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Abstract

One of the principal reasons of the increasing popularity of the Bayesian methods is the

combination of constant development in the field of statistical simulation and the widely

available computational power. Namely, Markov Chain Monte Carlo (MCMC) methods seem

to prevail in this particular field. Reversible Jump Markov Chain Monte Carlo (RJMCMC)

algorithm is a recent extension which incorporates the model selection problem.

The purpose of this thesis is the comparison of discrete candidate models used for claim

count modeling in the actuarial field, from a Bayesian perspective. A general framework

of model comparison is proposed using advanced computational techniques to estimate the

posterior model odds amongst different distributions for claim counts. Finally, RJMCMC

algorithms are constructed for three candidate models and applied to datasets of automobile

accidents.



Per�lhyh'Ena apì tou lìgou th ex�plwsh twn Mpe�zian¸n mejìdwn e�nai o sunduasmì th an�-ptuxh statistik¸n mejìdwn prosomo�wsh me thn eurÔtath di�jesh th auxanìmenh upologi-stik  dÔnamh. H mèjodo Markov Chain Monte Carlo (MCMC) e�nai apì ti plèon gnwstèston tomèa th statistik  prosomo�wsh. Mia prìsfath epèktash th mejìdou MCMC e�naio algìrijmo Reversible Jump Markov Chain Monte Carlo (RJMCMC) pou sumperilamb�neikai to prìblhma th epilog  enì montèlou an�mesa apì èna pl jo antagwnistik¸n.Skopì th sugkekrimènh ergas�a e�nai h sÔgkrish kai o èlegqo Mpe�zian¸n montèlwndiakrit¸n katanom¸n pou qrhsimopoioÔntai sthn Analogistik  Epist mh gia thn montelopo�hshtou arijmoÔ ait sewn apozhm�wsh. Prote�netai èna genikì pla�sio sÔgkrish qrhsimopoi¸ntaupologistikè teqnikè gia na ektim soume thn posterior pijanìthta tou k�je montèlou. Efar-mìzoume ton algìrijmo RJMCMC gia tr�a antagwnistik� montèla kai ton ulopoioÔme p�nw sededomèna autokinhtistik¸n atuqhm�twn.
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Kef�laio 1
Eisagwg 
1.1 Statistik  kai Analogistik  Epist mhSti 21 Dekembr�ou 1763 o Richard Price parous�ase mia ergas�a tou apojanìnto Thomas

Bayes sthn Royal Society th Bretan�a. H ergas�a èqei t�tlo {Toward Solving a Problem

in the Doctrine of Change} kai jewre�tai o jemeli¸dh l�jo th Mpe�zian  Statistik  pougia autì to lìgo fèrei timhtik� to ìnoma tou suggrafèa th. Perièqei ep�sh k�poie su-neisforè tou �diou tou Price en¸ den èqei xekajariste� an prìsjese mìno ta parart mata  èqei suneisfèrei kai se �lla tm mata th ergas�a. O Richard Price  tan èna shmantikìlìgio me prosfor� se polloÔ tome� ìpw h filosof�a, h statistik , ta dhmìsia oikonomik�,h dhmograf�a kai h analogistik  epist mh. Sugkekrimèna ston teleuta�o tomèa, kataskeÔaseton p�naka epib�wsh tou Northampton kai ègraye èna apo ta shmantikìtera èrga sthn ana-logistik  bibliograf�a: {Observations on Reversionary Payments: On Schemes for Providing

Annuities for Widows and for Persons in Old Age; On the Method of Calculating the Values

of Assurance on Lives; and On the National Dept} (Price, 1771). O Price gn¸rize ton Bayeskai m�lista ektì apo thn episthmonik  sunergas�a se mia ergas�a o Bayes, pou pèjane to1761, tou klhrodìthse 100 l�re kai ìle ti episthmonikè tou ergas�e (Makov, 2001, Anders1998). Me thn seir� tou o Price epèlexe thn ergas�a pou anafèrame kai thn parous�ase. Meautì ton, sqedìn mujistorhmatikì, trìpo h gènnhsh th Mpe�zian  statistik  sundèetai methn analogistik  epist mh mèsw tou Price pou  tan par¸n sth dhmiourg�a th kai h kinht riadÔnamh pou od ghse sthn ex�plws  th.H Mpe�zian  an�lush efarmìsthke sthn analogistik  epist mh polÔ argìtera apì th gè-4



