
o
lon

ger
b
e
eq
u
al

to
likelih

o
o
d
ratio

R
S
S
m

1 /R
S
S
m

0 .

O
n
th
e
oth

er
h
an
d
,
if
w
e
ad
op
t
th
e
setu

p
of

S
ection

6.4.1
w
ith

large
c
2
an
d
κ
=

2
th
en

w
e

h
ave

a
B
ayes

factor
w
h
ich

is
th
e
sam

e
w
ith

th
e
p
osterior

B
ayes

factor
w
ith

ou
t
u
sin

g
an
y

in
form

ation
from

th
e
d
ata

y
.

B
erger

an
d
P
ericch

i
(1996a)

in
tro

d
u
ced

th
e
in
trin

sic
B
ayes

factor.
G
en
erally,

in
trin

sic

B
ayes

factor
can

n
ot

b
e
w
ritten

in
th
e
gen

eral
form

of
in
form

ation
criteria

given
b
y
(6.5).

In
trin

sic
B
ayes

factor
u
sin

g
J
eff
rey

s
p
rior

is
th
e
on
ly

on
e
from

th
e
th
ree

d
iff
eren

t
im

p
rop

er

p
riors

u
sed

in
n
orm

al
lin

ear
m
o
d
els

b
y
B
erger

an
d
P
ericch

i
(1996b

)
w
h
ich

resu
lts

to
an

in
trin

sic
B
ayes

factor
closely

related
to

in
form

ation
criteria

as
d
efi
n
ed

ab
ove.

T
h
e
resu

lted

criterion
h
as

th
e
form

of
(6.5)

w
ith

p
en
alty

ψ
=

log |X
T(m

1
) X

(m
1
) |

|X
T(m

0
) X

(m
0
) |
+
2log 

L
(n

0 ) −
1 ∑l∈L

(n
0
)   |X

T(m
0
) (l)X

(m
0
) (l)|

|X
T(m

1
) (l)X

(m
1
) (l)| 

1
/
2(

R
S
S
m

0 (l)

R
S
S
m

1 (l) )
n

0
/
2  

for
arith

m
etic

in
trin

sic
B
ayes

factor
an
d

ψ
=

log |X
T(m

1
) X

(m
1
) |

|X
T(m

0
) X

(m
0
) |
+

1

L
(n

0 )

∑l∈L
(n

0
) log |X

T(m
0
) (l)X

(m
0
) (l)|

|X
T(m

1
) (l)X

(m
1
) (l)|

+
n

0

L
(n

0 )

∑l∈L
(n

0
) log

R
S
S
m

0 (l)

R
S
S
m

1 (l)

for
th
e
geom

etric
in
trin

sic
B
ayes

factor;
w
h
ere

n
0
d
en
otes

th
e
size

of
th
e
train

in
g
sam

p
le,

R
S
S
m
(l)

an
d

X
(m

) (l)
are

th
e
resid

u
al

su
m

of
sq
u
ares

an
d
th
e
d
esign

m
atrix

of
m
o
d
el

m

u
sin

g
train

in
g
sam

p
le

y
(l)

resp
ectively,L

(n
0 )

an
d
L
(n

0 )
are

th
e
set

an
d
th
e
n
u
m
b
er

of
all

p
ossib

le
train

in
g
sam

p
les

of
size

n
0
resp

ectively.
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6
.7
.2

T
h
e

S
S
V
S

B
a
y
e
s
F
a
cto

r.

S
S
V
S
w
as

in
tro

d
u
ced

b
y
G
eorge

an
d
M
cC

u
llo

ch
(1993);

for
d
etails

see
S
ection

3.4.1.
T
h
e

b
asic

id
ea

of
S
S
V
S
is
th
e
u
se

of
p
rior

d
istrib

u
tion

s
of

th
e
form

β
j |γ

j ∼
γ
j N

(0,Σ
j )
+
(1−

γ
j )N

(0,k −
2

j
Σ

j )

w
h
ere

γ
j
is

a
b
in
ary

variab
le

in
d
icator

an
d
k

2j
is

d
efi
n
ed

accord
in
g
to

ou
r
p
rior

b
eliefs

for

sign
ifi
can

t
an
d
n
on
-sign

ifi
can

t
lim

its;
see

G
eorge

an
d
M
cC

u
llo

ch
(1993)

sem
i-au

tom
atic

se-

lection
.

U
su
ally

k
j
is

su
b
stitu

ted
b
y
a
com

m
on

k
for

all
term

s.
G
en
erally,

S
S
V
S
gives

d
iff
eren

t
resu

lts
th
an

trad
ition

al
m
o
d
el

selection
m
eth

o
d
s
sin

ce
it
u
ses

d
iff
eren

t
likelih

o
o
d
.

W
h
en

k
2j →

∞
,
k −

2
j

Σ
j →

0
d

j
an
d
h
en
ce

th
e
p
rior

b
ecom

es

β
j |γ

j ∼
γ
j N

(0
,Σ

j )
+
(1−

γ
j )I

(0
d

j )

w
h
ere

I
(0

d
j )

is
a
m
ass

p
rior

at
zero

an
d
th
erefore

th
e
p
osterior

b
ecom

es
th
e
sam

e
as

tra-

d
ition

al
m
o
d
el

selection
m
eth

o
d
s;

for
d
etails

see
G
eorge

an
d
M
cC

u
llo

ch
(1997).

F
or

th
is

reason
th
e
p
osterior

o
d
d
s
estim

ated
b
y
S
S
V
S
are

ap
p
rox

im
ately

eq
u
al

(for
large

k
)
to

th
e

com
m
on

p
osterior

o
d
d
s.

W
e
d
en
ote

th
is
p
osterior

o
d
d
s
as

P
O
S
S
V
S

0
1

an
d
th
e
corresp

on
d
in
g

B
ayes

factor
as

B
S
S
V
S

0
1

.
G
en
erally

w
e
h
ave

th
at

P
O
S
S
V
S

0
1

→
P
O

0
1 ,

w
h
en

k
2→

∞
.

In
th
is
section

w
e
w
ill

u
se

th
e
gen

eral
p
rior

setu
p

f
(β|σ

2,γ
)∼

N (0
,c

2V
S
S
V
S

(m
) )

,
V

S
S
V
S

(m
)

=
D
(k

γ
j −

1I
d

j )R
D
(k

γ
j −

1I
d

j )
an
d
f
(σ

2)∝
σ
−

2

(6.44)

w
h
ere

d
is
th
e
d
im

en
sion

of
th
e
fu
ll
m
o
d
el
an
d
D
(k

γ
j −

1I
d

j )
is
a
d×

d
b
lo
ck

d
iagon

al
m
atrix

w
ith

d
iagon

al
elem

en
ts

eq
u
al

to
th
e
id
en
tity

m
atrix

of
d
im

en
sion

d
j
m
u
ltip

lied
b
y

k −
1
if

th
e
corresp

on
d
in
g
j
term

is
ex
clu

d
ed

from
th
e
m
o
d
el

T
h
is
gen

eralised
p
rior

setu
p
w
as

also

p
rop

osed
b
y
G
eorge

an
d
M
cC

u
llo

ch
(1993).

In
terest

lies
in

sp
ecial

fam
ilies

of
p
rior

d
istrib

u
-

tion
s
w
h
ich

corresp
on
d
to

th
e
on
es

ex
am

in
ed

in
th
e
case

of
sim

p
le

m
o
d
el

com
p
arison

;
th
at

is
R

−
1
=

X
T
X

for
th
e
S
m
ith

an
d
K
oh
n
(1996)

p
rior

setu
p
an
d

R
−

1
=

D
(X

j X
j )

for
th
e

in
d
ep
en
d
en
t
p
rior

setu
p
.
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6
.7
.2
.1

T
h
e

G
e
n
e
ra

l
M

o
d
e
l
C
o
m

p
a
riso

n

T
h
e
calcu

lation
of

p
osterior

o
d
d
s
are

straigh
tforw

ard
follow

in
g
th
e
calcu

lation
of

S
ection

6.2.1
resu

ltin
g
to

−
2log

(P
O
S
S
V
S

0
1

)
=

n
log (

S
S
S
S
V
S

m
0

S
S
S
S
V
S

m
1

)
−

ψ
,

(6.45)

ψ
=
log (|V

S
S
V
S

(m
1
) |

|V
S
S
V
S

(m
0
) | )

+
log (|X

T
X
+
c −

2[V
S
S
V
S

(m
1
)
] −

1|
|X

T
X
+
c −

2[V
S
S
V
S

(m
0
)
] −

1| )
−
2log (

f(m
1 )

f(m
0 ) )

.
(6.46)

w
h
ere

S
S
S
S
V
S

m
is
th
e
S
S
V
S
b
ased

p
osterior

su
m

of
sq
u
ares

given
b
y

S
S
S
S
V
S

m
=

y
T
y−

y
T
X (X

T
X

+
c −

2[V
S
S
V
S

(m
)

] −
1 )−

1
X

T
y
.

W
e
are

goin
g
to

ex
am

in
e
th
e
asso

ciation
of

th
e
ab

ove
p
osterior

o
d
d
s
an
d
th
e
u
su
al

p
osterior

o
d
d
s
w
h
en

k
2
is
large.

W
ith

ou
t
loss

of
gen

erality,
for

every
m
o
d
el

m
w
e
can

w
rite

X
=

[X
(m

) X
(\
m

) ],
β
T
=

[β
T(m

) β
T(\
m

) ],
R

= 
R

(m
)

R
(m

,\
m

)

R
T(m

,\
m

)
R

(\
m

) 

w
h
ere

X
(\
m

)
an
d

β
(\
m

)
refers

to
th
e
com

p
on
en
ts

of
X

an
d

β
th
at

are
asso

ciated
w
ith

term
s

ex
clu

d
ed

from
m
o
d
el

m
.
T
h
e
m
atrix

R
is
p
artition

ed
to

th
e
m
atrices

R
(m

)
th
at

corresp
on
d
s

to
covarian

ces
b
etw

een
term

s
in
clu

d
ed

in
m
o
d
el

m
,
R

(\
m

)
th
at

corresp
on
d
s
to

covarian
ces

b
etw

een
term

s
ex
clu

d
ed

from
m
o
d
el

m
an
d

R
(m

,\
m

)
th
at

corresp
on
d
s
to

covarian
ces

b
etw

een

each
term

in
clu

d
ed

in
m
o
d
el

m
w
ith

each
term

ex
clu

d
ed

from
m
o
d
el

m
.

P
ro

p
o
sitio

n
6
.1
9

C
on

sider
tw

o
n
orm

al
lin

ear
m

odels
m

0
an

d
m

1
given

by

y
∼

N (X
β
,σ

2I
n )

an
d

prior
setu

p

f
(β|σ

2,m
)∼

N (0
,c

2D
(k

γ
j −

1I
d

j )R
D
(k

γ
j −

1I
d

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2

for
both

m
∈
{m

0 ,m
1 }.

T
hen

lim
k
2
/
c
2→

∞
(P

O
S
S
V
S

0
1

)
=

P
O

0
1

w
here

P
O
S
S
V
S

0
1

an
d
P
O

0
1

are
the

posterior
odds

for
S
S
V
S

an
d

u
su

al
m
odel

selection
w
ith

prior
m

atrix
V

(m
)
given

by

V
(m

)
=

R
(m

) .
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P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

211.
W

T
h
e
ab

ove
p
rop

osition
clearly

states
th
at

u
sin

g
su
ch

p
rior

for
large

k
2
is

eq
u
ivalen

t
to

settin
g
a
p
rior

m
atrix

V
(m

)
=

R
(m

)
for

each
m
o
d
el
in

th
e
u
su
al

m
o
d
el
selection

.

6
.7
.2
.2

L
in

d
le
y
-B

a
rtle

tt’s
P
a
ra

d
o
x

a
n
d

S
S
V
S

In
th
is
section

w
e
b
riefl

y
p
resen

t
th
e
b
eh
av
iou

r
of

th
e
B
ayes

factor
w
h
en

th
e
sam

p
le

size
or

th
e
p
rior

p
aram

eter
c
2
ten

d
to

in
fi
n
ity,

for
fi
x
ed

k
2.

P
ro

p
o
sitio

n
6
.2
0

C
on

sider
tw

o
n
orm

al
lin

ear
m

odels
m

0
an

d
m

1
given

by

y
∼

N (X
β
,σ

2I
n )

an
d

prior
setu

p

f
(β|σ

2,m
)∼

N (0
,c

2D
(k

γ
j −

1I
d

j )R
D
(k

γ
j −

1I
d

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2

for
both

m
∈
{m

0 ,m
1 }.

T
hen

,
u
n
der

m
ild

regu
larity

con
dition

s,

lim
n→

∞ (−
2log

(B
S
S
V
S

0
1

) )
=
{d
(m

1 )−
d
(m

0 )}log
(k

2)

w
here

B
S
S
V
S

0
1

is
the

B
ayes

factors
for

S
S
V
S
.

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

214.
W

P
ro

p
o
sitio

n
6
.2
1

C
on

sider
tw

o
n
orm

al
lin

ear
m

odels
m

0
an

d
m

1
w
hich

are
given

by

y
∼

N (X
β
,σ

2I
n )

an
d

prior
setu

p
given

by

f
(β|σ

2,m
)∼

N (0
,c

2D
(k

γ
j −

1I
d

j )R
D
(k

γ
j −

1I
d

j )σ
2 )

an
d
f
(σ

2)∝
σ
−

2

for
both

m
∈
{m

0 ,m
1 }.

T
hen

lim
c
2→

∞ (−
2log

(B
S
S
V
S

0
1

) )
=
{d
(m

1 )−
d
(m

0 )}log
(k

2)

w
here

B
S
S
V
S

0
1

is
the

B
ayes

factors
for

S
S
V
S
.

P
ro

o
f:

S
ee

ap
p
en
d
ix
,
p
age

214.
W

A
p
arad

ox
sim

ilar
to

L
in
d
ley

-B
artlett

p
arad

ox
also

o
ccu

rs
for

S
S
V
S
B
ayes

factor.
T
h
e

S
S
V
S
B
ayes

factor
is
b
ou

n
d
ed

an
d
th
is
b
ou
n
d
d
ep
en
d
s
on

th
e
m
agn

itu
d
e
of

k
2.

T
h
erefore,

th
e
S
S
V
S
b
ased

B
ayes

factor
d
o
es

n
ot

avoid
th
e
L
in
d
ley

-B
artlett

p
arad

ox
w
h
ich

still
ap
p
ears

in
a
sligh

tly
d
iff
eren

t
form

.
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.8

D
iscu

ssio
n

In
th
is
ch
ap
ter

w
e
h
ave

p
resen

ted
som

e
p
rob

lem
s
an
d
p
ossib

le
solu

tion
s
regard

in
g
th
e
u
se

of

‘n
on
-in

form
ative’

p
riors

in
B
ayesian

m
o
d
el
selection

.
S
om

e
sp
ecifi

c
m
o
d
el
selection

setu
p
s
in

lin
ear

an
d
gen

eralised
lin

ear
m
o
d
els

h
ave

b
een

p
resen

ted
.
A
lso,

th
e
con

n
ection

of
p
osterior

o
d
d
s
an
d
in
form

ation
criteria

w
as

rep
orted

.
T
h
is
con

n
ection

w
as

u
sed

to
sp
ecify

th
e
p
rior

p
rob

ab
ilities

in
ord

er
to

ach
ieve

a
d
esired

p
en
alty

an
d
rem

ove
th
e
p
rior

varian
ce

eff
ect.

T
h
e

n
otion

of
con

d
ition

al
p
rior

o
d
d
s
w
as

also
d
iscu

ssed
an
d
im

p
lem

en
ted

in
sim

p
le
n
orm

al
lin

ear

m
o
d
el

ex
am

p
les.

B
ayes

factor’s
varian

ts
w
ere

also
d
iscu

ssed
in
clu

d
in
g
S
S
V
S
b
ased

B
ayes

factor
an
d
its

lim
itin

g
b
eh
av
iou

r.

W
e
argu

e
th
at

th
e
u
n
iform

p
rior

on
m
o
d
el

sp
ace

cou
ld

b
e
avoid

ed
.
T
h
e
com

b
in
ation

of
th
e
p
rior

o
d
d
s
an
d
th
e
p
rior

varian
ce

of
m
o
d
el

p
aram

eters
m
ay

n
ot

refl
ect

ou
r
real

p
rior

b
eliefs

for
m
o
d
els

an
d
m
ay

su
p
p
ort

m
ore

com
p
licated

or
sim

p
ler

m
o
d
els

th
an

th
e
on
es

a-p
riori

d
esired

.
In
stead

,
a
join

t
sp
ecifi

cation
of

b
oth

p
rior

o
d
d
s
an
d
p
rior

varian
ce

is
ad
vo
cated

.

P
rior

p
rob

ab
ilities

can
b
e
d
eterm

in
ed

as
a
fu
n
ction

of
d
im

en
sion

ality
an
d
a
n
ew

p
aram

eter

w
h
ich

con
trols

th
e
im

p
osed

p
en
alty.

F
in
ally,

im
p
lem

en
tation

in
gen

eralised
lin

ear
m
o
d
els

v
ia

th
e
u
se

of
L
ap
lace

ap
p
rox

im
ation

s
is
d
iscu

ssed
in

d
etail.
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6
.9

A
p
p
e
n
d
ix

:
P
ro

o
fs

P
ro

o
f
o
f
P
ro

p
o
sitio

n
6
.1
.
F
rom

eq
u
ation

s
(6.3)

w
e
h
ave

th
at

Σ̃
−

1

(m
)
=

X
T(m

) X
(m

)
+

c −
2V

−
1

(m
)

w
h
ich

for
large

c
2
b
ecom

es
ap
p
rox

im
ately

eq
u
al

to

Σ̃
−

1

(m
) ≈

X
T(m

) X
(m

) .

S
im

ilarly

β̃
(m

) ≈ (X
T(m

) X
(m

) )−
1
X

T(m
) X

(m
) β̂

(m
)
=

β̂
(m

) .

S
u
b
stitu

tin
g
th
e
ab

ove
tw
o
ap
p
rox

im
ation

s
in

p
osterior

su
m

of
sq
u
ares

given
b
y
(6.2)

w
e

h
ave

S
S
m
≈

y
T
y−

β̂
T(m

) X
T(m

) X
(m

) β̃
(m

)
=

R
S
S
m
.