nesh th. Oi pr¸te ergas�e emfan�sthkan sta tèlh th dekaet�a tou 1960 (Bühlmann 1967).Arqik� up rxe èntonh kritik  gia thn upokeimenik  fÔsh th kai gia to an mpore� na efarmoste�eÔkola mia kai ta probl mata pou prokÔptoun den èqoun {ètoime} analutikè lÔsei. To pr¸-to z thma èqei filosofikè proekt�sei e�nai protimìtero na afeje� sthn proswpik  kr�sh touereunht . Antijètw gia to deÔtero (èlleiyh analutik¸n lÔsewn) èqoun protaje� exeidikeu-mène teqnikè arijmhtik  ep�lush - statistik  prosomo�wsh (p.q. Markov Chain Monte

Carlo algìrijmoi) me polÔ ikanopoihtik� apotelèsmata pou se sunduasmì me thn almat¸dhaÔxhsh th upologistik  isqÔ thn kajistoÔn idiaitèrw apotelesmatik . H Mpe�zian  mejo-dolog�a qrhsimopoie�tai se di�forou tome� th analogistik  epist mh all� ja anafèroumeautoÔ pou èqoun suqnìterh efarmog .
Experience rating: e�nai h perioq  pou asqole�tai me ton upologismì twn asfal�strwn meb�sh ton arijmì twn ait sewn prohgoÔmenwn et¸n. JewroÔme θij(i = 1, . . . , I j =

1, . . . , J) thn par�metro pou ekfr�zei to olikì r�sko (risk parameter) tou sumbola�ou
i sthn qronik  stigm  j. Dedomènou tou θij , oi pragmatikè ait sei enì sumbola�ou-i
Xi1, Xi2, . . . e�nai stoqastik� anex�rthte kai akoloujoÔn mia katanom  f(xij |θij). Ta θe�nai anex�rthta omoiìmorfa katanemhmèna kai akoloujoÔn mia prior katanom  U(·) pouonom�zetai domik  katanom  (structure distribution). To asf�listro pou jèloume naupolog�soume e�nai to:

E[Xi,J+1|y] = E[µ(θij)|y],ìpou y e�nai ta dedomèna kai µ = E[Xij|θij ] to d�kaio asf�listro (fair premium). H arqik mèjodo upologismoÔ tou fair premium  tan me empirical Bayes teqnikè, stou Makov

et al. (1996), Herzog (1994). Prìsfata èqoun qrhsimopoihje� kai teqnikè MCMC apìtou Makov et al. (1996), kai Scollnik (1996).
Experience reserving kai Compound claim modeling: e�nai h perioq  pou asqole�taime ton upologismì twn apojematik¸n (loss reserves) pou prèpei na krat� mia asfalisti-k  etaire�a, me thn apot�mhsh twn sunolik¸n apozhmi¸sewn kaj¸ kai me thn ep�ptwshtou sta oikonomik� th etaire�a ant�stoiqa. Ta apojematik� qrei�zontai se pollèpeript¸sei, e�te ìtan oi ap¸leie paramènoun apl rwte sto tèlo tou qrìnou, e�te wzhmiè pou den èqoun anaferje� (Incurred But Not Reported - IBNR), e�te w zhmiè pouèqoun anaferje� kai den èqoun akìmh dieujethje� Reported But Not Settled (RBNS). Oiait sei apozhm�wsh anaparist¸ntai w runoff triangles dhlad  trigwniko� p�nake pou5



Qroni� se isqÔ Qroni� se exèlixh (met� thn isqÔ)1 2 . . . t . . . k − 1 k1 X11 X12 . . . X1t . . . X1,k−1 X1,k2 X21 X22 . . . X2t X2,k−1 �3 X31 X32 . . . X3t � �... � �
k − 1 Xk−1,1 Xk−1,2 � �

k Xk1 � � �P�naka 1.1: Par�deigma enì Runoff TriangleapoteloÔntai apì tuqa�e metablhtè Xij (i = 1, . . . , I; j = 1, . . . , I − i + 1) twn suqno-t twn   twn lìgwn apwlei¸n tou sumbola�ou th i−sth qroni� ston j-sto qrìno met�thn isqÔ tou (P�naka 1.1). O Verral (1990) asqol jhke me to prìblhma kai prìteine mia
empirical Bayes mèjodo pou mpore� na grafte� kai w two-way ANOVA montèlo:

log(Xij) = µ + αI + βJ + ǫijOi Ntzoufras and Dellaportas (2002) ulopo�hsan mia pl rh Mpe�zian  mèjodo ìpou sug-kr�noun (tèssera) diaforetik� montèla pou perilamb�noun kai thn abebaiìthta w proton arijmì twn ait sewn.
Graduation: e�nai h perioq  pou asqole�tai me thn kataskeu  pin�kwn jnhsimìthta. Se miaomil�a tou o Whittaker (1920) p�nw sthn ermhne�a th pijanìthta, ta erwt mata pou èje-se prok�lesan gìnimh suz thsh me karpofìra sumper�smata. Sto montèlo Graduationpou e�qe prote�nei, qreiazìtan na elaqistopoihje� h sun�rthsh ap¸leia:

L = F + hS,ìpou F e�nai èna mètro èlleiyh prosarmog , S èna mètro èlleiyh omalìthta (smooth-

ness), h mia jetik  stajer�. SÔmfwna me tou Hickman kai Jones (sqoliastè ston
Makov, 2001) h ermhne�a pou dìjhke apì ton dioratikì Whittaker enj�rrune thn melèthtou probl mato akolouj¸nta thn Mpe�zian  prosèggish. H pr¸th ergas�a pou parou-s�ase mia pl rh Mpe�zian  melèth e�nai tou Carlin (1992) pou jewre�te ìti perièqei m�aapì ti pr¸te efarmogè th mejìdou MCMC sthn analogistik  epist mh.6



Ja epikentr¸soume to endiafèron ma ston tomèa tou Experience reserving pou enswmat¸neikai ton arijmì twn ait sewn apozhmi¸sewn (outstanding claim counts) gia autokinhtistik�atuq mata.1.2 To ereunhtikì prìblhma th montelopo�hsh touarijmoÔ twn ait sewnH epituq  montelopo�hsh tuqa�wn gegonìtwn ìpw h broqìptwsh, h z thsh hlektrik enèrgeia   h z thsh enì agajoÔ e�nai sto ep�kentro tou ereunhtikoÔ endiafèronto. H orj epilog  statistik¸n katanom¸n e�nai Ôyisth shmas�a giat� odhge� se ikanopoihtik  anapar�-stash twn paramètrwn pou qarakthr�zoun ta gegonìta. O arijmì twn ait sewn apozhmi¸sewngia autokinhtistik� atuq mata e�nai èna tuqa�o gegonì pou perilamb�netai sto antike�meno me-lèth th analogistik  epist mh. Qarakthr�zetai kai apì thn optik  th suqnìthta, dhlad pìso suqn� sumba�noun ta atuq mata, all� kai apì thn optik  th sfodrìthta dhlad  pìsomeg�lh oikonomik  zhmi� tuqa�nei. Suqn� o qrìno pou mesolabe� an�mesa sthn èleush thzhmi� kai thn anafor� th sthn asfalistik  etair�a e�nai meg�lo, sthn per�ptwsh aut  taatuq mata lème ìti èginan all� den èqoun anaferje� kai onom�zontai {Incurred But Not Re-

ported (IBNR)}. Me ton �dio ìro qarakthr�zontai (lìgw sÔmbash) kai oi ait sei pou e�naignwstè sthn etair�a all� den èqoun apozhmiwje� pl rw. 'Ena enallaktikì trìpo antime-t¸pish tou �diou fainomènou afor� thn melèth tou posoÔ twn apozhmi¸sewn, k�ti pou den jama apasqol sei sthn paroÔsa ergas�a kaj¸ ja asqolhjoÔme mìno gia atuq mata pou èqounanaferje�, apokle�onta ep�sh ti peript¸sei IBNR.H epilog  th kat�llhlh katanom  gia na odhghjoÔme se èna ikanopoihtikì montèlo pouja ekfr�zei ton arijmì ait sewn apozhmi¸sewn paramènei flègon z thma tìso sthn jewrhtik ìso kai sthn efarmosmènh èreuna (Makov, 2001). Sth sqetik  bibliograf�a èqoun diereunhje�di�fora montèla: o Ter Berg (1980) prote�nei dÔo montèla, èna gia ton arijmì twn ait sewnapozhmi¸sewn (Loglinear Poisson) kai èna gia ta pos� twn apozhmi¸sewn (Gamma). O Ruo-

honen (1988) qrhsimopoie�tai èna montèlo basismèno sthn katanom  Delaporte en¸ stou Ter