F
in
ally,

if
w
e
con

sid
er

th
e
ab

ove
ap
p
rox

im
ation

an
d
th
e
p
osterior

o
d
d
s
(6.1)

w
e
h
ave

−
2log

(P
O

0
1 )≈

n
log (

R
S
S
m

0

R
S
S
m

1 )−
{
d
(m

1 )−
d
(m

0 )}log
(c

2)+

+
log (|V

(m
0
) |

|V
(m

1
) | )

+
log  |X

T(m
0
) X

(m
0
) |

|X
T(m

1
) X

(m
1
) | 

+
2log (

f
(m

1 )

f
(m

0 ) )
.

w
h
ich

is
eq
u
ivalen

t
to

an
in
form

ation
criterion

(6.6)
[or

(6.5)]
w
ith

p
en
alty

fu
n
ction

given

b
y
(6.8).

W

P
ro

o
f
o
f
P
ro

p
o
sitio

n
6
.2
.
T
h
e
p
rior

setu
p
of

p
rop

osition
6.2

lead
s
to

p
osterior

o
d
d
s

given
b
y

P
O

0
1
=

f
(m

0 )

f
(m

1 )

f
(y|m

0 )

f
(y|m

1 )
=

(c
2
+
1) {

d
(m

1
)−

d
(m

0
)}
/
2 (

S
S
m

0

S
S
m

1 )
−
n
/
2

resu
ltin

g
in

−
2log

(P
O

0
1 )

=
n
log (

S
S
m

0

S
S
m

1 )
−
{d
(m

1 )−
d
(m

0 )}log
(c

2
+
1)−

2log (
f
(m

1 )

f
(m

0 ) )
.

U
n
d
er

th
e
ab

ove
p
rior

setu
p

β̃
(m

)
=

c
2

c
2
+
1 (X

T(m
) X

(m
) )−

1
X

T(m
) X

(m
) β̂

(m
)
=

c
2

c
2
+
1
β̂

(m
) ,

Σ̃
(m

)
=

c
2

c
2
+
1 (X

T(m
) X

(m
) )−

1
,
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an
d
th
erefore

th
e
p
osterior

su
m

of
sq
u
ares

are
sim

p
lifi

ed
to

S
S
m
=

y
T
y−

c
2

c
2
+
1
β̂
T(m

) (X
T(m

) X
(m

) )−
1
β̂

(m
)

w
h
ich

,
for

large
c
2,
b
ecom

es
eq
u
al

to
th
e
resid

u
al

su
m

of
sq
u
ares:

S
S
m
≈

R
S
S
m
for

large
c
2

an
d
th
erefore

I
C

0
1 ≈

−
2log

(P
O

0
1 )

w
ith

p
en
alty

fu
n
ction

ψ
given

b
y
(6.11).

W

P
ro

o
f
o
f
P
ro

p
o
sitio

n
6
.3
.
In

th
is

case
V

(m
)
=

D
−

1
(m

) (X
Tj
X

j )
an
d
th
erefore

its
d
e-

term
in
an
t
is
given

b
y
th
e
p
ro
d
u
ct

of
th
e
d
eterm

in
an
ts|X

Tj
X

j | −
1
for

all
term

s
in
clu

d
ed

in

m
o
d
el

m
.
T
h
erefore

|V
(m

) |
=
|D

−
1

(m
) (X

Tj
X

j )|
=
|D

(m
) (X

Tj
X

j )| −
1
=

p
∏j ′=

1 |X
Tj ′ X

j ′| −
γ

j ′,m
.

S
in
ce

th
e
tw
o
m
o
d
els

d
iff
er

b
y
on
ly

j
term

w
e
h
ave

th
at

|V
(m

1
) |

|V
(m

0
) |
=

p
∏j ′=

1 |X
Tj ′ X

j ′| −
γ

j ′,m
1
+
γ

j ′,m
0
=
|X

Tj
X

j | −
1.

T
h
e
m
atrix

Σ̃
(m

1
)
is
given

b
y

Σ̃
−

1

(m
1
)

=
X

T(m
1
) X

(m
1
)
+

c −
2D

(m
1
) (X

Tj
X

j )

=
[X

(m
0
) ,X

j ] T
[X

(m
0
) ,X

j ]+
c −

2D
(m

1
) (X

Tj
X

j )

=


X

T(m
0
) X

(m
0
)
+

c −
2D

(m
0
) (X

Tj
X

j )
X

T(m
0
) X

j

X
Tj
X

(m
0
)

c
2
+

1
c
2

X
Tj
X

j 

=


Σ̃

−
1

(m
0
)

X
T(m

0
) X

j

X
Tj
X

(m
0
)

c
2
+

1
c
2

X
Tj
X

j 
.

F
rom

th
e
p
rop

erties
of

p
artition

ed
m
atrices

w
e
h
ave

th
at

|Σ̃
−

1

(m
1
) |
=
|Σ̃

−
1

(m
0
) | ∣∣∣∣∣ c

2
+
1

c
2

X
Tj
X

j −
X

Tj
X

(m
0
) Σ̃

(m
0
) X

T(m
0
) X

j ∣∣∣∣∣ ,
resu

ltin
g
in

|Σ̃
−

1

(m
1
) |

|Σ̃
−

1

(m
0
) |

=
|X

T(m
1
) X

(m
1
)
+

c −
2D

(m
1
) (X

Tj
X

j )|
|X

T(m
0
) X

(m
0
)
+

c −
2D

(m
0
) (X

Tj
X

j )|

=

(
c
2
+
1

c
2

)
d

j ∣∣∣∣∣ X
Tj
X

j −
c
2

c
2
+
1
X

Tj
X

(m
0
) Σ̃

(m
0
) X

T(m
0
) X

j ∣∣∣∣∣
=

(
c
2
+
1

c
2

)
d

j ∣∣∣∣∣ X
Tj (

I
n −

c
2

c
2
+
1
X

(m
0
) Σ̃

(m
0
) X

T(m
0
) )

X
j ∣∣∣∣∣

=

(
c
2
+
1

c
2

)
d

j∣∣∣X
Tj
∆

(m
0
) X

j ∣∣∣.
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U
sin

g
th
e
ab

ove
eq
u
ation

s
in

th
e
p
en
alty

fu
n
ction

(6.8)
w
e
h
ave

th
e
resu

lt
of

p
rop

osition

6.3.
W

P
ro

o
f

o
f

C
o
ro

lla
ry

6
.3
.1
.

T
h
e

p
ro
of

is
im

m
ed
iate

from
p
rop

osition
6.3

sin
ce

X
Tj
X

(m
0
)
=

0
d
u
e
to

th
e
assu

m
ed

orth
ogon

ality.
T
h
erefore

X
Tj
∆

(m
0
) X

j
=

X
Tj
X

j
re-

su
ltin

g
to

th
e
p
en
alty

of
corollary

6.3.1
W

P
ro

o
f
o
f
P
ro

p
o
sitio

n
6
.4
.
In

regression
R

2
co
effi

cien
t
is
given

b
y

R
2
=

1−
R
S
S
m

(n−
1)s

2y

.

If
w
e
u
se

as
resp

on
se

th
e
variab

le
X

j
th
en

w
e
h
ave

R
2m

0
,x

j
=

1−
R
S
S
m

0
,x

j

(n−
1)s

2j

,

w
h
ere

R
S
S
m

0
,x

j
is

th
e
resid

u
al

su
m

of
sq
u
ares

of
a
regression

w
ith

resp
on
se

X
j
an
d
ex
-

p
lan

atory
variab

les
all

term
s
in
clu

d
ed

in
m
o
d
el

m
0 .

T
h
e
scalar

X
Tj
∆

(m
0
) X

j
for

large
c
2
is

ap
p
rox

im
ately

eq
u
al
to

th
e
p
osterior

su
m

of
sq
u
ares

if
X

j
is
u
sed

as
resp

on
se.

F
rom

eq
u
ation

(6.4)
th
e
p
osterior

su
m

of
sq
u
ares

S
S
m

0
,x

j
w
ith

resp
on
se

X
j ,
d
esign

m
atrix

X
(m

0
)
an
d
p
rior

d
istrib

u
tion

(6.12)
is
given

b
y

S
S
m

0
,x

j
=

R
S
S
m

0
,x

j

+
β̂
T(m

0
,x

j ) [(X
T(m

0
) X

(m
0
) )−

1
+

c
2D

−
1

(m
0
) (X

Tj
X

j ) ]−
1

β̂
(m

0
,x

j )

=
(n−

1)s
2j (1−

R
2m

0
,x

j )

+
β̂
T(m

0
,x

j ) [(X
T(m

0
) X

(m
0
) )−

1
+

c
2D

−
1

(m
0
) (X

Tj
X

j ) ]−
1

β̂
(m

0
,x

j )

w
h
ere

β̂
(m

0
,x

j )
is

th
e
vector

of
m
ax
im

u
m

likelih
o
o
d
estim

ates
of

th
e
co
effi

cien
ts

of
th
e
re-

gression
m
o
d
el

w
ith

resp
on
se

X
j
an
d
covariates

X
ν
for

all
ν
∈
V
(m

0 )
w
h
ile

R
2m

0
,x

j
is

th
e

R
2
m
easu

re
resu

lted
from

a
regression

m
o
d
el

w
ith

resp
on
se

th
e
ad
d
ition

al
variab

le
X

j
an
d

covariates
all

X
ν
for

ν∈
V
(m

0 ).
T
h
erefore,

w
e
h
ave

th
at

X
Tj
∆

(m
0
) X

j
=

X
Tj
X

j −
c
2

c
2
+
1
X

Tj
X

(m
0
) Σ̃

(m
0
) X

T(m
0
) X

j

=
X

Tj
X

j −
X

Tj
X

(m
0
) Σ̃

(m
) X

T(m
0
) X

j

+
1

c
2
+
1
X

Tj
X

(m
0
) Σ̃

(m
) X

T(m
0
) X

j

=
S
S
m

0
,x

j
+

1

c
2
+
1
X

Tj
X

(m
0
) Σ̃

(m
) X

T(m
0
) X

j
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I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

=
(n−

1)s
2j (1−

R
2m

0
,x

j )

+
β̂
T(m

0
,x

j ) [(X
T(m

0
) X

(m
0
) )−

1
+

c
2D

−
1

(m
0
) (X

Tj
X

j ) ]−
1

β̂
(m

0
,x

j )

+
1

c
2
+
1
X

Tj
X

(m
0
) Σ̃

(m
) X

T(m
0
) X

j

w
h
ere

Σ̃
(m

)
in

th
e
ab

ove
eq
u
ation

s
is
given

b
y

Σ̃
(m

)
= (X

T(m
) X

(m
)
+

c −
2D

(m
) (X

Tj
X

j ) )−
1
.

In
th
e
collin

ear
case

R
2m

0
,x

j
=

1
sin

ce
X

j
=

X
(m

0
) β̂

(m
0
,x

j ) .
T
h
erefore,

w
e
h
ave

th
at

X
Tj
∆

(m
0
) X

j
=
0

+
β̂
T(m

0
,x

j ) [(
X

T(m
0
) X

(m
0
) )−

1
+
c
2D

−
1

(m
0
) (X

Tj
X

j ) ]−
1

β̂
(m

0
,x

j )

+
1

c
2
+
1
X

Tj
X

(m
0
) Σ̃

(m
0
) X

T(m
0
) X

j .

If
w
e
m
u
ltip

ly
b
oth

sid
es

of
th
e
eq
u
ation

b
y
th
e
scalar

(c
2
+
1)

w
e
h
ave

(c
2
+
1)X

Tj
∆

(m
0
) X

j
=

c
2
+
1

c
2

β̂
T(m

0
,x

j
) (
c −

2 (
X

T(m
0
) X

(m
0
) )−

1

+
c
2

c
2
+
1
D

−
1

(m
0
) (X

Tj
X

j ) )
−

1

β̂
(m

0
,x

j
)

+
X

Tj
X

(m
0
) (

X
T(m

0
) X

(m
0
) +

c −
2D

(m
0
) (X

Tj
X

j ) )−
1

X
T(m

0
) X

j

≈
1

β̂
T(m

0
,x

j
) D

(m
0
) (X

Tj
X

j )β̂
(m

0
,x

j
) +

X
Tj
X

(m
0
) (

X
T(m

0
) X

(m
0
) )−

1

X
T(m

0
) X

j

=
β̂

T(m
0
,x

j
) D

(m
0
) (X

Tj
X

j )β̂
(m

0
,x

j
) +

X
Tj
X

(m
0
) β̂

(m
0
,x

j
)

=
2

β̂
T(m

0
,x

j
) D

(m
0
) (X

Tj
X

j )β̂
(m

0
,x

j
) +

X
Tj
X

j .

If
w
e
su
b
stitu

te
th
e
ab

ove
resu

lt
to

th
e
p
en
alty

(6.13),
w
e
h
ave

ψ
=

log
[R

∗(m
0 ,X

j )
+
1]+

2log (
f
(m

0 )

f
(m

1 ) )

w
ith

R
∗(m

0 ,x
j )
=

β̂
T(m

0
,x

j ) D
(m

0
) (X

Tj
X

j )β̂
(m

0
,x

j )

X
Tj
X

j

.

F
u
rth

erm
ore,

th
e
secon

d
ex
p
ression

of
R

∗(m
0 ,x

j )
is

given
if

w
e
su
b
stitu

te
X

j
w
ith

X
(m

0
) β̂

(m
0
,x

j )
d
u
e
to

th
e
assu

m
ed

collin
earity.

T
h
e
th
ird

ex
p
ression

of
R

∗(m
0 ,x

j )
is
ob
tain

ed
if
w
e
an
aly

se
th
e
q
u
ad
ratic

form
s
of

(6.16).

T
h
erefore,

w
e
m
ay

w
rite

β̂
T(m

0
,x

j ) D
(m

0
) (X

Tj
X

j )β̂
(m

0
,x

j )
=

3
∑ν∈V

(m
0
) [β̂

(m
0
,x

j ) ] Tν
X

Tν
X

ν [β̂
(m

0
,x

j ) ]ν
=

α
∗2

1For
large

c
2.

2D
ue
to
collinearity

X
j
=

X
(m

0
) β̂

(m
0
,x

j
) .

3D
ue
to
prior

distribution
(6.12)
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an
d

β̂
T(m

0
,x

j ) X
T(m

0
) X

(m
0
) β̂

(m
0
,x

j )
=

∑ν∈V
(m

0
)

∑ν ′∈V
(m

0
) [β̂

(m
0
,x

j ) ] Tν
X

Tν
X

ν ′[β̂
(m

0
,x

j ) ]ν ′

=
∑ν∈V

(m
0
) [β̂

(m
0
,x

j ) ] Tν
X

Tν
X

ν [β̂
(m

0
,x

j ) ]ν

+
∑ν∈V

(m
0
)

∑
ν ′∈V

(m
0
)\{

ν} [β̂
(m

0
,x

j ) ] Tν
X

Tν
X

ν ′[β̂
(m

0
,x

j ) ]ν ′

=
α
∗1
+

α
∗2

resu
ltin

g
in

R
∗(m

0 ,x
j )
=

1−
α
∗1 /(α

∗1
+

α
∗2 ).

M
oreover,

in
th
e
case

of
collin

earity
th
e
log-likelih

o
o
d
is
m
ax
im

ized
if
w
e
m
ax
im

ize
th
e

q
u
ad
ratic

form

l
=

(y−
X

(m
1
) β

(m
1
) )
T
(y−

X
(m

1
) β

(m
1
) ).

S
in
ce

w
e
assu

m
e
th
at

m
1
con

tain
s
all

term
s
of

m
o
d
el

m
0
an
d
th
e
ad
d
ition

al
term

X
j
th
en
,

w
ith

ou
t
loss

of
gen

erality,
w
e
can

w
rite

X
(m

1
)
=

[X
(m

0
) ,X

j ]
an

d
β
T(m

1
)
=

[β
∗(0

) β
∗j ]

w
h
ere

β
∗(0

)
is

th
e
p
aram

eter
vector

of
m
o
d
el

m
1
corresp

on
d
in
g
to

term
s
also

in
clu

d
ed

in

m
o
d
el

m
0 ,

an
d

β
∗j
is
th
e
p
aram

eter
vector

of
th
e
ad
d
ition

al
term

j
of

m
o
d
el

m
1 .

N
ow

w
e

can
w
rite

l
=

(y−
X

(m
0
) β

∗(0
) −

X
j β

∗j )
T
(y−

X
(m

0
) β

∗(0
) −

X
j β

∗j ).

T
h
e
m
ax
im

u
m

likelih
o
o
d
estim

ate
can

n
ow

b
e
w
ritten

as

β̂
∗(0

)
=
(X

T(m
0
) X

(m
0
) )−

1
X

(m
0
) y− (X

T(m
0
) X

(m
0
) )−

1
X

(m
0
) X

j β̂
∗j

=
β̂

(m
0
)
+

β̂
(m

0
,x

j ) β̂
∗j .

T
h
e
resid

u
al
su
m

of
sq
u
ares

are
given

if
w
e
su
b
stitu

te
th
e
ab

ove
q
u
an
tity

on
th
e
log-likelih

o
o
d

l
an

d
th
erefore

w
e
h
ave

R
S
S
m

1
=

(y−
X

(m
0
) β̂

∗(0
) −

X
j β̂

∗j )
T
(y−

X
(m

0
) β̂

∗(0
) −

X
j β̂

∗j ).

F
rom

th
e
ab

ove
m
ax
im

u
m

likelih
o
o
d
solu

tion
w
e
h
ave

th
at

(y−
X

(m
0
) β̂

∗(0
) −

X
j β̂

∗j )
=

(y−
X

(m
0
) β̂

(m
0
) −

X
(m

0
) β̂

(m
0
,x

j ) β̂
∗j −

X
j β̂

∗j ).
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tzou
fras:

A
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B
ayesian

M
o
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d
V
ariab

le
S
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U
sin

g
M
C
M
C

F
in
ally,

sin
ce

X
j
is
collin

ear
to

th
e
term

s
of

m
o
d
el

m
0
w
e
h
ave

th
at

X
j
=

X
(m

0
) β̂

m
0
,x

j
an
d

th
erefore

(y−
X

(m
0
) β̂

∗(0
) −

X
j β̂

∗j )
=

(y−
X

(m
0
) β̂

(m
0
) −

X
j β̂

∗j −
X

j β̂
∗j )

=
(y−

X
(m

0
) β̂

(m
0
) )

resu
ltin

g
in

R
S
S
m

1
=

(y−
X

(m
0
) β̂

(m
0
) )
T
(y−

X
(m

0
) β̂

(m
0
) )
=

R
S
S
m

0 .

F
or

large
c
2
w
e
h
ave

th
at

S
S
m
≈

R
S
S
m
,
S
S
m

1 ≈
S
S
m

0
an
d
h
en
ce

2log
(P

0
0
1 )

=
ψ
.

W

P
ro

o
f
o
f
C
o
ro

lla
ry

6
.4
.1
.
T
h
e
p
ro
of

is
im

m
ed
iate

from
p
rop

osition
6.4

sin
ce

α
∗1
w
ill

b
e
eq
u
al

to
zero

if
X

(m
0
)
is
orth

ogon
al.

W

P
ro

o
f

o
f
P
ro

p
o
sitio

n
6
.5
.
T
h
e
con

d
ition

al
p
rior

o
d
d
s
are

given
b
y

C
P
O
N
Z
ξ

=
f
(m

1 |
β
Tj
β
j
<

ξ
2,σ

2)

f
(m

0 |
β
Tj
β
j
<

ξ
2,σ

2)

=
f
(β

Tj
β
j
<

ξ
2|σ

2,m
1 )f

(σ
2|m

1 )f
(m

1 )

f
(β

Tj
β
j
<

ξ
2|σ

2,m
0 )f

(σ
2|m

0 )f
(m

0 )

=
1

f
(β

Tj
β
j
<

ξ
2|σ

2,m
1 ) f

(σ
2|m

1 )f
(m

1 )

f
(σ

2|m
0 )f

(m
0 )

=
f
(β

Tj
β
j
<

ξ
2|σ

2,γ
j
=

1) f
(σ

2|m
1 )f

(m
1 )

f
(σ

2|m
0 )f

(m
0 ) .

W

P
ro

o
f
o
f
P
ro

p
o
sitio

n
6
.6
.
T
h
e
con

d
ition

al
p
rior

o
d
d
s
are

given
b
y

C
P
O
N
Z

=
f
(m

1 |
β
j
=

0
,σ

2)

f
(m

0 |
β
j
=

0
,σ

2)

=
f
(β

j
=

0|σ
2,m

1 )f
(σ

2|m
1 )f

(m
1 )

f
(β

j
=

0|σ
2,m

0 )f
(σ

2|m
0 )f

(m
0 )

=
f
(β

j
=

0|σ
2,m

1 ) f
(σ

2|m
1 )f

(m
1 )
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=

0|σ
2,m

1 )f
(σ

2|m
1 )f

(m
1 )

f
(β

(m
0
)
=
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=
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=
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p
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p
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=
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p
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p
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p
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corollary
6.9.1

th
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=
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0
)]/
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P
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1 √
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=
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w
rite

X
=

[X
(m

) X
(\
m

) ],
β
T
=

[β
T(m

) β
T(\
m

) ],
R

= 
R

(m
)

R
(m

,\
m

)

R
T(m

,\
m

)
R

(\
m

) 
w
h
ere

X
(\
m

)
an
d

β
(\
m

)
refer

to
th
e
com

p
on
en
ts

of
X

an
d

β
ex
clu

d
ed

from
m
o
d
el

m
.
T
h
e

m
atrix

R
is

p
artition

ed
to

m
atrices:

R
(m

)
th
at

corresp
on
d
s
to

covarian
ces

b
etw

een
term

s

in
clu

d
ed

in
m
o
d
el

m
;

R
(\
m

)
th
at

corresp
on
d
s
to

covarian
ces

b
etw

een
term

s
ex
clu

d
ed

from

m
o
d
el

m
;
an
d

R
(m

,\
m

)
th
at

corresp
on
d
s
to

covarian
ces

b
etw

een
each

term
in
clu

d
ed

in
m
o
d
el

m
an
d
each

term
ex
clu

d
ed

from
m
o
d
el

m
.
In

su
ch

case
th
e
p
rior

m
atrix

is
given

b
y

V
S
S
V
S

(m
)

= 
R

(m
)

k −
1R

(m
,\
m

)

k −
1R

T(m
,\
m

)
k −

2R
(\
m

) 

[V
S
S
V
S

(m
)

] −
1
= 

R
−(m

)
−
k
R

−(m
,\
m

)

−
k
R

−(\
m
,m

)
k

2R
−(\
m

)



R
−(m

)
=

[R
(m

) −
R

(m
,\
m

) R
−

1
(\
m

) R
T(m

,\
m

) ] −
1,

R
−(\
m

)
=

R
−

1
(\
m

)
+

R
−

1
(\
m

) R
T(m

,\
m

) R
−(m

) R
(m

,\
m

) R
−

1
(\
m

)

=
[R

(\
m

) −
R

(\
m
,m

) R
−

1
(m

) R
T(\
m
,m

) ] −
1,

R
−(m

,\
m

)
=

R
−(m

) R
(m

,\
m

) R
−

1
(\
m

)

=
R

−
1

(m
) R

(m
,\
m

) [R
(\
m

) −
R

(\
m
,m

) R
−

1
(m

) R
T(\
m
,m

) ] −
1,

R
−(\
m
,m

)
=

R
−

1
(\
m

) R
T(m

,\
m

) R
−(m

)

=
R

−
1

(\
m

) R
(\
m
,m

) [R
(m

) −
R

(m
,\
m

) R
−

1
(\
m

) R
T(m

,\
m

) ] −
1.

F
u
rth

erm
ore,

th
e
d
eterm

in
an
t
is
given

b
y

|V
S
S
V
S

(m
)
| −

1
=

[k
2] d−

d
(m

)|R
−(\
m

) ||R
−(m

) −
R

−(m
,\
m

) [R
−(\
m

) ] −
1R

−(\
m
,m

) |.

212
I.N

tzou
fras:

A
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of
B
ayesian

M
o
d
el
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d
V
ariab

le
S
election

U
sin

g
M
C
M
C

T
h
e
p
osterior

o
d
d
s
u
sin

g
th
e
S
S
V
S
ap
p
roach

are
given

b
y

P
O

0
1
=  |V

S
S
V
S

(m
0
) |

|V
S
S
V
S

(m
1
) | 

−
1
/
2  |X

T
X

+
c −

2[V
S
S
V
S

(m
0
)
] −

1|
|X

T
X

+
c −

2[V
S
S
V
S

(m
1
)
] −

1| 
1
/
2(

S
S
S
S
V
S

m
0

S
S
S
S
V
S

m
1

)
−
n
/
2
f
(m

0 )

f
(m

1 )

w
ith

S
S
S
S
V
S

m
=

y
T
y−

y
T
X (X

T
X

+
c −

2[V
S
S
V
S

(m
)

] −
1 )−

1
X

T
y

T
h
e (X

T
X

+
c −

2V
S
S
V
S

(m
) )−

1
is
given

b
y

(
X

T
X
+
c −

2[V
S
S
V
S

(m
)
] −

1 )−
1
=


X

T(m
) X

(m
) +

c −
2R

−(m
)

X
T(m

) X
(\
m

) +
c −

2k
R

−(m
,\
m

)

X
T(\
m

) X
(m

) +
c −

2k
R

−(\
m
,m

)
X

T(\
m

) X
(\
m

) +
c −

2k
2R

−(\
m

)  −
1

=


Σ̃

−(m
)

Σ̃
−(m

,\
m

)

Σ̃
−(\
m
,m

)
Σ̃

−(\
m

) 
w
ith

Σ̃
−(m

)
=
[X

T(m
) X

(m
) +

c −
2R

−(m
) −

[X
T(m

) X
(\
m

) +
c −

2k
R

−(m
,\
m

) ]×
×
[X

T(\
m

) X
(\
m

) +
c −

2k
2R

−(\
m

) ] −
1[X

T(\
m

) X
(m

) +
c −

2k
R

−(\
m
,m

) ] ]−
1
,

Σ̃
−(\
m

)
=

[X
T(\
m

) X
(\
m

) +
c −

2k
2R

−(\
m

) ] −
1
+

+
[X

T(\
m

) X
(\
m

) +
c −

2k
2R

−(\
m

) ] −
1[X

T(\
m

) X
(m

) +
c −

2k
R

−(\
m
,m

) ]×
×

Σ̃
−(m

) [X
T(m

) X
(\
m

) +
c −

2k
R

−(m
,\
m

) ][X
T(\
m

) X
(\
m

) +
c −

2k
2R

−(\
m

) ] −
1,

Σ̃
−(m

,\
m

)
=

−
Σ̃

−(m
) (

X
T(m

) X
(\
m

) +
c −

2k
R

−(m
,\
m

) )(
X

T(\
m

) X
(\
m

) +
c −

2k
2R

−(\
m

) )−
1
,

Σ̃
−(\
m
,m

)
=

− (
X

T(\
m

) X
(\
m

) +
c −

2k
2R

−(\
m

) )−
1 (

X
T(\
m

) X
(m

) +
c −

2k
R

−(\
m
,m

) )
Σ̃

−(m
) .

Σ̃
−(m

)
=
[X

T(m
) X

(m
) +

c −
2R

−(m
) −

[k −
1X

T(m
) X

(\
m

) +
c −

2R
−(m

,\
m

) ]×
×
[k −

2X
T(\
m

) X
(\
m

) +
c −

2R
−(\
m

) ] −
1[k −

1X
T(\
m

) X
(m

) +
c −

2R
−(\
m
,m

) ] ]−
1

lim
l→

∞
Σ̃

−(m
)

=
[X

T(m
) X

(m
) +

c −
2R

−(m
) −

c −
2R

−(m
,\
m

) [R
−(\
m

) ] −
1R

−(\
m
,m

) ]−
1
,

Σ̃
−(\
m

)
=

k −
2[k −

2X
T(\
m

) X
(\
m

) +
c −

2R
−(\
m

) ] −
1
+
k −

2[k −
2X

T(\
m

) X
(\
m

) +
c −

2R
−(\
m

) ] −
1×

×
[k −

1X
T(\
m

) X
(m

) +
c −

2R
−(\
m
,m

) ]Σ̃
−(m

) [k −
1X

T(m
) X

(\
m

) +
c −

2R
−(m

,\
m

) ]×
×
[k −

2X
T(\
m

) X
(\
m

) +
c −

2R
−(\
m

) ] −
1,

lim
k→

∞
Σ̃

−(\
m

)
=

0
,

lim
k→

∞
Σ̃

−(m
,\
m

)
=

0
,

lim
k→

∞
Σ̃

−(\
m
,m

)
=

0
.
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h
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O
n
P
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D
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u
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s
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M
o
d
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S
election

213

From
the

above
w
e
have

lim
k→

∞
S
S
S
S
V
S

m
=

y
T
y−

y
T
X

(m
) [X

T(m
) X

(m
) +

c −
2[R

−(m
) −

R
−(m

,\
m

) [R
−(\
m

) ] −
1R

−(\
m
,m

) ] ]−
1
X

T
y

=
S
S
m
.

T
h
e
d
eterm

in
an
t
is
given

b
y

|X
T
X

+
c −

2V
(m

) |
=

|Σ̃
−(m

) ||Σ̃
−(\
m

) −
Σ̃

−(\
m
,m

) [Σ̃
−(m

) ] −
1Σ̃

−(m
,\
m

) |
=

|Σ̃
−(m

) ||I−
Σ̃

−(\
m
,m

) [Σ̃
−(m

) ] −
1Σ̃

−(m
,\
m

) [Σ̃
−(\
m

) ] −
1||Σ̃

−(\
m

) |

|V
S
S
V
S

(m
)
| −

1|X
T
X

+
c −

2V
(m

) |
=

|R
−(\
m

) ||R
−(m

) −
R

−(m
,\
m

) [R
−(\
m

) ] −
1R

−(\
m
,m

) |
×|Σ̃

−(m
) ||I−

Σ̃
−(\
m
,m

) [Σ̃
−(m

) ] −
1Σ̃

−(m
,\
m

) [Σ̃
−(\
m

) ] −
1||k

2Σ̃
−(\
m

) |

lim
k→

∞ (
k

2Σ̃
−(\

m
) )

=
lim

k→
∞ ([k −

2X
T(\

m
) X

(\
m

) +
c −

2R
−(\

m
) ] −

1
+
[k −

2X
T(\

m
) X

(\
m

) +
c −

2R
−(\

m
) ] −

1×

×
[k −

1X
T(\

m
) X

(m
) +

c −
2R

−(\
m

,m
) ]Σ̃

−(m
) [k −

1X
T(m

) X
(\

m
) +

c −
2R

−(m
,\

m
) ]×

×
[k −

2X
T(\

m
) X

(\
m

) +
c −

2R
−(\

m
) ] −

1 )
=

c
2[R

−(\
m

) ] −
1
+
[R

−(\
m

) ] −
1R

−(\
m

,m
)

× [X
T(m

) X
(m

) +
c −

2R
−(m

) −
c −

2R
−(m

,\
m

) [R
−(\

m
) ] −

1R
−(\

m
,m

) ]−
1

R
−(m

,\
m

) [R
−(\

m
) ] −

1 )
=

c
2[R

−(\
m

) ] −
1
+

R
∗,

w
here

R
∗
is
given

by

R
∗
=
[R

−(\
m

) ] −
1R

−(\
m

,m
) [X

T(m
) X

(m
) +

c −
2R

−(m
) −

c −
2R

−(m
,\

m
) [R

−(\
m

) ] −
1R

−(\
m

,m
) ]−

1

R
−(m

,\
m

) [R
−(\

m
) ] −

1.

C
on
sid

er
n
ow

th
e
lim

it

lim
k→

∞ (Σ̃
−(\
m
,m

) [Σ̃
−(m

) ] −
1Σ̃

−(m
,\
m

) [Σ̃
−(\
m

) ] −
1 )

=

=
lim
k→

∞ ((X
T(\
m

) X
(\
m

)
+

c −
2k

2R
−(\
m

) )−
1 (X

T(\
m

) X
(m

)
+

c −
2k

R
−(\
m
,m

) )
Σ̃

−(m
)

× (X
T(m

) X
(\
m

)
+

c −
2k

R
−(m

,\
m

) )(X
T(\
m

) X
(\
m

)
+

c −
2k

2R
−(\
m

) )−
1
[Σ̃

−(\
m

) ] −
1 )

=
lim
k→

∞ ((k −
2X

T(\
m

) X
(\
m

)
+

c −
2R

−(\
m

) )−
1 (k −

1X
T(\
m

) X
(m

)
+

c −
2R

−(\
m
,m

) )
Σ̃

−(m
)

× (k −
1X

T(m
) X

(\
m

)
+

c −
2R

−(m
,\
m

) )(k −
2X

T(\
m

) X
(\
m

)
+

c −
2R

−(\
m

) )−
1
[k

2Σ̃
−(\
m

) ] −
1 )

=
[R

−(\
m

) ] −
1R

−(\
m
,m

)
lim
k→

∞ (Σ̃
−(m

) )
R

−(m
,\
m

) R
−(\
m

)
lim
k→

∞ [k
2Σ̃

−(\
m

) ]−
1

=
R

∗ (c
2[R

−(\
m

) ] −
1
+

R
∗ )−

1
.
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tzou
fras:

A
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ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

T
h
erefore,

from
th
e
ab

ove
h
ave

lim
k→

∞
|V

S
S
V
S

(m
)
| −

1|X
T
X

+
c −

2V
S
S
V
S

(m
)
|

=

=
|R

−(\
m

) ||R
−(m

) −
R

−(m
,\
m

) [R
−(\
m

) ] −
1R

−(\
m
,m

) |
× ∣∣∣X

T(m
) X

(m
)
+

c −
2[R

−(m
) −

R
−(m

,\
m

) [R
−(\
m

) ] −
1R

−(\
m
,m

) ] ∣∣∣ −
1|Σ̃

−(m
) |

=
[c

2] d−
d
(m

)|R
−(\
m

) ||R
−(m

) −
R

−(m
,\
m

) [R
−(\
m

) ] −
1R

−(\
m
,m

) ||Σ̃
−(m

) ||R
−(\
m

) | −
1

=
[c

2] d−
d
(m

)|V
(m

) | −
1|X

T(m
) X

(m
) −

c −
2V

−
1

(m
) |

w
ith

V
−

1
(m

)
=

R
−(m

) −
R

−(m
,\
m

) [R
−(\
m

) ] −
1R

−(\
m
,m

)
=

R
−

1
(m

) .

F
rom

th
e
ab

ove
resu

lt
an
d
th
e
fact

th
at

S
S
S
S
V
S

m
→

S
S
m
,
for

large
k

2,
w
e
ob
tain

th
e
statem

en
t

of
p
rop

osition
6.19.

W

P
ro

o
f

o
f
P
ro

p
o
sitio

n
6
.2
0
.
In

lin
ear

regression
th
e
F
ish

er
in
form

ation
m
atrix

,I
−

1

β
(m

)

of
m
o
d
el

m
is

given
b
y

X
T(m

) X
(m

) σ
−

2.
S
tan

d
ard

asy
m
p
totic

th
eory

req
u
ires

a
regu

larity

con
d
ition

in
w
h
ich

1n I
−

1

β
(m

)

h
as

a
p
ositive

d
efi
n
ite

lim
it.

T
h
erefore,

u
n
d
er

m
ild

regu
larity

con
d
ition

s|X
T
X

+
c −

2[V
S
S
V
S

(m
1
)
] −

1|
|X

T
X

+
c −

2[V
S
S
V
S

(m
0
)
] −

1|
=
|n

−
1σ

−
2X

T
X

+
c −

2n
−

1σ
−

2[V
S
S
V
S

(m
1
)
] −

1|
|n

−
1σ

−
2X

T
X

+
c −

2n
−

1σ
−

2[V
S
S
V
S

(m
0
)
] −

1| →
1.

F
rom

th
e
ab

ove
it
is
also

d
irect

th
at

for
n→

∞
an
d
fi
x
ed

p
rior

varian
ces

V
S
S
V
S

(m
)

th
en

S
S
S
S
V
S

m
=

R
S
S
f
u
ll

resu
ltin

g
to

th
e
p
rop

osition
6.20.

W

P
ro

o
f

o
f
P
ro

p
o
sitio

n
6
.2
1
.
T
h
e
p
ro
of

is
d
irect

if
w
e
con

sid
er

th
at

lim
c
2→

∞ (X
T
X

+
c −

2V
S
S
V
S

(m
) )

=
X

T
X

an
d
th
erefore

lim
c
2→

∞
(S

S
S
S
V
S

m
)
=

R
S
S
f
u
ll

w
h
ere

R
S
S
f
u
ll
is
th
e
resid

u
al

su
m

of
sq
u
ares

of
th
e
fu
ll
m
o
d
el.