Berg (1996) kai Scollnik (1998) ereun�tai h Genikeumènh katanom  Poisson (Generalized   La-

grangian Poisson distribution). Eidik� sthn teleuta�a qrhsimopoie�tai Mpe�zian  an�lush kai7



h mèjodo Markov Chain Monte Carlo (MCMC).Esti�zoume to endiafèron ma sti ergas�e pou meletoÔn to prìblhma twn ait sewn apozh-m�wsh me thn bo jeia th statistik  kat� Bayes. O de Alba (2002) parousi�zei mia Mpe�zian mèjodo gia thn prìbleyh twn ait sewn apozhm�wsh e�te w montèlo (Poisson) tou arijmoÔapozhmi¸sewn, e�te w montèlo (Log-Normal) tou posoÔ (apojematik�) twn apozhmi¸sewn, oi
prior katanomè sta dÔo montèla ekfr�zoun thn �gnoia (mh-plhroforiakè) kai efarmìzontaimèjodoi Monte Carlo gia ton upologismì twn posterior katanom¸n se polÔ gnwst� dedomènath sqetik  bibliograf�a. O de Alba parap�nw kaj¸ kai oi Verrall (1990) , Ntzoufras,

Dellaportas (2002) uposthr�zoun thn Mpe�zian  prosèggish sto prìblhma tou arijmoÔ twnait sewn apozhmi¸sewn, ìmw, qrhsimopoioÔn apokleistik� thn katanom  Poisson gia na ekti-m soun thn posterior katanom  twn �gnwstwn paramètrwn. Ja  tan qr simo na sumperilhfje�sthn melèth kai h abebaiìthta w pro thn katanom  pou anaparist� ton arijmì twn ait sewnapozhmi¸sewn e�te elègqonta upojèsei gia di�fore katanomè e�te ektim¸nta thn abebaiì-thta tou montèlou.H sumperasmatolog�a kat� Bayes èpetai apì thn kataskeu  enì montèlou m, ton upologi-smì th pijanof�neia tou f(y|θm, m) kai thn epilog  th prior katanom  f(θm|m), ìpou me
θm sumbol�zoume to di�nusma twn paramètrwn tou montèlou m, me y ta dedomèna pou sthn per�-ptws  ma anaparist¸ntai me èna di�nusma. Ta telik� sumper�smata gia to montèlo ex�gontaiapì thn posterior katanom  f(θm|y, m) en¸ h abebaiìthta tou montèlou posotikopoie�tai mèswth posterior pijanìthta tou montèlou f(m|y).Gia par�deigma, èstw ìti èqoume dÔo {antagwnistik�} montèla m0 kai m1. Jèloume naekmetalleutoÔme thn ìpoia gnwst  plhrofor�a (p.q. dedomèna) ¸ste na sugkr�noume to èna meto �llo. An f(m) e�nai h prior pijanìthta tou montèlou m tìte qrhsimopoi¸nta to je¸rhmatou Bayes h posterior pijanìthta PO01 tou montèlou m0 w pro to montèlo m1 d�netai apìton tÔpo:

PO01 =
f(m0|y)

f(m1|y)
=

f(y|m0)

f(y|m1)

f(m0)

f(m1)
= B01

f(m0)

f(m1)
(1.1)'Opou B01 onom�zetai Bayes Factor kai to kl�sma f(m0)

f(m1)
e�nai h prior pijanìthta tou montèlou

m0 w pro to m1.Diaisjhtik�, mporoÔme na poÔme ìti o Bayes Factor ekfr�zei thn pijanìthtatou posterior montèlou pro to prior. Mia pio akrib  ermhne�a (Lavine kai Schervish, 1999kaj¸ kai sto bibl�o twn Carlin kai Louis, 2001) e�nai ìti ekfr�zei thn allag  sthn pijanìthta8



w pro to montèlo 1 kaj¸ metakinoÔmaste apì thn prior sth posterior plhrofìrish. Oi Kasskai Raftery (1994) basizìmenoi sthn prwtìtuph ergas�a tou Jeffreys gia tou Bayes Factorsprote�noun èna p�naka gia dieukìlunsh sth diexagwg  sumperasm�twn (P�naka 1.2).
log10(B10) B10 'Endeixh kat� th H0