S
u
b
stitu

tin
g
th
e
ab

ove
lim

its

in
th
e
S
S
V
S
b
ased

p
osterior

o
d
d
s
w
e
h
ave

th
e
resu

lt
of

p
rop

osition
6.21.

W
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G
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b
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S
e
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ctio

n
U
sin

g
B
u
g
s

T
h
e
aim

of
th
is
ch
ap
ter

is
to

clearly
illu

strate
h
ow

w
e
can

u
tilize

B
U
G
S
(S
p
iegelh

alter
et

a
l.
,

1996a)
for

th
e
im

p
lem

en
tation

of
variab

le
selection

m
eth

o
d
s.

W
e
con

cen
trate

on
G
ib
b
s

variab
le

selection
,
p
rop

osed
in

C
h
ap
ter

4,
u
sin

g
in
d
ep
en
d
en
t
p
rior

d
istrib

u
tion

s.
E
x
ten

sion

to
S
S
V
S
an
d
K
u
o
an
d
M
allick

sam
p
lers

is
straigh

tforw
ard

.
N
ote

th
at

th
is

ch
ap
ter

is
also

given
in

a
form

of
research

p
ap

er;
see

N
tzou

fras
(1999b

).

7
.1

D
e
fi
n
itio

n
o
f
lik

e
lih

o
o
d

T
h
e
likelih

o
o
d
(3.2)

u
sed

in
G
ib
b
s
variab

le
selection

an
d
K
u
o
an
d
M
allick

sam
p
ler

can
b
e

easily
in
corp

orated
in

B
U
G
S
u
sin

g
th
e
follow

in
g
co
d
e

f
o
r
(
i
i
n
1
:
N
)
{
f
o
r
(
j
i
n
1
:
p
)
{
z
[
i
,
j
]
<
-
x
[
i
,
j
]
*
b
[
j
]
*
g
[
j
]
}
}

f
o
r
(
i
i
n
1
:
N
)
{
e
t
a
[
i
]
<
-
s
u
m
(
z
[
i
,
]
)
;

y
[
i
]
~
d
i
s
t
r
i
b
u
t
i
o
n
[
p
a
r
a
m
e
t
e
r
1
,
p
a
r
a
m
e
t
e
r
2
]

}

w
h
ere

•
N
d
en
otes

th
e
sam

p
le
size,

•
p
th
e
n
u
m
b
er

of
total

variab
les

u
n
d
er

con
sid

eration
,

•
x
[
i
,
j
]
is
th
e
i,j

com
p
on
en
t
of

th
e
d
ata

or
d
esign

m
atrix

X
,

•
y
[
i
]
is

i
elem

en
t
of

th
e
resp

on
se

vector
y
,
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•
b
[
j
]
is
th
e
j
elem

en
t
of

th
e
p
aram

eter
vector

β
,

•
g
[
j
]
is
th
e
in
clu

sion
in
d
icator

for
j
elem

en
t
of

γ
,

•
z
[
i
,
j
]
is
a
m
atrix

w
h
ich

is
u
sed

to
sim

p
lify

calcu
lation

s,

•
e
t
a
[
i
]
is
th
e
i
elem

en
t
of

lin
ear

p
red

ictor
vector

η
an

d
sh
ou

ld
b
e
su
b
stitu

ted
b
y
th
e

corresp
on
d
in
g
lin

k
fu
n
ction

,
for

ex
am

p
le

l
o
g
i
t
(
p
[
i
]
)
in

b
in
om

ial
logistic

regression
,

•
d
i
s
t
r
i
b
u
t
i
o
n
sh
ou
ld

b
e
su
b
stitu

ted
b
y
ap
p
rop

riate
B
U
G
S
com

m
an
d
for

th
e
d
istrib

u
-

tion
th
at

th
e
u
ser

w
an
ts

to
u
se

(for
ex
am

p
le

d
n
o
r
m
for

n
orm

al
d
istrib

u
tion

),

•
p
a
r
a
m
e
t
e
r
1
,
p
a
r
a
m
e
t
e
r
2
sh
ou
ld

b
e
su
b
stitu

ted
accord

in
g
to

d
istrib

u
tion

ch
osen

,
for

ex
am

p
le
for

th
e
n
orm

al
d
istrib

u
tion

w
ith

m
ean

µ
i
an
d
varian

ce
τ −

1
w
e
m
ay

u
se

m
u
[
i
]
,

t
a
u
.

A
ltern

atively,
if
w
e
p
refer

to
u
se

S
S
V
S
as

d
efi
n
ed

b
y
G
eorge

an
d
M
cC

u
llo

ch
(1993)

sh
ou
ld

ch
an
ge

th
e
fi
rst

lin
e
of

th
e
ab

ove
co
d
e
to

f
o
r
(
i
i
n
1
:
N
)
{
f
o
r
(
j
i
n
1
:
p
)
{
z
[
i
,
j
]
<
-
x
[
i
,
j
]
*
b
[
j
]
}
}
.

F
or

th
e
u
su
al

n
orm

al,
b
in
om

ial
an
d
P
oisson

m
o
d
els

th
e
m
o
d
el
form

u
lation

s
are

given
b
y

th
e
follow

in
g
lin

es
of

B
U
G
S
co
d
e

N
o
rm

a
l:

f
o
r
(
i
i
n
1
:
N
)
{
m
u
[
i
]
<
-
s
u
m
(
z
[
i
,
]
)
;
y
[
i
]
~
d
n
o
r
m
(
m
u
[
i
]
,
t
a
u
)

}

w
h
ere

m
u
[
i
]
is
th
e
ex
p
ected

valu
e
for

th
e
ith

ob
servation

an
d
t
a
u
is
th
e
p
recision

of

th
e
regression

m
o
d
el.

P
o
isso

n
:
f
o
r
(
i
i
n
1
:
N
)
{
l
o
g
(
l
a
m
b
d
a
[
i
]
)

<
-
s
u
m
(
z
[
i
,
]
)
;

y
[
i
]
~
d
p
o
i
s
(
l
a
m
b
d
a
[
i
]
)
}

w
h
ere

l
a
m
b
d
a
[
i
]
is
th
e
P
oisson

m
ean

for
th
e
ith

ob
servation

.

B
in

o
m

ia
l:

f
o
r
(
i
i
n
1
:
N
)
{
l
o
g
i
t
(
p
[
i
]
)

<
-
s
u
m
(
z
[
i
,
]
)
;

y
[
i
]
~
d
b
i
n
(
p
[
i
]
,
n
[
i
]
)
}

w
h
ere

p
[
i
]
is
th
e
p
rob

ab
ility

of
su
ccess

an
d
n
[
i
]
is
th
e
total

n
u
m
b
er

of
B
ern

ou
lli

trials

for
th
e
ith

b
in
om

ial
ex
p
erim

en
t.

A
ltern

ative
lin

k
fu
n
ction

s
m
ay
b
e
u
sed

b
y
su
b
stitu

tin
g

l
o
g
i
t
(
p
[
i
]
)
b
y
p
r
o
b
i
t
(
p
[
i
]
)
or

c
l
o
g
l
o
g
(
p
[
i
]
)
for

Φ
−

1(p)
an
d

log
(−

log
(1−

p));

w
h
ere

Φ
is
th
e
n
orm

al
cu
m
u
lative

d
istrib

u
tion

fu
n
ction

.
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7
.2

D
e
fi
n
itio

n
o
f
P
rio

r
D
istrib

u
tio

n
o
f
β

In
situ

ation
s
w
h
ere

w
e
u
se

in
d
ep
en
d
en
t
p
riors

sim
ilar

to
(4.4)

an
d
each

covariate
p
aram

eter

vector
is
u
n
ivariate,

th
e
d
efi
n
ition

of
th
e
p
rior

is
straigh

tforw
ard

.
O
u
r
p
rior

is
a
m
ix
tu
re

of

in
d
ep
en
d
en
t
n
orm

al
d
istrib

u
tion

s

β
j ∼

(1−
γ
j )N

(µ̄
j ,S

j )
+

γ
j N

(0,Σ
j ),

j
=

1,2,...,p
(7.1)

w
h
ere

µ̄
j ,

S
j
are

th
e
m
ean

an
d
varian

ce
resp

ectively,
u
sed

in
th
e
corresp

on
d
in
g
p
seu

d
op
rior

d
istrib

u
tion

s
an

d
Σ
j
is
th
e
p
rior

varian
ce,

w
h
en

th
e
j
term

is
in
clu

d
ed

in
th
e
m
o
d
el.

In
ord

er

to
u
se

(7.1)
in

B
U
G
S
w
e
w
rite

•
b
[
j
]
∼

d
n
o
r
m
(
b
p
r
i
o
r
m
[
j
]
,
t
p
r
i
o
r
[
j
]
)

d
en
otin

g
β
j ∼

N
(m

j ,τ −
1

j
),

•
b
p
r
i
o
r
m
[
j
]

<
−

(
1
-
g
[
j
]
)
*
m
e
a
n
[
j
]

d
en
otin

g
m

j
=

(1−
γ
j )µ̄

j ,

•
t
p
r
i
o
r
[
j
]

<
−

g
[
j
]
*
t
[
j
]
+
(
1
-
g
[
j
]
)
*
p
o
w
(
s
e
[
j
]
,
-
2
)

d
en
otin

g
τ
j
=

(1−
γ
j )S

−
1

j
+

γ
j Σ

−
1

j
,

for
j
=

1,2,...,p;
w
h
ere

m
j
an
d
τ
j
are

th
e
p
rior

m
ean

an
d
p
recision

for
β
j
d
ep
en
d
in
g
on

γ
j
an
d
t
[
j
]
,
s
e
[
j
]
,
m
e
a
n
[
j
]
,
b
p
r
i
o
r
m
[
j
]
,
t
p
r
i
o
r
[
j
]
are

th
e
B
U
G
S
variab

les
for

Σ
−

1
j
,

√
S
j ,

µ̄
j ,

m
j
an
d
τ
j ,
resp

ectively.

W
h
en

w
e
h
ave

m
u
ltivariate

β
j
th
en

th
e
vector

β
h
as

greater
d
im

en
sion

ality
th
an

γ
.
In

th
ese

situ
ation

s
w
e
d
en
ote

b
y
p
an
d
d
(>

p)
th
e
d
im

en
sion

s
of

γ
an
d
th
e
fu
ll
p
aram

eter
vector

β
,
resp

ectively.
T
h
erefore,

w
e
n
eed

on
e
variab

le
to

facilitate
th
e
asso

ciation
b
etw

een
th
ese

tw
o
vectors.

T
h
is
vector

is
d
en
oted

b
y
th
e
B
U
G
S
variab

le
p
o
s
.
T
h
e
p
o
s
vector,

w
h
ich

h
as

d
im

en
sion

eq
u
al

to
th
e
d
im

en
sion

of
β
,
takes

valu
es

from
1,2,...,p

an
d
d
en
otes

th
at

β
k
is

related
to

γ
p
o
s
k
for

k
=

1,2,...,d
.

H
ere

w
e
illu

strate
th
e
u
se

of
a
m
ix
tu
re

of
n
orm

al
p
rior

d
istrib

u
tion

s
as

in
(4.4).

T
h
is

p
rior

can
b
e
ex
p
ressed

as
a
m
u
ltivariate

n
orm

al
d
istrib

u
tion

on
th
e
‘fu

ll’
p
aram

eter
vector

β
.
T
h
erefore

w
e
w
rite

in
B
U
G
S

•
b
[
]
∼

d
m
n
o
r
m
(
b
p
r
i
o
r
m
[
]
,
T
a
u
[
,
]
)

d
en
otin

g
β
∼

N
d (m

,T
−

1),

•
b
p
r
i
o
r
m
[
k
]

<
−

(
1
-
g
[
p
o
s
[
k
]
]
)
*
m
e
a
n
[
k
]

d
en
otin

g
m

k
=

(1−
γ
p
o
s
k )µ̄

k ,
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•
T
a
u
[
k
,
l
]

<
−

(
1
-
g
[
p
o
s
[
k
]
]
*
g
[
p
o
s
[
l
]
]
)
*
t
[
k
,
l
]
+

+
g
[
p
o
s
[
k
]
]
*
g
a
m
m
a
[
p
o
s
[
l
]
]
*
e
q
u
a
l
s
(
k
,
l
)
*
p
o
w
(
s
e
[
k
]
,
-
2
)

d
en
otin

g
th
at

T
k
l
= 

[Σ
−

1]k
l

w
h
en

γ
p
o
s
k
=

γ
p
o
s
l
=

1

se −
2

k
w
h
en

k
=

l
&

γ
p
o
s
k
=

0

0
oth

erw
ise

for
k
,l
=

1,2,...,d
;

w
h
ere

N
d
is
th
e
d
-d
im

en
sion

al
n
orm

al
d
istrib

u
tion

;
m

T
=

(m
1 ,m

2 ,...,m
d )

an
d

T
are

th
e

p
rior

m
ean

vector
an
d
p
recision

m
atrix

d
ep
en
d
in
g
on

γ
;
µ̄
k
is
th
e
corresp

on
d
in
g
p
ilot

ru
n

estim
ate

for
k
elem

en
t
of

m
o
d
el

p
aram

eter
vector

β
;
Σ

is
th
e
con

stru
cted

p
rior

covarian
ce

m
atrix

for
th
e
w
h
ole

p
aram

eter
vector

β
w
h
en

w
e
u
se

for
each

β
j
th
e
m
u
ltivariate

ex
ten

sion

of
p
rior

d
istrib

u
tion

7.1;
T
k
l
an
d
[Σ

−
1]k

l
is
th
e
k
row

an
d
l
colu

m
n
elem

en
ts

of
T

an
d

Σ
−

1

m
atrices

resp
ectively

;
an
d
T
a
u
[
,
]
,
t
[
,
]
are

th
e
B
U
G
S
m
atrices

for
T
an
d
Σ

−
1,
resp

ectively.

F
or

ap
p
lication

of
th
e
ab

ove
see

ex
am

p
le

1.

S
S
V
S
an
d
K
u
o
M
allick

sam
p
ler

can
b
e
easily

ap
p
lied

b
y
sligh

tly
ch
an
gin

g
th
e
ab

ove
co
d
e.

In
S
S
V
S
th
e
p
rior

(7.1)
is
u
sed

w
ith

µ̄
j
=

0
an
d
S
j
=

Σ
j /k

2j ,
w
h
ere

k
2j
sh
ou
ld

b
e
large

en
ou
gh

in
ord

er
th
at

β
j
w
ill

b
e
close

to
zero

w
h
en

γ
j
=

0.
F
or

selection
of

th
e
p
rior

p
aram

eters
in

S
S
V
S
see

sem
iau

tom
atic

p
rior

selection
of

G
eorge

an
d
M
cC

u
llo

ch
(1993,

1997).
T
h
e
ab

ove

restriction
can

b
e
easily

ap
p
lied

in
B
U
G
S
b
y

b
p
r
i
o
r
m
[
j
]
<
-
0

t
p
r
i
o
r
[
j
]
<
-
t
[
j
]
*
g
[
j
]
+
(
1
-
g
[
j
]
)
*
t
[
j
]
*
p
o
w
(
k
[
j
]
,
2
)
.

K
u
o
an
d
M
allick

sam
p
ler

u
ses

p
rior

on
β

th
at

d
o
es

n
ot

d
ep
en
d
on

m
o
d
el

in
d
icator

γ
.

T
h
erefore

p
rior

sp
ecifi

cation
is
th
e
sam

e
as

in
sim

p
le
m
o
d
ellin

g
w
ith

B
U
G
S
;
for

m
ore

d
etails

see
S
p
iegelh

alter
et

a
l.
(1996a,b

,c).

7
.3

D
e
fi
n
itio

n
o
f
P
rio

r
T
e
rm

P
ro

b
a
b
ilitie

s

In
ord

er
to

ap
p
ly

an
y
variab

le
selection

m
eth

o
d
in

B
U
G
S
w
e
n
eed

to
d
efi
n
e
th
e
p
rior

p
rob

a-

b
ilities

f
(γ

).
W
h
en

w
e
are

vagu
e
ab

ou
t
m
o
d
els

w
e
m
ay

set
f
(γ

)
=

1/|M
|,
w
h
ere|M

|
is
th
e

n
u
m
b
er

of
all

m
o
d
els

u
n
d
er

con
sid

eration
.
W
h
en

th
e
ex
p
lan

atory
variab

les
d
o
n
ot

in
volve

in
teraction

s
(e.g.

lin
ear

regression
)
th
en

th
e
n
u
m
b
er

of
m
o
d
els

u
n
d
er

con
sid

eration
is
2
p.

In



C
h
ap
ter

7:
G
ib
b
s
V
ariab

le
S
election

U
sin

g
B
u
gs

219

th
ese

situ
ation

s
th
e
laten

t
variab

les
γ
j
can

b
e
treated

as
a−

priori
in
d
ep
en
d
en
t
an
d
th
erefore

set
in

B
U
G
S

•
g
[
j
]
∼

d
b
e
r
n
(
0
.
5
)
d
en
otin

g
th
at

γ
j ∼

B
ern

ou
lli(0.5).

for
all

j
=

1,2,...,p.
T
h
is

p
rior

resu
lts

to
f
(γ

)
=

2 −
p
∀

γ
∈
{0,1}

p.
W
h
en

w
e
are

d
ealin

g
w
ith

m
o
d
els

u
sin

g
categorical

ex
p
lan

atory
variab

les
w
ith

in
teraction

term
s,
su
ch

as

A
N
O
V
A

or
log-lin

ear
m
o
d
els,

w
e
u
su
ally

w
an
t
to

restrict
atten

tion
to

h
ierarch

ical
m
o
d
els.

T
h
e
con

d
ition

al
d
istrib

u
tion

s
of

f
(γ

j |γ
\
j )
n
eed

to
b
e
sp
ecifi

ed
in

su
ch

w
ay

th
at

f
(γ

)
=
|M
| −

1

w
h
en

γ
is
referrin

g
to

h
ierarch

ical
m
o
d
el
an
d
f
(γ

)
=

0
oth

erw
ise.

F
or

ex
am

p
le,

in
a
tw
o
w
ay

A
N
O
V
A
w
e
h
ave

th
ree

term
s
u
n
d
er

con
sid

eration
(p

=
3).

A
ll

p
ossib

le
m
o
d
els

are
eigh

t,
w
h
ile

th
e
p
lau

sib
le
m
o
d
els

are
on
ly

fi
ve

(con
sta

n
t,[A

],[B
],[A

][B
]

an
d
[A

B
]).

T
h
erefore,

w
e
n
eed

to
h
ave

f
(γ

)
=

0.20
for

th
e
ab

ove
fi
ve

m
o
d
els

an
d
f
(γ

)
=

0

for
th
e
rest.

T
h
is
can

b
e
ap
p
lied

b
y
settin

g
in

B
U
G
S

•
g
[
3
]
∼

d
b
e
r
n
(
0
.
2
)
d
en
otin

g
th
at

γ
A
B
∼

B
ern

ou
lli(0.2).

•
p
i

<
−

g
[
3
]
+
0
.
5
(
1
-
g
[
3
]
)
d
en
otin

g
th
at

π
=

γ
A
B
+
0.5(1−

γ
A
B
),

•
f
o
r
(
i
i
n
1
:
2
)
{
g
[
j
]
∼

d
b
e
r
n
(
p
i
)
}

d
en
otin

g
th
at∀

i∈
{A

,B},
γ
j |γ

A
B
∼

B
ern

ou
lli(π

)

F
rom

th
e
ab

ove
it
is
ev
id
en
t
th
at

f
([A

B
])
=

f
(γ

A
B
=

1)f
(γ

A
=

1|γ
A
B
=

1)f
(γ

B
=

1|γ
A
B
=

1)
=

0.2×
1×

1
=

0.2

f
([A

][B
])
=

f
(γ

A
B
=

0)f
(γ

A
=

1|γ
A
B
=

0)f
(γ

B
=

1|γ
A
B
=

0)
=

0.8×
0.5×

0.5
=

0.2

U
sin

g
sim

ilar
calcu

lation
s
w
e
fi
n
d
th
at

f
(γ

)
=

0.2
for

all
fi
ve

m
o
d
els

u
n
d
er

con
sid

eration
.

F
or

fu
rth

er
relevan

t
d
iscu

ssion
an
d
ap
p
lication

see
C
h
ip
m
an

(1996).
F
or

im
p
lem

en
tation

in

B
U
G
S
see

ex
am

p
les

1
an
d
4.

7
.4

C
a
lcu

la
tin

g
M

o
d
e
l
P
ro

b
a
b
ilitie

s
in

B
u
g
s

In
ord

er
to

d
irectly

calcu
late

in
B
U
G
S
th
e
p
osterior

m
o
d
el

p
rob

ab
ilities

an
d
avoid

sav
in
g

large
ou
tp
u
t
w
e
can

u
se

m
atrix

ty
p
e
variab

les
w
ith

d
im

en
sion

eq
u
al
to

th
e
n
u
m
b
er

of
m
o
d
els.
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M
o
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V
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le
S
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U
sin

g
M
C
M
C

U
sin

g
a
sim

p
le
co
d
in
g
su
ch

as
1
+

p∑j=
1
γ
j 2

j−
1
w
e
tran

sform
th
e
vector

γ
in

a
u
n
iq
u
e,
for

each

m
o
d
el

in
d
ex

(n
oted

b
y
m
d
l
)
for

w
h
ich

p
m
d
l
[
m
d
l
]
=
1
an
d
p
m
d
l
[
j
]
=
0
for

all
j
�=

m
d
l
.
T
h
e

ab
ove

statem
en
ts

can
b
e
w
ritten

in
B
U
G
S
w
ith

th
e
co
d
e

f
o
r
(
j
i
n
1
:
p
)
{
i
n
d
e
x
[
j
]

<
−

p
o
w
(
2
,
j
-
1
)
}

m
d
l

<
−

1
+
i
n
p
r
o
d
(
g
[
]
,
i
n
d
e
x
[
]
)

f
o
r
(
m
i
n
1
:
m
d
l
)
{
p
m
d
l
[
m
]

<
−

e
q
u
a
l
s
(
m
,
m
d
l
)
}

T
h
en

u
sin

g
th
e
com

m
an

d
s
t
a
t
s
(
p
m
d
l
)
in

B
U
G
S
en
v
iron

m
en
t
(or

cm
d
fi
le)

w
e
can

m
on
itor

th
e
p
osterior

m
o
d
el

p
rob

ab
ilities.

T
h
is

is
feasib

le
on
ly

if
th
e
n
u
m
b
er

of
m
o
d
els

is
lim

ited

an
d
th
erefore

ap
p
licab

le
on
ly

in
som

e
sim

p
le
cases.

7
.5

E
x
a
m

p
le
s

T
h
e
im

p
lem

en
tation

of
fou

r
illu

strated
ex
am

p
les

are
b
riefl

y
p
resen

ted
.
T
h
e
fi
rst

ex
am

p
le

is

a
3×

2×
4
con

tin
gen

cy
tab

le
p
resen

ted
in

S
ection

4.6.2.4
u
sed

to
illu

strate
h
ow

to
h
an
d
le

factors
w
ith

m
ore

th
an

tw
o
levels.

E
x
am

p
le

2
is
a
logistic

regression
ex
am

p
le

in
w
h
ich

w
e

u
se

th
e
orth

ogon
al

tran
sform

ed
sp
ace

of
C
ly
d
e
et

a
l.
(1996).

E
x
am

p
le

3
p
rov

id
es

m
o
d
el

selection
d
etails

in
a
regression

ty
p
e
p
rob

lem
in
volv

in
g
m
an
y
d
iff
eren

t
error

d
istrib

u
tion

s

w
h
ile

ex
am

p
le
4
is
a
sim

p
le
logistic

regression
p
rob

lem
w
ith

ran
d
om

eff
ects.

In
all

ex
am

p
les

p
osterior

p
rob

ab
ilities

are
p
resen

ted
w
h
ile

th
e
asso

ciated
B
U
G
S
co
d
es

are
p
rov

id
ed

in
th
e

ap
p
en
d
ix
.
A
d
d
ition

al
d
etails

(for
ex
am

p
le,

con
vergen

ce
p
lots)

are
om

itted
sin

ce
th
e
aim

of

th
is
ch
ap
ter

is
on
ly

to
illu

strate
h
ow

to
u
se

B
U
G
S
for

variab
le

selection
.

7
.5
.1

E
x
a
m

p
le

1
:
3×

2×
4
C
o
n
tin

g
e
n
cy

T
a
b
le

T
h
is

ex
am

p
le

w
as

p
resen

ted
in

S
ection

4.6.2.4.
T
h
e
B
U
G
S
resu

lts
p
resen

ted
in

T
ab
le

7.1

can
b
e
com

p
ared

w
ith

th
e
resu

lts
of

F
O
R
T
R
A
N

77
co
d
e
p
resen

ted
in

S
ection

4.6.2.4.
T
h
e

fu
ll
m
o
d
el
is
given

b
y

n
ilk ∼

P
oisson

(λ
ilk ),

log
(λ

ilk )
=

m
+

o
i
+

h
l +

a
k
+

oh
il +

oa
ik
+

h
a
lk
+

oh
a
ilk ,

for
i
=

1,2,3,
l
=

1,2,
k
=

1,2,3,4.
T
h
e
ab

ove
m
o
d
elcan

b
e
rew

ritten
w
ith

likelih
o
o
d
given

b
y
(3.2)

w
h
ere

β
can

b
e
d
iv
id
ed

to
β
j
su
b
-vectors

w
ith

j
∈
{∅,O

,H
,O

H
,A

,O
A
,H

A
,O

H
A};

w
h
ere

β∅
=

m
,

β
TO

=
[o

2 ,o
3 ],

β
H

=
h

2 ,
β
TO
H

=
[oh

2
2 ,oh

3
2 ],

β
TA

=
[a

2 ,a
3 ,a

4 ],
β
TO
A

=
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P
seu

d
op
riors

k
=
10

P
ilot

R
u
n

B
u
rn
-in

1,000
10,000

1,000
10,000

Iteration
s

1,000
10×

10,000
1,000

10×
10,000

M
o
d
els

[O
][H

][A
]

62.80
68.87

65.20
67.80

[O
H
][A

]
36.90

30.53
34.40

31.63

[O
][H

A
]

0.20
0.40

0.10
0.43

[O
H
][H

A
]

0.10
0.20

0.30
0.14

T
erm

s

γ
O
H
=

1
37.00

30.63
34.70

31.77

γ
H
A
=

1
0.30

0.20
0.40

0.57

T
ab
le
7.1:

3×
2×

4
C
on
tin

gen
cy

T
ab
le:

P
osterior

M
o
d
el
P
rob

ab
ilities

U
sin

g
B
U
G
S
.

[oa
2
2 ,oa

2
3 ,oa

3
2 ,oa

3
3 ],

β
TH
A
=

[h
a

2
2 ,h

a
2
3 ]

an
d

β
TO
H
A
=

[oh
a

2
2
2 ,oh

a
2
2
3 ,oh

a
3
2
2 ,oh

a
3
2
3 ].

E
ach

β
j
is
a
m
u
ltivariate

vector
an
d
th
erefore

each
p
rior

d
istrib

u
tion

in
volves

m
ix
tu
re

m
u
ltivariate

n
orm

al
d
istrib

u
tion

s.
W
e
u
se

su
m

to
zero

con
strain

ts
an
d
p
rior

varian
ce

Σ
j
as

in
D
ellap

ortas

an
d
F
orster

(1999).
W
e
restrict

atten
tion

in
h
ierarch

ical
m
o
d
els

in
clu

d
in
g
alw

ay
s
th
e
m
ain

eff
ects

sin
ce

w
e
are

m
ain

ly
in
terested

for
relation

sh
ip
s
b
etw

een
th
e
categorical

factors.
U
n
d
er

th
ese

restriction
s
th
e
m
o
d
els

u
n
d
er

con
sid

eration
are

n
in
e
an
d
in

ord
er

to
forb

id
to

m
ove

to

n
on

h
ierarch

ical
m
o
d
els

w
e
u
se

th
e
follow

in
g
p
riors

in
B
U
G
S

•
g
[
8
]
∼

d
b
e
r
n
(
0
.
1
1
1
1
)
for

γ
O
H
A ∼

B
ern

ou
lli(1/9).

•
p
i

<
−

g
[
8
]
+
0
.
5
(
1
-
g
[
8
]
)
for

π
=

γ
O
H
A
+
0.5(1−

γ
O
H
A
),

•
f
o
r
(
i
i
n
5
:
7
)
{
g
[
j
]
∼

d
b
e
r
n
(
p
i
)
}

for
∀

i
∈
{O

H
,O

A
,H

A},
γ
j |γ

O
H
A
∼

B
ern

ou
lli(π

)

•
f
o
r
(
j
i
n
1
:
4
)
{
g
[
j
]
∼

d
b
e
r
n
(
1
)
}

for∀
i∈

{,O
,H

,A},
γ
j ∼

B
ern

ou
lli(1)

T
h
ese

p
riors

resu
lt

to
p
rior

p
rob

ab
ility

for
all

h
ierarch

ical
m
o
d
els

eq
u
al

to
1/9

an
d
zero

oth
erw

ise.
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U
sin

g
M
C
M
C

R
esu

lts,
u
sin

g
b
oth

p
ilot

ru
n
p
seu

d
op
rior

an
d
au
tom

atic
p
seu

d
op
rior

w
ith

k
=

10,
are

su
m
m
arised

in
T
ab
le
7.1.

T
h
e
d
ata

give
‘stron

g’
ev
id
en
ce

in
favou

r
of

m
o
d
el
of

in
d
ep
en
d
en
ce.

M
o
d
el

[O
H
][A

],
in

w
h
ich

ob
esity

an
d
h
y
p
erten

sion
are

d
ep
en
d
in
g
on

each
oth

er
given

th
e

level
of

alcoh
ol

con
su
m
p
tion

,
is
th
e
m
o
d
el

th
e
secon

d
h
igh

est
p
osterior

p
rob

ab
ility.

A
ll
th
e

oth
er

m
o
d
els

h
ave

p
rob

ab
ility

low
er

th
an

1%
.

7
.5
.2

E
x
a
m

p
le

2
:
B
e
e
tle

s
D
a
ta

se
t

T
h
is

d
ataset

w
as

u
sed

for
illu

stration
b
y
m
an
y
research

ers
in
clu

d
in
g
S
p
iegelh

alter
et

a
l.

(1996b
).

In
th
is

d
ataset

th
e
n
u
m
b
er

of
b
eetles

k
illed

(an
d
th
e
total

n
u
m
b
er

of
b
eetles)

after
5
h
ou
r
ex
p
osu

re
to

carb
on

d
isu

p
h
lid

e
at

eigh
t
d
iff
eren

t
con

cen
tration

s
are

record
ed
.

W
e
con

sid
er

as
th
e
resp

on
se

variab
le

th
e
n
u
m
b
er

of
in
sects

k
illed

an
d
as

ex
p
lan

atory
th
e

con
cen

tration
.
W
e
also

in
vestigate

w
h
eth

er
th
e
q
u
ad
ratic

an
d
cu
b
ic
term

s
are

sign
ifi
can

t
for

th
e
m
o
d
el.

T
h
e
fu
ll
m
o
d
el
w
ill

b
ey
i ∼

B
in
(n

i ,p
i ),

η
i
=

g
(p

i )

η
i
=

β
0
+

β
1 x

i
+

β
2 x

2i
+

β
3 x

3i ,
i
=

1,...,8.

w
h
ere

y
i
an
d
n
i
are

th
e
n
u
m
b
er

of
k
illed

in
sects

an
d
th
e
total

n
u
m
b
er

of
in
sects

u
n
d
er

th
e
i

ex
p
osu

re
to

carb
on

d
isu

p
h
lid

e;
p
i
d
en
otes

th
e
p
rob

ab
ility

of
an

in
sect

to
d
ie
after

accep
tin

g

i
ex
p
osu

re
to

carb
on

d
isu

p
h
lid

e;
g
(p

i )
is

th
e
lin

k
fu
n
ction

w
h
ich

is
eith

er
logit,

p
rob

it
or

com
p
lem

en
tary

log-log.

In
ord

er
to

h
ave

sim
ilar

p
aram

eter
estim

ates
an
d
avoid

h
igh

correlation
s
b
etw

een
p
oly

n
o-

m
ial

term
s
w
e
u
se

G
ram

S
chm

idt
tran

sform
ation

to
orth

ogon
alize

th
e
d
ata

m
atrix

;
see,

for
ex
-

am
p
le,

N
ob
le
an
d
D
an
iel

(1977).
S
im

ilar
tech

n
iq
u
es

h
ave

b
een

ap
p
lied

b
y
C
ly
d
e
et

a
l.
(1996).

T
h
e
orth

ogon
alization

w
ill

accelerate
th
e
ch
ain

en
su
re

con
vergen

ce
an
d
q
u
ick

m
ix
in
g.

T
h
e

n
ew

tran
sform

ed
variab

les
z
1 ,z

2
an
d
z
3
are

are
u
sed

in
th
e
fu
ll
m
o
d
el

in
stead

th
e
origin

al

variab
les

x
1 ,x

2
an
d
x

3 .
T
h
e
n
ew

’d
ata’

m
atrix

w
ill

b
e
n
oted

as
Z

A
s
n
on
-in

form
ative

p
rior

varian
ce

w
e
u
se

V
=

c
2Z

T
Z
an
d
c
=

1.65
accord

in
g
to

R
aftery

(1996)
for

th
e
logit

lin
k
.
T
h
e
orth

ogon
alisation

of
th
e
m
atrix

Z
im

p
lies

th
at

th
e
ab

ove
p
riors

can
b
e
in
d
ep
en
d
en
t.

T
h
e
p
rior

varian
ces

for
th
e
oth

er
lin

k
s
are

sim
ilar

m
u
ltip

lied
b
y
an

ad
ju
stm

en
t
b
ased

on
T
ay
lor’s

ex
p
an
sion

(for
m
ore

d
etails

see
S
ection

5).
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M
o
d
els

L
ogit

(%
)

P
rob

it
(%

)
C
.log-log

(%
)

C
on

sta
n
t

0.00
0.00

0.00

z
1

18.43
20.19

52.66

z
1
+

z
2

51.64
50.21

15.90

z
1
+

z
3

12.74
13.70

25.01

z
1
+

z
2
+

z
3

17.19
15.90

6.43

T
erm

s

γ
z
1
=

1
100.00

100.00
100.00

γ
z
2
=

1
68.83

66.11
22.33

γ
z
3
=

1
29.93

29.60
31.44

T
ab
le

7.2:
B
eetles

D
ataset:

G
V
S
P
osterior

M
o
d
el

P
rob

ab
ilities

for
each

lin
k
U
sin

g
B
U
G
S

(orth
ogon

alised
d
ata,

p
ilot-ru

n
p
seu

d
op
riors,

b
u
rn
-in

10,000
an
d
10×

10,000
iteration

s).

F
or

th
e
logit

an
d
p
rob

it
lin

k
,
G
ib
b
s
variab

le
selection

stron
gly

su
p
p
orts

m
o
d
el

w
ith

z
1

an
d
z
2
in

th
e
m
o
d
el
(ab

ou
t
51%

).
T
h
ree

oth
er

m
o
d
els

h
ave

h
igh

p
rob

ab
ilities

(from
10%

to

20%
).

T
h
e
m
argin

al
p
rob

ab
ilities

in
logit

lin
k
are

100%
,
68%

an
d
30%

for
in
clu

sion
of

z
1 ,z

2

an
d
z
3
resp

ectively.
S
im

ilar
are

th
e
corresp

on
d
in
g
p
rob

ab
ilities

for
p
rob

it
lin

k
.

T
h
e
m
o
d
el

m
ain

ly
su
p
p
orted

in
com

p
lem

en
tary

log-log
is
th
e
m
o
d
el

w
ith

on
ly

z
1
in

th
e

m
o
d
el.

T
h
e
m
ain

issu
e
h
ere

is
th
at

in
th
is

lin
k
totally

d
iff
eren

t
term

s
are

in
clu

d
ed

in
th
e

m
o
d
el.

T
h
e
on
ly

term
w
ith

p
rob

ab
ility

h
igh

er
th
at

50%
is

z
1 .

7
.5
.3

E
x
a
m

p
le

3
:
S
ta

ck
s
D
a
ta

se
t

S
tack

s
ex
am

p
le
is
a
stack

-loss
d
ata

an
aly

sed
b
y
S
p
iegelh

alter
et

a
l.
(1996b

)
u
sin

g
G
ib
b
s
sam

-

p
lin

g.
T
h
e
d
ataset

featu
res

21
d
aily

resp
on
ses

of
stack

loss
(y
)
w
h
ich

m
easu

res
th
e
am

ou
n
t

of
am

m
on
ia

escap
in
g
w
ith

covariates
th
e
air

fl
ow

(x
1 ),

tem
p
eratu

re
(x

2 )
an
d
acid

con
cen

-

tration
(x

3 ).
S
p
iegelh

alter
et

a
l.
(1996b

)
con

sid
er

regression
m
o
d
els

w
ith

fou
r
d
iff
eren

t
error

stru
ctu

res
(n
orm

al,
d
ou
b
le
ex
p
on
en
tial,

logistic
an
d
t
4
d
istrib

u
tion

s).
T
h
ey

also
con

sid
er

th
e

cases
of

rid
ge

an
d
sim

p
le
in
d
ep
en
d
en
t
regression

m
o
d
els.