0 − 1
2

1 − 3.2 Ax�zei na g�nei mia apl  anafor�
1
2
− 1 3.2 − 10 E�nai uparkt 

1 − 2 10 − 100 Dunat 
> 2 > 100 Apofasistik P�naka 1.2: Ermhne�a twn Bayes Factors ènanti th mhdenik  upìjesh.Opìte, meg�le timè tou B01, sun jw megalÔtere tou 12, uposthr�zoun to montèlo m0ènanti tou m1 qrhsimopoi¸nta thn posterior plhrofor�a. H f(y|m) onom�zetai perij¸ria pi-janof�neia tou f(y|m) =
∫

f(y|θm, m)f(θm|m)dθm. O Bayes Factor B01 tou montèlou m1 wpro to montèlo m0 ektim� tìso an up�rqei èndeixh en�ntia sthn mhdenik  upìjesh, ìpw g�netaikai stou klassikoÔ elègqou shmantikìthta ìso kai an up�rqei èndeixh upèr th mhdeni-k  upìjesh, pou adunatoÔn na k�noun oi klassiko� èlegqoi (Kass kai Raftery, 1994). Sthnper�ptwsh pou jewroÔme èna sÔnolo apì antagwnistik� montèla M = {m1, m2, . . . , m|M|}esti�zoume thn prosoq  ma sthn posterior pijanìthta tou montèlou m ∈ M pou or�zetai w:
f(m|y) =

f(y|m) f(m)∑
ml∈M

f(y|ml) f(ml)
=

( ∑

ml∈M

POml,m

)−1

, (1.2)ìpou M e�nai to sÔnolo twn montèlwn kai |M| o arijmì twn montèlwn pou exet�zontai.Me ton Bayes Factor èqoume èna trìpo na axiolog soume ta antagwnistik� montèla. Giathn epilog  enì apì aut� efarmìzontai arqè apì thn Jewr�a Wfelimìthta   Qrhsimìthta.Or�zetai m�a sun�rthsh qrhsimìthta kai to montèlo pou thn megistopoie� epilègetai ènanti twn�llwn (Bernado and Smith 1994, Chipman et al. 2002). Enallaktik� qrhsimopoie�tai o ìrosun�rthsh ap¸leia w mia sun�rthsh ap¸leia plhrofor�a pou epilègoume na elaqistopoi -soume. H apìfash pou pa�rnoume kai sti dÔo peript¸sei e�nai h �dia giat� prìkeitai gia ènaduikì prìblhma. Sun jw epilègontai sunart sei wfelimìthta 0 − 1, gia thn epilog  twnesfalmènwn kai orj¸n montèlwn ant�stoiqa.Sto z thma th epilog  enì montèlou k�noume thn paradoq  ìti to plèon kat�llhlomontèlo e�nai an�mesa sta antagwnistik� pou èqoume sumperil�bei, qwr� na èqoume ekfr�sei9



k�poia {abebaiìthta} sthn diadikas�a epilog  tou montèlou. Sthn per�ptwsh aut  e�masteapolÔtw s�gouroi gia thn katallhlìthta tou montèlou. M�a mèjodo pou èqei protaje� giana bas�zoume ta sumper�smata se poll� montèla e�nai h Bayesian Model Averaging (BMA).Sugkekrimèna, h sumperasmatolog�a bas�zetai se èna stajmismèno mèso p�nw sto q¸ro twnmontèlwn (Hoeting, 2002 , Hoeting et al., 1999 , Carlin and Louis, 2000). An ∆ e�nai h posìthtapou ma endiafèrei ìpw h ep�drash mia enèrgeia, h epituq  prìbleyh   h qrhsimìthta enìtrìpou energei¸n tìte h posterior katanom  dojènto twn dedomènwn y e�nai:
f(∆|y) =

∑

l∈M

f(∆|y, ml)f(ml|y), (1.3)ìpou f(ml|y) e�nai h posterior pijanìthta tou montèlou ml, l ∈ M ìpw or�sthke sth (1.2)kai f(∆|y, ml) h posterior katanom  gia th ∆ sto l-montèlo. An gia par�deigma jèloume thn
BMA ekt�mhsh gia mia par�metro θ:̂