W
e
ex
ten

d
th
eir

w
ork

b
y
ap
p
ly
in
g
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U
sin

g
M
C
M
C

S
U
M
M
A
R
Y

T
A
B
L
E

In
d
ep
en
d
en
ce

R
egression

R
id
ge

R
egression

M
o
d
els

N
orm

al
D
.E
x
p
.

L
ogistic

t
4

N
orm

al
D
.E
x
p
.

L
ogistic

t
4

C
on

sta
n
t

0.00
0.00

0.00
0.00

0.00
0.00

0.00
0.00

z
1

14.12
58.48

41.19
56.46

3.26
22.54

14.42
13.30

z
2

0.56
0.01

0.02
0.00

0.05
0.00

0.00
0.00

z
1
+

z
2

81.25
38.64

55.25
40.46

79.79
65.00

73.32
70.92

z
3

0.00
0.00

0.00
0.00

0.00
0.00

0.00
0.00

z
1
+

z
3

0.63
1.75

1.35
1.82

0.44
1.74

1.32
1.86

z
2
+

z
3

0.05
0.00

0.00
0.00

0.00
0.00

0.00
0.00

z
1
+

z
2
+

z
3

3.39
1.11

2.18
1.26

16.46
10.72

11.01
13.92

T
erm

s

γ
z
1
=

1
99.30

99.98
99.97

100.00
100.00

100.00
100.00

100.00

γ
z
2
=

1
84.90

39.76
57.45

41.72
96.50

75.72
84.33

84.84

γ
z
3
=

1
4.30

2.86
3.53

3.08
16.10

12.46
12.33

15.78

T
ab
le
7.3:

S
tack
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P
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M
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rob

ab
ilities

U
sin
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B
U
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S
(b
u
rn
-in

10,000,

sam
p
les

of
10×

10,000,
w
ith

p
ilot

ru
n
p
seu

d
op
riors).
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G
ib
b
s
variab

le
selection

on
all

th
ese

eigh
t
cases.

T
h
e
fu
ll
m
o
d
el
w
ill

b
e

y
i ∼

D
(µ

i ,τ
),

µ
i
=

β
0
+

β
1 z

i1
+

β
2 z

i2
+

β
3 z

i3 ,
i
=

1,...,21

w
h
ere

D
i (µ

i ,τ
)
is
th
e
d
istrib

u
tion

of
th
e
errors

w
ith

m
ean

µ
i
an
d
varian

ce
τ −

1
w
h
ich

h
ere

is

assu
m
ed

to
b
e
n
orm

al,
d
ou
b
le
ex
p
on
en
tial,

logistic
or

t
4 ;
w
h
ere

z
ij
=

(x
ij −

x̄
j )/sd

(x
j )
are

th
e

stan
d
ard

ised
covariates.

T
h
e
rid

ge
regression

assu
m
es

a
fu
rth

er
restriction

th
at

th
e
β
j
for

j
=

1,2,3
are

ex
ch
an
geab

le
(L
in
d
ley

an
d
S
m
ith

,
1972)

an
d
th
erefore

w
e
h
ave

β
j ∼

N
(0,φ

−
1).

W
e

u
se

‘n
on
-in

form
ative’

p
riors

w
ith

p
rior

p
recision

eq
u
al

to
10 −

3
for

th
e
in
d
ep
en
d
en
t
regression

an
d
for

φ
in

rid
ge

regression
w
e
u
se

gam
m
a
p
rior

w
ith

p
aram

eters
eq
u
al

to
10 −

3.
S
in
ce

w
e

d
o
n
ot

h
ave

restriction
s
for

th
e
m
o
d
el
sp
ace

w
e
u
se

γ
j ∼

B
ern

ou
lli(0.5)

for
j
=

1,2,3
w
h
ich

resu
lts

to
p
rior

p
rob

ab
ility

of
1/8

for
all

p
ossib

le
m
o
d
els.

F
or

th
e
p
ilot

ru
n
p
seu

d
op
rior

p
aram

eters
w
e
u
se

th
e
p
osterior

valu
es

as
given

S
p
iegelh

alter
et

a
l.
(1996b

).

T
ab
le

7.3
con

tain
s
th
e
resu

lts
from

all
eigh

t
d
istin

ct
cases

u
sin

g
p
ilot

ru
n
p
seu

d
op
riors.

In
all

cases
fl
ow

of
air

(z
1 )

h
as

p
osterior

p
rob

ab
ility

of
in
clu

sion
h
igh

er
th
an

99%
.

T
h
e

tem
p
eratu

re
(z

2 )
seem

s
to

b
e
also

an
im

p
ortan

t
term

w
ith

p
osterior

p
rob

ab
ility

of
in
clu

sion

vary
in
g
from

39%
to

96%
.
T
h
e
last

term
(z

3 )
w
h
ich

m
easu

res
th
e
acid

con
cen

tration
in

air

h
as

low
p
osterior

p
rob

ab
ilities

of
in
clu

sion
w
h
ich

are
less

th
an

5%
for

sim
p
le

in
d
ep
en
d
en
ce

m
o
d
els

an
d
less

th
an

20%
for

‘rid
ge’

regression
m
o
d
els.

7
.5
.4

E
x
a
m

p
le

4
:

S
e
e
d
s

D
a
ta

se
t,

L
o
g
istic

R
e
g
re

ssio
n

w
ith

R
a
n
-

d
o
m

E
ff
e
cts

T
h
is
ex
am

p
le
in
volves

th
e
ex
am

in
ation

of
a
p
rop

ortion
of

seed
s
th
at

germ
in
ated

on
21

p
lates.

F
or

th
ese

21
p
lates

w
e
h
ave

record
ed

th
e
seed

(b
ean

or
cu
cu
m
b
er)

an
d
th
e
ty
p
e
of
ro
ot

ex
tract.

T
h
is
d
ata

set
is
an
aly

sed
b
y
S
p
iegelh

alter
et

a
l.
(1996b

)
u
sin

g
B
U
G
S
;
for

m
ore

d
etails

see

referen
ces

th
ere

in
.
T
h
e
m
o
d
el
is
a
logistic

regression
w
ith

2
categorical

ex
p
lan

atory
variab

les

an
d
ran

d
om

eff
ects.

T
h
e
fu
ll
m
o
d
el
w
ill

b
e
w
ritten

y
ilk ∼

B
in
(n

ilk ,p
ilk ),

log (
p
ilk

1−
p
ilk )

=
m

+
a
i
+

b
l +

a
b
il +

w
k ,

i,l
=

1,2;
k
=

1,...,21.

w
h
ere

y
ilk

an
d
n
ilk

is
th
e
n
u
m
b
er

of
seed

s
germ

in
ated

an
d
total

n
u
m
b
er

of
seed

s
resp

ectively

for
i
seed

l
ty
p
e
of

ro
ot

ex
tract

an
d
k
p
late;

w
k
is
th
e
ran

d
om

eff
ect

for
th
e
k
p
late.

226
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
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d
V
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le
S
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U
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g
M
C
M
C

W
e
u
se

su
m

to
zero

con
strain

ts
for

b
oth

fi
x
ed

an
d
ran

d
om

eff
ects.

T
h
e
p
rior

varian
ce

u
sed

h
ere

for
th
e
fi
x
ed

eff
ects

is
Σ

=
4×

2.
T
h
is

p
rior

is
eq
u
ivalen

t
to

th
e
p
rior

u
sed

b
y

D
ellap

ortas
an
d
F
orster

(1999)
for

log-lin
ear

m
o
d
el

selection
.
T
h
e
p
rior

for
th
e
p
recision

of
th
e
ran

d
om

eff
ects

is
con

sid
ered

to
b
e
a
gam

m
a
d
istrib

u
tion

w
ith

p
aram

eters
eq
u
al

to

10 −
3.

T
h
e
p
seu

d
op
rior

p
aram

eters
w
ere

taken
from

a
p
ilot

ch
ain

of
th
e
satu

rated
m
o
d
el.

T
h
e
m
o
d
els

u
n
d
er

con
sid

eration
are

ten
.
T
h
e
p
rior

term
p
rob

ab
ilities

for
th
e
fi
x
ed

eff
ects

is

assign
ed

sim
ilarly

as
in

th
e
ex
am

p
le

for
tw
o-w

ay
A
N
O
V
A

m
o
d
els.

F
or

th
e
ran

d
om

eff
ects

term
in
d
icator

w
e
h
ave

th
at

γ
w ∼

B
ern

ou
lli(0.5).

F
ix
ed

E
ff
ects

R
an
d
om

E
ff
ects

M
o
d
els

k
=
10

P
ilot

k
=
10

P
ilot

C
on

sta
n
t

0.00
0.00

1.21
0.99

[A
]

0.00
0.00

0.22
0.07

[B
]

32.34
32.07

50.61
50.75

[A
][B

]
3.78

3.84
7.24

7.60

[A
B
]

2.80
2.83

1.80
1.85

T
otal

38.92
38.74

61.08
61.26

T
ab
le
7.4:

S
eed

s
D
ataset:

G
V
S
P
osterior

M
o
d
el
P
rob

ab
ilities

U
sin

g
B
U
G
S
(b
u
rn
-in

10,000,

sam
p
les

of
10×

10,000).

T
h
e
resu

lts
in

T
ab
le

7.4
give

th
e
p
osterior

m
o
d
el

p
rob

ab
ilities.

W
e
u
sed

b
oth

p
ilot

ru
n

p
rop

osals
an
d
au
tom

atic
p
seu

d
op
rior

w
ith

k
=

10.
B
oth

ch
ain

s
gave

th
e
sam

e
resu

lts
as

ex
p
ected

an
d
th
e
ty
p
e
of

ro
ot

ex
tract

(B
)
is
th
e
on
ly

factor
th
at

in
fl
u
en
ces

th
e
p
rop

ortion
of

germ
in
ated

gem
s.

T
h
e
corresp

on
d
in
g
m
o
d
els

w
ith

ran
d
om

an
d
fi
x
ed

eff
ects

h
ave

p
osterior

p
rob

ab
ility

eq
u
al

to
51%

an
d
32%

,
resp

ectively.
T
h
e
m
argin

al
p
osterior

p
rob

ab
ility

of
ran

-

d
om

eff
ects

is
61%

w
h
ich

is
ab

ou
t
56%

h
igh

er
th
an

th
e
p
osterior

p
rob

ab
ility

of
fi
x
ed

eff
ects

m
o
d
els.
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7
.6

A
p
p
e
n
d
ix

o
f
C
h
a
p
te

r
7
:
B
U
G
S

C
O
D
E
S

B
u
gs

co
d
e
an
d
all

asso
ciated

d
ata

fi
les

are
freely

availab
le
in

electron
ic
form

at
th
e
in
tern

et

w
eb

site
h
t
t
p
:
/
/
w
w
w
.
s
t
a
t
-
a
t
h
e
n
s
.
a
u
e
b
.
g
r
/∼

j
b
n
/
or

b
y
electron

ic
m
ail

req
u
est.

7
.6
.1

E
x
a
m

p
le

1

m
o
d
e
l
l
o
g
-
l
i
n
e
a
r
;

##
3
x
2
x
4
L
O
G
-
L
I
N
E
A
R
M
O
D
E
L
S
E
L
E
C
T
I
O
N
W
I
T
H
B
U
G
S
(
G
V
S
)

#
(
c
)
O
C
T
O
B
E
R
1
9
9
6
A
T
H
E
N
S
U
N
I
V
E
R
S
I
T
Y
O
F
E
C
O
N
O
M
I
C
S
A
N
D
B
U
S
I
N
E
S
S

#
(
c
)
R
E
V
I
S
E
D
O
C
T
O
B
E
R
1
9
9
7
A
U
E
B

##
W
R
I
T
T
E
N
B
Y
J
O
H
N
N
T
Z
O
U
F
R
A
S
U
N
D
E
R
T
H
E
S
U
P
E
R
V
I
S
I
O
N

#
O
F
P
.
D
E
L
L
A
P
O
R
T
A
S
A
N
D
J
.
J
.
F
O
R
S
T
E
R

##c
o
n
s
t

t
e
r
m
s
=
8
,
#
n
u
m
b
e
r
o
f
t
e
r
m
s

N
=
2
4
;

#
n
u
m
b
e
r
o
f
P
o
i
s
s
o
n
c
e
l
l
s

v
a
r

i
n
c
l
u
d
e
,

#
c
o
n
d
i
t
i
o
n
a
l
p
r
i
o
r
p
r
o
b
a
b
i
l
i
t
y
f
o
r
g
i

p
m
d
l
[
9
]
,

#
m
o
d
e
l
i
n
d
i
c
a
t
o
r
v
e
c
t
o
r

m
d
l
,

#
c
o
d
e
o
f
m
o
d
e
l

b
[
N
]
,

#
m
o
d
e
l
c
o
e
f
f
i
c
i
e
n
t
s

m
e
a
n
[
N
]
,

#
p
r
o
p
o
s
a
l
m
e
a
n
u
s
e
d
i
n
p
s
e
u
d
o
p
r
i
o
r

s
e
[
N
]
,

#
p
r
o
p
o
s
a
l
s
t
a
n
d
.
d
e
v
i
a
t
i
o
n
u
s
e
d
i
n
p
s
e
u
d
o
p
r
i
o
r

b
p
r
i
o
r
m
[
N
]
,
#
p
r
i
o
r
m
e
a
n
f
o
r
b
d
e
p
e
n
d
i
n
g
o
n
g

T
a
u
[
N
,
N
]
,

#
m
o
d
e
l
c
o
e
f
f
i
c
i
e
n
t
s
p
r
e
c
i
s
i
o
n

t
p
r
i
o
r
[
N
,
N
]
,
#
p
r
i
o
r
v
a
l
u
e
f
o
r
T
a
u
w
h
e
n
a
l
l
t
e
r
m
s
i
n
m
o
d
e
l

x
[
N
,
N
]
,

#
d
e
s
i
g
n
m
a
t
r
i
x

z
[
N
,
N
]
,

#
m
a
t
r
i
x
w
i
t
h
z
_
i
j
=
x
_
i
j
b
_
j
g
_
j
,
u
s
e
d
i
n
l
i
k
e
l
i
h
o
o
d

n
[
N
]
,

#
P
o
i
s
s
o
n
c
e
l
l
s

p
o
s
[
N
]
,

#
p
o
s
i
t
i
o
n
o
f
e
a
c
h
p
a
r
a
m
e
t
e
r

l
a
m
b
d
a
[
N
]
,

#
P
o
i
s
s
o
n
m
e
a
n
f
o
r
e
a
c
h
c
e
l
l

g
t
e
m
p
[
N
]
,

#
t
e
m
p
o
r
a
r
y
t
e
r
m
i
n
d
i
c
a
t
o
r
v
e
c
t
o
r

g
[
t
e
r
m
s
]
;

#
t
e
r
m
i
n
d
i
c
a
t
o
r
v
e
c
t
o
r

d
a
t
a
p
o
s
,
n
i
n
"
e
x
2
.
d
a
t
"
,
x
i
n
’
e
x
2
d
e
s
.
d
a
t
’
,
m
e
a
n
,
s
e
i
n
’
p
r
o
p
2
.
d
a
t
’
,

t
p
r
i
o
r
i
n
’
c
o
v
.
d
a
t
’
;

i
n
i
t
s
i
n
"
e
x
2
.
i
n
"
;

{##
D
e
s
i
g
n
M
a
t
r
i
x
c
a
n
w
a
s
c
a
l
c
u
l
a
t
e
d
o
u
t
s
i
d
e
t
h
e
b
u
g
s
c
o
d
e

#
(
e
.
g
.
v
i
a
S
-
p
l
u
s
)
a
n
d
t
h
e
n
c
a
n
b
e
u
s
e
d
a
s
d
a
t
a
t
o
a
v
o
i
d

#
u
s
e
l
e
s
s
i
n
t
e
n
s
i
v
e
c
a
l
c
u
l
a
t
i
o
n
s
.
T
h
e
D
e
s
i
g
n
m
a
t
r
i
x
h
e
r
e
w
a
s

#
c
a
l
c
u
l
a
t
e
d
a
s
a

K
r
o
n
e
c
k
e
r
p
r
o
d
u
c
t
o
f
s
t
z
.
d
e
s
i
g
n
m
a
t
r
i
c
e
s

#
f
o
r
3
,
2
a
n
d
4
l
e
v
e
l
s

###
a
s
s
o
c
i
a
t
e
g
[
i
]
w
i
t
h
c
o
e
f
f
i
c
i
e
n
t
s
.

#
f
o
r
(
i
i
n
1
:
N
)
{

g
t
e
m
p
[
i
]
<
-
g
[
p
o
s
[
i
]
]
;

}
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B
ayesian

M
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S
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U
sin

g
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##
c
a
l
c
u
l
a
t
i
o
n
o
f
t
h
e
z
m
a
t
r
i
x
u
s
e
d
i
n
l
i
k
e
l
i
h
o
o
d

#
f
o
r
(
i
i
n
1
:
N
)
{

f
o
r
(
j
i
n
1
:
N
)
{

z
[
i
,
j
]
<
-
x
[
i
,
j
]
*
b
[
j
]
*
g
t
e
m
p
[
j
]

}
}

##
m
o
d
e
l
c
o
n
f
i
g
u
r
a
t
i
o
n

f
o
r
(
i
i
n
1
:
N
)
{

l
o
g
(
l
a
m
b
d
a
[
i
]
)
<
-
s
u
m
(
z
[
i
,
]
)

n
[
i
]
~
d
p
o
i
s
(
l
a
m
b
d
a
[
i
]
)
;

}
#

d
e
f
i
n
i
n
g
m
o
d
e
l
c
o
d
e

#
0
-
>
i
n
d
e
p
e
n
d
e
n
c
e
m
o
d
e
l
[
A
]
[
B
]
[
C
]
,
1
f
o
r
[
A
B
]
[
C
]
,
2
f
o
r
[
A
C
]
[
B
]
,

#
3
f
o
r
[
A
B
]
[
A
C
]
,
4
f
o
r
[
B
C
]
[
A
]
,
5
f
o
r
[
A
B
]
[
B
C
]
,
6
f
o
r
[
A
C
]
[
B
C
]
,

#
7
f
o
r
[
A
B
]
[
B
C
]
,
1
5
f
o
r
[
A
B
C
]
.

#
m
d
l
<
-
g
[
5
]
+
2
*
g
[
6
]
+
4
*
g
[
7
]
+
8
*
g
[
8
]
;

f
o
r
(
i
i
n
0
:
7
)
{

p
m
d
l
[
i
+
1
]
<
-
e
q
u
a
l
s
(
m
d
l
,
i
)

}
p
m
d
l
[
9
]
<
-
e
q
u
a
l
s
(
m
d
l
,
1
5
)

##
P
r
i
o
r
f
o
r
b
m
o
d
e
l
c
o
e
f
f
i
c
i
e
n
t

#
M
i
x
t
u
r
e
n
o
r
m
a
l
d
e
p
e
n
d
i
n
g
o
n
c
u
r
r
e
n
t
s
t
a
t
u
s
o
f
g
[
i
]

#
f
o
r
(
i
i
n
1
:
N
)
{
f
o
r
(
j
i
n
1
:
N
)
{

##
G
V
S
u
s
i
n
g
s
e
,
m
e
a
n
f
r
o
m
p
i
l
o
t
r
u
n

#
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*

#
T
a
u
[
i
,
j
]
<
-
0
+
t
p
r
i
o
r
[
i
,
j
]
*
(
g
t
e
m
p
[
i
]
*
g
t
e
m
p
[
j
]
)
+

(
1
-
g
t
e
m
p
[
i
]
*
g
t
e
m
p
[
j
]
)
*
e
q
u
a
l
s
(
i
,
j
)
/
(
s
e
[
i
]
*
s
e
[
i
]
)
;

##
A
u
t
o
m
a
t
i
c
p
r
o
p
o
s
a
l
u
s
i
n
g
p
r
i
o
r
s
i
m
i
l
a
r
t
o
S
S
V
S
w
i
t
h
k
=
1
0

#
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*

#
T
a
u
[
i
,
j
]
<
-
t
p
r
i
o
r
[
i
,
j
]
*
p
o
w
(
1
0
0
,
1
-
g
t
e
m
p
[
i
]
*
g
t
e
m
p
[
j
]
)
;

##
K
u
o
a
n
d
M
a
l
l
i
c
k
p
r
o
p
o
s
a
l
i
s
i
n
d
e
p
e
n
d
e
n
t
o
f
g
[
i
]

#
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*

#
t
a
u
[
i
]
=
1
/
2

a
n
d
b
p
r
i
o
r
m
[
i
]
=
0

##
T
a
u
[
i
,
j
]
<
-
t
p
r
i
o
r
[
i
,
j
]
;

#
}

##
G
V
S
P
R
I
O
R
M
F
R
O
M
P
I
L
O
T
R
U
N

#
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*

b
p
r
i
o
r
m
[
i
]
<
-
m
e
a
n
[
i
]
*
(
1
-
g
t
e
m
p
[
i
]
)
;

##
P
R
I
O
R
M
F
O
R
T
H
A
T
D
O
E
S
N
O
T
D
E
P
E
N
D
O
N
G
.

#
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*

#
b
p
r
i
o
r
m
[
i
]
<
-
0
.
0
;

}b
[
]
~
d
m
n
o
r
m
(
b
p
r
i
o
r
m
[
]
,
T
a
u
[
,
]
)
;
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##
d
e
f
i
n
i
n
g
p
r
i
o
r
i
n
f
o
r
m
a
t
i
o
n
f
o
r
g
i
i
n
s
u
c
h
w
a
y
t
h
a
t
a
l
l
o
w

#
o
n
l
y
h
i
e
r
a
r
c
h
i
c
a
l
m
o
d
e
l
s
w
i
t
h
e
q
u
a
l
p
r
o
b
a
b
i
l
i
t
y
.

#
W
e
a
l
s
o
i
g
n
o
r
e
m
o
d
e
l
s
n
e
s
t
e
d
t
o
t
h
e
m
o
d
e
l
o
f
i
n
d
e
p
e
n
d
e
n
t
[
A
]
[
B
]
[
C
]

#
s
i
n
c
e
w
e
a
r
e
i
n
t
e
r
e
s
t
e
d
i
n
a
s
s
o
c
i
a
t
i
o
n
s
b
e
t
w
e
e
n
f
a
c
t
o
r
s
.

#
g
[
8
]
~
d
b
e
r
n
(
0
.
1
1
1
1
1
1
1
)
;

i
n
c
l
u
d
e
<
-
(
1
-
g
[
8
]
)
*
0
.
5
+
g
[
8
]
*
1
.
0
;

g
[
7
]
~
d
b
e
r
n
(
i
n
c
l
u
d
e
)
;

g
[
6
]
~
d
b
e
r
n
(
i
n
c
l
u
d
e
)
;

g
[
5
]
~
d
b
e
r
n
(
i
n
c
l
u
d
e
)
;

f
o
r
(
i
i
n
1
:
4
)
{

g
[
i
]
~
d
b
e
r
n
(
1
.
0
)
;

}
}7
.6
.2

E
x
a
m

p
le

2

m
o
d
e
l
b
e
e
t
l
e
s
g
v
s
2
;

##
B
I
N
O
M
I
A
L
R
E
G
R
E
S
S
I
O
N
V
A
R
I
A
B
L
E
S
E
L
E
C
T
I
O
N
W
I
T
H
B
U
G
S
(
G
V
S
)

#
B
U
G
S
E
X
A
M
P
L
E
:
B
E
E
T
L
E
S
,
s
e
e
B
U
G
S
e
x
a
m
p
l
e
s
v
o
l
.
2

#
u
s
i
n
g
o
r
t
h
o
g
o
n
a
l
i
s
e
d
d
a
t
a
a
n
d
R
a
f
t
e
r
y
’
s
p
r
i
o
r

##
(
c
)
O
C
T
O
B
E
R
1
9
9
7
A
T
H
E
N
S
U
N
I
V
E
R
S
I
T
Y
O
F
E
C
O
N
O
M
I
C
S

##
W
R
I
T
T
E
N
B
Y
J
O
H
N
N
T
Z
O
U
F
R
A
S
U
N
D
E
R
T
H
E
S
U
P
E
R
V
I
S
I
O
N

#
O
F
P
.
D
E
L
L
A
P
O
R
T
A
S
A
N
D
J
.
J
.
F
O
R
S
T
E
R

##c
o
n
s
t

t
e
r
m
s
=
3
,

#
n
u
m
b
e
r
o
f
t
e
r
m
s
u
n
d
e
r
c
o
n
s
i
d
e
r
a
t
i
o
n

m
o
d
e
l
s
=
8
,

#
n
u
m
b
e
r
o
f
m
o
d
e
l
s

N
=
8
;

#
n
u
m
b
e
r
o
f
d
o
s
e
s

v
a
r

r
[
N
]
,
n
[
N
]
,

#
B
i
n
o
m
i
a
l
d
a
t
a
,
r
s
u
c
c
e
s
s
e
s
o
u
t
o
f
n
(
t
o
t
a
l
)

p
[
N
]
,

#
B
i
n
o
m
i
a
l
p
r
o
b
a
b
i
l
i
t
y
o
f
s
u
c
c
e
s
s

x
1
[
N
]
,

#
D
a
t
a
c
o
l
u
m
n
x

x
2
[
N
]
,

#
D
a
t
a
c
o
l
u
m
n
x
^
2

x
3
[
N
]
,

#
D
a
t
a
c
o
l
u
m
n
x
^
3

a
l
p
h
a
,

#
i
n
t
e
r
c
e
p
t
c
o
e
f
.
f
o
r
o
r
i
g
i
n
a
l
d
a
t
a

b
e
t
a
[
t
e
r
m
s
]
,

#
m
o
d
e
l
c
o
e
f
.
f
o
r
x
,
x
^
2
,
x
^
3

t
[
t
e
r
m
s
]
,

#
b
p
r
i
o
r
[
t
e
r
m
s
]
,
#
p
r
i
o
r
m
e
a
n
o
f
m
o
d
e
l
c
o
e
f
.
c
o
n
d
i
t
i
o
n
a
l
o
n
m
o
d
e
l

t
p
r
i
o
r
[
t
e
r
m
s
]
,
#
p
r
i
o
r
p
r
e
c
i
s
i
o
n
o
f
m
o
d
e
l
c
o
e
f
.
c
o
n
d
i
t
i
o
n
a
l
o
n
m
o
d
e
l

m
d
l
,

#
m
o
d
e
l
i
n
d
e
x

p
m
d
l
[
m
o
d
e
l
s
]
,
#
m
o
d
e
l
i
n
d
i
c
a
t
o
r

m
e
a
n
[
t
e
r
m
s
]
,

#
m
e
a
n
o
f
p
r
o
p
o
s
a
l
f
r
o
m
p
i
l
o
t
r
u
n

s
e
[
t
e
r
m
s
]
,

#
s
e
o
f
p
r
o
p
o
s
a
l
f
r
o
m
p
i
l
o
t
r
u
n

a
d
j
,

#
p
r
i
o
r
c
o
n
s
t
a
n
t
f
o
r
l
i
n
k
a
d
j
u
s
t
m
e
n
t

#
b
a
s
e
d
o
n
T
a
y
l
o
r
e
x
p
a
n
s
i
o
n

g
[
t
e
r
m
s
]
;

#
t
e
r
m
i
n
d
i
c
a
t
o
r

d
a
t
a
r
,
n
,
x
1
,
x
2
,
x
3
i
n
"
o
r
.
d
a
t
"
,
m
e
a
n
,
s
e
i
n
"
p
r
o
p
4
P
.
d
a
t
"
;

i
n
i
t
s
i
n
"
b
e
e
t
l
e
s
.
i
n
"
;

{
f
o
r
(
i
i
n
1
:
N
)
{

230
I.N

tzou
fras:

A
sp
ects

of
B
ayesian

M
o
d
el
an
d
V
ariab

le
S
election

U
sin

g
M
C
M
C

r
[
i
]
~
d
b
i
n
(
p
[
i
]
,
n
[
i
]
)
;

##
L
o
g
i
t
l
i
n
k

#
-
-
-
-
-
-
-
-
-
-

l
o
g
i
t
(
p
[
i
]
)

<
-
a
l
p
h
a
+
g
[
1
]
*
b
e
t
a
[
1
]
*
x
1
[
i
]
+
g
[
2
]
*
b
e
t
a
[
2
]
*
x
2
[
i
]

+
g
[
3
]
*
b
e
t
a
[
3
]
*
x
3
[
i
]
;

##
P
r
o
b
i
t
l
i
n
k

#
-
-
-
-
-
-
-
-
-
-

#
p
r
o
b
i
t
(
p
[
i
]
)

<
-
a
l
p
h
a
+
g
[
1
]
*
b
e
t
a
[
1
]
*
x
1
[
i
]
+
g
[
2
]
*
b
e
t
a
[
2
]
*
x
2
[
i
]

#
+
g
[
3
]
*
b
e
t
a
[
3
]
*
x
3
[
i
]
;

##
C
l
o
g
l
o
g
l
i
n
k

#
-
-
-
-
-
-
-
-
-
-

#
c
l
o
g
l
o
g
(
p
[
i
]
)

<
-
a
l
p
h
a
+
g
[
1
]
*
b
e
t
a
[
1
]
*
x
1
[
i
]
+
g
[
2
]
*
b
e
t
a
[
2
]
*
x
2
[
i
]

#
+
g
[
3
]
*
b
e
t
a
[
3
]
*
x
3
[
i
]
;

}a
l
p
h
a
~
d
n
o
r
m
(
0
,
0
.
5
)

##
p
r
i
o
r
s
f
o
r
g
l
m
m
o
d
e
l
c
h
o
i
c
e

###
N
o
a
d
j
u
s
t
m
e
n
t
i
s
n
e
e
d
e
d
f
o
r
l
o
g
i
t
l
i
n
k

a
d
j
<
-
1
.
0

#
a
d
j
u
s
t
m
e
n
t
f
o
r
p
r
o
b
i
t

#
a
d
j
<
-
(
4
.
1
8
0
9
*
4
.
1
8
0
9
)
/
(
2
.
7
2
6
1
*
2
.
7
2
6
1
)
;

##
a
d
j
u
s
t
m
e
n
t
f
o
r
c
l
o
g
l
o
g

a
d
j
<
-
4
.
1
8
0
9
*
4
.
1
8
0
9
/
(
2
.
5
9
4
4
*
2
.
5
9
4
4
)

t
[
1
]
<
-
0
.
0
1
1
6
9
9
7
2
*
a
d
j
;

t
[
2
]
<
-
0
.
0
0
0
0
3
5
8
6
4
1
8
*
a
d
j
;

t
[
3
]
<
-
9
.
6
0
5
2
8
5
E
-
8
*
a
d
j
;

f
o
r
(
j
i
n
1
:
t
e
r
m
s
)
{

##
*
*
*
*
*
*
*
*
G
V
S
P
R
I
O
R
S

*
*
*
*
*
*
*
*
*
*
*

##
G
V
S
p
r
i
o
r
s
w
i
t
h
p
r
o
p
o
s
a
l
s
f
r
o
m
p
i
l
o
t
r
u
n

b
p
r
i
o
r
[
j
]
<
-
(
1
-
g
[
j
]
)
*
m
e
a
n
[
j
]
;

t
p
r
i
o
r
[
j
]
<
-
g
[
j
]
*
t
[
j
]
+
(
1
-
g
[
j
]
)
*
p
o
w
(
s
e
[
j
]
,
-
2
)
;

##
G
V
S
p
r
i
o
r
s
w
i
t
h
p
r
o
p
o
s
a
l
s
a
m
i
x
t
u
r
e
o
f
N
o
r
m
a
l
s
(
0
,
c
^
2
t
^
2
)

#
b
p
r
i
o
r
[
j
]
<
-
0
.
0
;

#
t
p
r
i
o
r
[
j
]
<
-
p
o
w
(
1
0
0
,
1
-
g
[
j
]
)
*
t
[
j
]
;

b
e
t
a
[
j
]
~
d
n
o
r
m
(
b
p
r
i
o
r
[
j
]
,
t
p
r
i
o
r
[
j
]
)
;
#
c
o
e
f
f
s
i
n
d
e
p
e
n
d
e
n
t

}
##

D
e
f
i
n
i
n
g
M
o
d
e
l
C
o
d
e

m
d
l
<
-
1
+
g
[
1
]
*
1
+
g
[
2
]
*
2
+
g
[
3
]
*
4

##
d
e
f
i
n
i
n
g
v
e
c
t
o
r
w
i
t
h
m
o
d
e
l
i
n
d
i
c
a
t
o
r
s

f
o
r
(
j
i
n
1
:
m
o
d
e
l
s
)
{

p
m
d
l
[
j
]
<
-
e
q
u
a
l
s
(
m
d
l
,
j
)
;
}

f
o
r
(
i
i
n
1
:
t
e
r
m
s
)
{
g
[
i
]
~
d
b
e
r
n
(
0
.
5
)
}

}
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7
.6
.3

E
x
a
m

p
le

3

m
o
d
e
l
s
t
a
c
k
s
;

##
L
I
N
E
A
R
R
E
G
R
E
S
S
I
O
N
V
A
R
I
A
B
L
E
S
E
L
E
C
T
I
O
N
W
I
T
H
B
U
G
S
(
G
V
S
)

#
B
U
G
S
E
X
A
M
P
L
E
:
S
T
A
C
K
S
,
s
e
e
B
U
G
S
e
x
a
m
p
l
e
s
v
o
l
.
1

##
(
c
)
O
C
T
O
B
E
R
1
9
9
7
A
T
H
E
N
S
U
N
I
V
E
R
S
I
T
Y
O
F
E
C
O
N
O
M
I
C
S

##
W
R
I
T
T
E
N
B
Y
J
O
H
N
N
T
Z
O
U
F
R
A
S
U
N
D
E
R
T
H
E
S
U
P
E
R
V
I
S
I
O
N

#
O
F
P
.
D
E
L
L
A
P
O
R
T
A
S
A
N
D
J
.
J
.
F
O
R
S
T
E
R

##c
o
n
s
t

p
=
3
,

#
n
u
m
b
e
r
o
f
c
o
v
a
r
i
a
t
e
s

N
=
2
1
,

#
n
u
m
b
e
r
o
f
o
b
s
e
r
v
a
t
i
o
n
s

m
o
d
e
l
s
=
8
,

#
n
u
m
b
e
r
o
f
m
o
d
e
l
s
u
n
d
e
r
c
o
n
s
i
d
e
r
a
t
i
o
n
2
^
8

P
I
=
3
.
1
4
1
5
9
3
;

v
a
r
x
[
N
,
p
]
,

#
r
a
w
c
o
v
a
r
i
a
t
e
s

z
[
N
,
p
]
,

#
s
t
a
n
d
a
r
d
i
s
e
d
c
o
v
a
r
i
a
t
e
s

Y
[
N
]
,
m
u
[
N
]
,

#
d
a
t
a
a
n
d
e
x
p
e
c
t
a
t
i
o
n
s

s
t
r
e
s
[
N
]
,

#
s
t
a
n
d
a
r
d
i
s
e
d
r
e
s
i
d
u
a
l
s

o
u
t
l
i
e
r
[
N
]
,

#
i
n
d
i
c
a
t
o
r
i
f
|
s
t
a
n
r
e
s
|

>
2
.
5

b
e
t
a
0
,
b
e
t
a
[
p
]
,
#
s
t
a
n
d
a
r
d
i
s
e
d
i
n
t
e
r
c
e
p
t
,
c
o
e
f
f
i
c
i
e
n
t
s

b
0
,
b
[
p
]
,

#
u
n
s
t
a
n
d
a
r
d
i
s
e
d
i
n
t
e
r
c
e
p
t
,
c
o
e
f
f
i
c
i
e
n
t
s

p
h
i
,

#
p
r
i
o
r
p
r
e
c
i
s
i
o
n
o
f
s
t
a
n
d
a
r
d
i
s
e
d
c
o
e
f
f
i
c
i
e
n
t
s

t
a
u
,
s
i
g
m
a
,
d
,

#
p
r
e
c
i
s
i
o
n
,
s
d
a
n
d
d
e
g
r
e
e
s
o
f
f
r
e
e
d
o
m
o
f
t
d
i
s
t
n

g
[
p
]
,

#
v
a
r
i
a
b
l
e
i
n
d
i
c
a
t
o
r
s

m
d
l
,

#
M
o
d
e
l
i
n
d
e
x

p
m
d
l
[
m
o
d
e
l
s
]
,

#
V
e
c
t
o
r
w
i
t
h
m
o
d
e
l
i
n
d
i
c
a
t
o
r
s

m
e
a
n
[
p
]
,
s
e
[
p
]
,
#
p
s
e
u
d
o
p
r
i
o
r
m
e
a
n
a
n
d
s
e
e
r
r
o
r

b
p
r
i
o
r
[
p
]
,

#
C
o
n
d
i
t
i
o
n
a
l
t
o
m
o
d
e
l
P
r
i
o
r
p
r
i
o
r
m
e
a
n

t
p
r
i
o
r
[
p
]
;

#
C
o
n
d
i
t
i
o
n
a
l
t
o
m
o
d
e
l
P
r
i
o
r
p
r
i
o
r
p
r
e
c
i
s
i
o
n

d
a
t
a
Y
,
x
i
n

"
S
T
A
C
K
S
.
D
A
T
"
,

#
f
i
l
e
s
w
i
t
h
p
r
o
p
o
s
e
d
v
a
l
u
e
s

m
e
a
n
,
s
e
i
n
’
p
n
o
r
m
.
d
a
t
’
;

#
N
o
r
m
a
l
d
i
s
t
r
i
b
u
t
i
o
n

#
m
e
a
n
,
s
e
i
n
’
p
d
e
x
p
.
d
a
t
’
;

#
D
o
u
b
l
e
e
x
p
o
n
e
n
t
i
a
l
d
i
s
t
r
i
b
u
t
i
o
n

#
m
e
a
n
,
s
e
i
n
’
p
l
o
g
i
s
t
.
d
a
t
’
;
#
L
o
g
i
s
t
i
c
d
i
s
t
r
i
b
u
t
i
o
n

#
m
e
a
n
,
s
e
i
n
’
p
t
4
.
d
a
t
’
;

#
S
t
u
d
e
n
t
(
4
)
d
i
s
t
r
i
b
u
t
i
o
n

i
n
i
t
s
i
n
"
S
T
A
C
K
S
.
I
N
"
;

{#
S
t
a
n
d
a
r
d
i
s
e
x
’
s
a
n
d
c
o
e
f
f
i
c
i
e
n
t
s

f
o
r
(
j
i
n
1
:
p
)
{

b
[
j
]
<
-
b
e
t
a
[
j
]
/
s
d
(
x
[
,
j
]
)
;

f
o
r
(
i
i
n
1
:
N
)
{

z
[
i
,
j
]
<
-
(
x
[
i
,
j
]
-

m
e
a
n
(
x
[
,
j
]
)
)
/
s
d
(
x
[
,
j
]
)
;

}
}b
0
<
-
b
e
t
a
0
-
b
[
1
]
*
m
e
a
n
(
x
[
,
1
]
)
-
b
[
2
]
*
m
e
a
n
(
x
[
,
2
]
)
-
b
[
3
]
*
m
e
a
n
(
x
[
,
3
]
)
;

#
M
o
d
e
l

d
<
-
4
;

#
d
e
g
r
e
e
s
o
f
f
r
e
e
d
o
m
f
o
r
t

f
o
r
(
i
i
n
1
:
N
)
{

##
N
o
r
m
a
l
D
i
s
t
r
i
b
u
t
i
o
n

#
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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g
M
C
M
C

Y
[
i
]
~
d
n
o
r
m
(
m
u
[
i
]
,
t
a
u
)
;

##
D
o
u
b
l
e
E
x
p
o
n
e
n
t
i
a
l
D
i
s
t
r
i
b
u
t
i
o
n

#
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

#
Y
[
i
]
~
d
d
e
x
p
(
m
u
[
i
]
,
t
a
u
)
;

##
L
o
g
i
s
t
i
c
D
i
s
t
r
i
b
u
t
i
o
n

#
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

#
Y
[
i
]
~
d
l
o
g
i
s
(
m
u
[
i
]
,
t
a
u
)
;

##
S
t
u
d
e
n
t
t
4
D
i
s
t
r
i
b
u
t
i
o
n

#
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

#
Y
[
i
]
~
d
t
(
m
u
[
i
]
,
t
a
u
,
d
)
;

#
m
u
[
i
]
<
-
b
e
t
a
0
+

g
[
1
]
*
b
e
t
a
[
1
]
*
z
[
i
,
1
]
+
g
[
2
]
*
b
e
t
a
[
2
]
*
z
[
i
,
2
]

+
g
[
3
]
*
b
e
t
a
[
3
]
*
z
[
i
,
3
]
;

s
t
r
e
s
[
i
]
<
-
(
Y
[
i
]
-
m
u
[
i
]
)
/
s
i
g
m
a
;

##
i
f
s
t
a
n
d
a
r
d
i
s
e
d
r
e
s
i
d
u
a
l
i
s
g
r
e
a
t
e
r
t
h
a
n
2
.
5
t
h
e
n
o
u
t
l
i
e
r

o
u
t
l
i
e
r
[
i
]
<
-
s
t
e
p
(
s
t
r
e
s
[
i
]
-
2
.
5
)
+

s
t
e
p
(
-
(
s
t
r
e
s
[
i
]
+
2
.
5
)
)
;

}
##

D
e
f
i
n
i
n
g
M
o
d
e
l
C
o
d
e

m
d
l
<
-
1
+
g
[
1
]
*
1
+
g
[
2
]
*
2
+
g
[
3
]
*
4

##
d
e
f
i
n
i
n
g
v
e
c
t
o
r
w
i
t
h
m
o
d
e
l
i
n
d
i
c
a
t
o
r
s

f
o
r
(
j
i
n
1
:
m
o
d
e
l
s
)
{

p
m
d
l
[
j
]
<
-
e
q
u
a
l
s
(
m
d
l
,
j
)
;
}

#
P
r
i
o
r
s

b
e
t
a
0
~

d
n
o
r
m
(
0
,
.
0
0
0
0
1
)
;

f
o
r
(
j
i
n
1
:
p
)
{

##
*
*
*
*
*
*
*
*
G
V
S
P
R
I
O
R
S
F
O
R
I
N
D
E
P
E
N
D
E
N
C
E
R
E
G
R
E
S
S
I
O
N
*
*
*
*
*
*
*
*
*
*
*

##
G
V
S
p
r
i
o
r
s
w
i
t
h
p
r
o
p
o
s
a
l
s
f
r
o
m
p
i
l
o
t
r
u
n

#
b
p
r
i
o
r
[
j
]
<
-
(
1
-
g
[
j
]
)
*
m
e
a
n
[
j
]
;

#
t
p
r
i
o
r
[
j
]
<
-
g
[
j
]
*
0
.
0
0
1
+
(
1
-
g
[
j
]
)
/
(
s
e
[
j
]
*
s
e
[
j
]
)
;

##
G
V
S
p
r
i
o
r
s
w
i
t
h
p
r
o
p
o
s
a
l
s
a
m
i
x
t
u
r
e
o
f
N
o
r
m
a
l
s
(
0
,
c
^
2
t
^
2
)

b
p
r
i
o
r
[
j
]
<
-
0
.
0
;

t
p
r
i
o
r
[
j
]
<
-
p
o
w
(
1
0
0
,
1
-
g
[
j
]
)
*
0
.
0
0
1
;

##
*
*
*
*
*
*
*
*
G
V
S
P
R
I
O
R
S
F
O
R
R
I
D
G
E
R
E
G
R
E
S
S
I
O
N
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*

##
G
V
S
p
r
i
o
r
s
w
i
t
h
p
r
o
p
o
s
a
l
s
f
r
o
m
p
i
l
o
t
r
u
n

#
b
p
r
i
o
r
[
j
]
<
-
(
1
-
g
[
j
]
)
*
m
e
a
n
[
j
]
;

#
t
p
r
i
o
r
[
j
]
<
-
g
[
j
]
*
p
h
i
+
(
1
-
g
[
j
]
)
/
(
s
e
[
j
]
*
s
e
[
j
]
)
;

##
G
V
S
p
r
i
o
r
s
w
i
t
h
p
r
o
p
o
s
a
l
s
a
m
i
x
t
u
r
e
o
f
N
o
r
m
a
l
s
(
0
,
c
^
2
t
^
2
)

#
b
p
r
i
o
r
[
j
]
<
-
0
.
0
;

#
t
p
r
i
o
r
[
j
]
<
-
p
o
w
(
1
0
0
,
1
-
g
[
j
]
)
*
p
h
i
;

b
e
t
a
[
j
]
~
d
n
o
r
m
(
b
p
r
i
o
r
[
j
]
,
t
p
r
i
o
r
[
j
]
)
;
#
c
o
e
f
f
s
i
n
d
e
p
e
n
d
e
n
t

}t
a
u
~
d
g
a
m
m
a
(
1
.
0
E
-
3
,
1
.
0
E
-
3
)
;

##
p
h
i
~
d
g
a
m
m
a
(
1
.
0
E
-
3
,
1
.
0
E
-
3
)
;
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##
w
h
e
n
w
e
u
s
e
p
i
l
o
t
r
u
n
b
a
s
e
d
p
s
e
u
d
o
p
r
i
o
r
s
b
u
g
s
w
a
s
u
n
a
b
l
e
t
o
s
e
l
e
c
t

#
u
p
d
a
t
e
m
e
t
h
o
d
.
T
h
e
r
e
f
o
r
e
w
e
u
s
e
a
n
u
p
p
e
r
l
i
m
i
t
w
h
i
c
h
m
a
k
e
s
b
u
g
s

#
w
o
r
k
w
i
t
h
M
e
t
r
o
p
o
l
i
s
i
n
s
t
e
a
d
G
i
b
b
s

##
p
h
i
~
d
g
a
m
m
a
(
1
.
0
E
-
3
,
1
.
0
E
-
3
)
I
(
0
,
1
0
0
0
0
)
;

#
s
t
a
n
d
a
r
d
d
e
v
i
a
t
i
o
n
o
f
e
r
r
o
r
d
i
s
t
r
i
b
u
t
i
o
n

s
i
g
m
a
<
-
s
q
r
t
(
1
/
t
a
u
)
;

#
n
o
r
m
a
l
e
r
r
o
r
s

#
s
i
g
m
a
<
-
s
q
r
t
(
2
)
/
t
a
u
;

#
d
o
u
b
l
e
e
x
p
o
n
e
n
t
i
a
l
e
r
r
o
r
s

#
s
i
g
m
a
<
-
s
q
r
t
(
p
o
w
(
P
I
,
2
)
/
3
)
/
t
a
u
;

#
l
o
g
i
s
t
i
c
e
r
r
o
r
s

#
s
i
g
m
a
<
-
s
q
r
t
(
d
/
(
t
a
u
*
(
d
-
2
)
)
)
;

#
t
e
r
r
o
r
s
o
n
d

d
e
g
r
e
e
s
o
f
f
r
e
e
d
o
m

###
P
r
i
o
r
s
f
o
r
v
a
r
i
a
b
l
e
i
n
d
i
c
a
t
o
r
s

f
o
r
(
j
i
n
1
:
p
)
{
g
[
j
]
~
d
b
e
r
n
(
0
.
5
)
;
}

}7
.6
.4

E
x
a
m

p
le

4

m
o
d
e
l
s
e
e
d
s
z
r
o
g
v
s
;

##
L
O
G
I
S
T
I
C
R
E
G
R
E
S
S
I
O
N
V
A
R
I
A
B
L
E
A
N
D

#
R
A
N
D
O
M
E
F
F
E
C
T
S
S
E
L
E
C
T
I
O
N
W
I
T
H
B
U
G
S
(
G
V
S
)

##
B
U
G
S
E
X
A
M
P
L
E
:
S
E
E
D
S
,
s
e
e
B
U
G
S
e
x
a
m
p
l
e
s
v
o
l
.
1

##
(
c
)
O
C
T
O
B
E
R
1
9
9
7
A
T
H
E
N
S
U
N
I
V
E
R
S
I
T
Y
O
F
E
C
O
N
O
M
I
C
S

##
W
R
I
T
T
E
N
B
Y
J
O
H
N
N
T
Z
O
U
F
R
A
S
U
N
D
E
R
T
H
E
S
U
P
E
R
V
I
S
I
O
N

#
O
F
P
.
D
E
L
L
A
P
O
R
T
A
S
A
N
D
J
.
J
.
F
O
R
S
T
E
R

##c
o
n
s
t

t
e
r
m
s
=
4
,

#
N
u
m
b
e
r
o
f
t
e
r
m
s
u
n
d
e
r
c
o
n
s
i
d
e
r
a
t
i
o
n

m
o
d
e
l
s
=
1
6
,
#
n
u
m
b
e
r
o
f
m
o
d
e
l
s
u
n
d
e
r
c
o
n
s
i
d
e
r
a
t
i
o
n
2
^
4

N
=
2
1
;

#
n
u
m
b
e
r
o
f
s
a
m
p
l
e
s

v
a
r
a
l
p
h
a
0
,
a
l
p
h
a
1
,
a
l
p
h
a
2
,
a
l
p
h
a
1
2
,

#
m
o
d
e
l
c
o
e
f
f
i
c
i
e
n
t
s

t
a
u
,
s
i
g
m
a
,

#
s
i
g
m
a
=
v
a
r
i
a
n
c
e
o
f
r
a
n
d
o
m
e
f
f
e
c
t
s
(
t
a
u
=
1
/
s
i
g
m
a
)

x
1
[
N
]
,
x
2
[
N
]
,

#
D
e
s
i
g
n
C
o
l
u
m
n
f
o
r
f
a
c
t
o
r
a
1
a
n
d
a
2

#
h
e
r
e
w
e
u
s
e
d
t
h
e
S
T
Z
c
o
n
s
t
r
a
i
n
t
s

p
[
N
]
,

#
S
u
c
c
e
s
s
p
r
o
b
a
b
i
l
i
t
y
f
o
r
B
i
n
o
m
i
a
l

n
[
N
]
,

#
T
o
t
a
l
n
u
m
b
e
r
o
f
t
r
i
a
l
s
f
o
r
B
i
n
o
m
i
a
l

r
[
N
]
,

#
B
i
n
o
m
i
a
l
d
a
t
a

b
[
N
]
,

#
R
a
n
d
o
m
e
f
f
e
c
t
s

(
s
t
a
n
d
a
r
d
i
s
e
d
)

c
[
N
]
,

#
R
a
n
d
o
m
e
f
f
e
c
t
s
c
[
i
]
(
u
n
s
t
a
n
d
a
r
d
i
s
e
d
)

i
n
c
l
u
d
e
,

#
c
o
n
d
i
t
i
o
n
a
l
m
o
d
e
l
p
r
o
b
a
b
i
l
i
t
y
f
o
r
m
a
i
n
e
f
f
e
c
t
s

g
[
t
e
r
m
s
]
,

#
t
e
r
m
s
i
n
d
i
c
a
t
o
r
v
e
c
t
o
r

m
d
l
,

#
m
o
d
e
l
i
n
d
e
x

p
m
d
l
[
m
o
d
e
l
s
]
,

#
m
o
d
e
l
i
n
d
i
c
a
t
o
r

m
e
a
n
[
t
e
r
m
s
-
1
]
,

#
p
r
o
p
o
s
a
l
m
e
a
n

s
e
[
t
e
r
m
s
-
1
]
,

#
p
r
o
p
o
s
a
l
s
e

b
p
r
i
o
r
[
t
e
r
m
s
-
1
]
,
#
p
r
i
o
r
m
e
a
n
f
o
r
m
o
d
e
l
c
o
e
f
f
i
c
i
e
n
t
s
|
m
o
d
e
l

t
p
r
i
o
r
[
t
e
r
m
s
-
1
]
;
#
p
r
i
o
r
p
r
e
c
i
s
i
o
n
f
o
r
m
o
d
e
l
c
o
e
f
f
i
c
i
e
n
t
s
|
m
o
d
e
l

d
a
t
a
r
,
n
,
x
1
,
x
2
i
n
"
s
e
e
d
s
.
d
a
t
"
,
m
e
a
n
,
s
e
i
n
’
p
r
o
p
6
.
d
a
t
’
;

i
n
i
t
s
i
n
"
s
e
e
d
s
.
i
n
"
;
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M
C
M
C

{
a
l
p
h
a
0
~

d
n
o
r
m
(
0
.
0
,
1
.
0
E
-
6
)
;

#
i
n
t
e
r
c
e
p
t

f
o
r
(
j
i
n
1
:
(
t
e
r
m
s
-
1
)
)

{
#

*
*
*
*
*
*
*
*
G
V
S
P
R
I
O
R
S
*
*
*
*
*
*
*
*
*
*
*

##
G
V
S
p
r
i
o
r
s
w
i
t
h
p
r
o
p
o
s
a
l
s
f
r
o
m
p
i
l
o
t
r
u
n

b
p
r
i
o
r
[
j
]
<
-
(
1
-
g
[
j
]
)
*
m
e
a
n
[
j
]
;

t
p
r
i
o
r
[
j
]
<
-
g
[
j
]
/
8
+
(
1
-
g
[
j
]
)
/
(
s
e
[
j
]
*
s
e
[
j
]
)
;

##
G
V
S
p
r
i
o
r
s
w
i
t
h
p
r
o
p
o
s
a
l
s
a
m
i
x
t
u
r
e
o
f
N
o
r
m
a
l
s
(
0
,
c
^
2
t
^
2
)

#
b
p
r
i
o
r
[
j
]
<
-
0
.
0
;

#
t
p
r
i
o
r
[
j
]
<
-
p
o
w
(
1
0
0
,
1
-
g
[
j
]
)
/
8
;

}
##

a
l
p
h
a
1
~

d
n
o
r
m
(
b
p
r
i
o
r
[
1
]
,
t
p
r
i
o
r
[
1
]
)
;

#
s
e
e
d
c
o
e
f
f

a
l
p
h
a
2
~

d
n
o
r
m
(
b
p
r
i
o
r
[
2
]
,
t
p
r
i
o
r
[
2
]
)
;

#
e
x
t
r
a
c
t
c
o
e
f
f

a
l
p
h
a
1
2
~
d
n
o
r
m
(
b
p
r
i
o
r
[
3
]
,
t
p
r
i
o
r
[
3
]
)
;

t
a
u
~
d
g
a
m
m
a
(
1
.
0
E
-
3
,
1
.
0
E
-
3
)
;

#
1
/
s
i
g
m
a
^
2

f
o
r
(
i
i
n
1
:
N
)
{
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