θBMA =
∑

l∈M

θ̂lf(ml|y)ìpou θ̂l o posterior mèso tou montèlou ml.Se opoiod pote montèlo/a katal xoume dhmiourgoÔntai sun jw upologistik� zht mata ka-j¸ e�te h di�stash tou parametrikoÔ q¸rou pou prèpei na oloklhr¸soume e�nai polÔ meg�lhe�te o arijmì twn diaforetik¸n montèlwn e�nai polÔ meg�lo. Gia thn ep�lush twn problhm�-twn èqoun protaje� asumptwtikè prosegg�sei kai exeidikeumène upologistikè teqnikè. M�apolÔ gnwst  teqnik  upologismoÔ me th bo jeia statistik  prosomo�wsh e�nai h Markov

Chain Monte Carlo (Gilks 1996, Scollnik 2001) kai h prìsfath exèlixh th apì ton Green(1995) gia montèla diaforetik¸n diast�sewn me ton algìrijmo Reversible Jump Markov Chain

Monte Carlo (RJMCMC) gia perissìtere plhrofor�e: stou Carlin kai Louis (2000), stou
Chen et al., (2000), stou Han kai Carlin (2001). Gia ton upologismì tou BMA èqoun protaje�ant�stoiqe teqnikè upologismoÔ: Occam’s window twn Madigan, Raftery (1994) pou bas�ze-tai sthn me�wsh tou q¸rou twn montèlwn kai Markov Chain Monte Carlo Model Composition

(MC)3 twn Madigan, York (1995) pou bas�zetai sth mèjodo MCMC.Se aut  thn ergas�a esti�zoume sthn sÔgkrish diakrit¸n katanom¸n pou qrhsimopoioÔntaigia ton arijmì twn ait sewn apozhmi¸sewn kai thn ekt�mhsh twn posterior pijanot twn giak�je montèlo akolouj¸nta th Mpe�zian  mejodolog�a. Eidikìtera, akoloujoÔme th Mpe�-zian  mejodolog�a twn Ntzoufras et al. (2005), pou anafèretai sthn efarmog  tou RJMCMCalgìrijmou se pragmatik� dedomèna apì ton q¸ro th Analogistik  epist mh. H Mpe�zian 10



prosèggish ma prosfèrei arket� pleonekt mata ènanti th klassik . Arqik�, mporoÔme naqrhsimopoi soume èna me�gma montèlwn, antagwnistik¸n metaxÔ tou, efarmìzonta m�a {st�j-mish} an�loga me ti posterior pijanìthte tou kajenì (Bayesian Model Averaging), gia nap�roume pio akrib  apotelèsmata,   me thn bo jeia mia sun�rthsh qrhsimìthta na epilèxoumeto kalÔtero. Ep�sh, den up�rqoun oi periorismo� pou isqÔoun sthn klasik  statistik  ìpoumìno nested montèla mporoÔn na sugkrijoÔn. Ja epikentrwjoÔme sth melèth tri¸n diaforeti-k¸n montèlwn all� o trìpo pou èqei protaje� e�nai genikì kai mporoÔn na sumperilhfjoÔnsthn an�lush akìma perissìtera.

11



Kef�laio 2
Katanomè

Gia thn montelopo�hsh twn ait sewn apozhmi¸sewn e�dame pw èqoun protaje� pl jo dia-foretik¸n katanom¸n. Ja ma apasqol soun trei katanomè pou èqoun meg�lo eÔro efarmo-g¸n. H gnwst  katanom  Poisson (Ter Berg, 1980), h Arnhtik  Diwnumik    Negative Binomial(Verral, 2000) kai h Genikeumènh (Generalized   Lagrangian) Poisson (Ter Berg, 1996, Scollnik,1998). Mia pl rh perigraf  gia k�je katanom  d�netai sto bibl�o twn Johnson et al. (1993).2.1 PoissonH katanom  Poisson mpore� na antimetwpiste� w eidik  per�ptwsh th Arnhtik  Diwnumik   th Genikeumènh Poisson. 'Estw ta dedomèna yi, i = 1, . . . , n. To montèlo Poisson d�netaiapì:
yi|λ ∼ Poisson(λ)me sun�rthsh puknìthta pijanìthta:

f(yi|λ) =
λyi exp(−λ)

yi!
, λ > 0 (2.1)H katanom  Poisson èqei thn idiìthta h mèsh tim  na e�nai �sh me thn diakÔmansh pou odhge� tonde�kth th skèdash (Dispersion Index   DI) na pa�rnei thn tim  µ2/µ = 1. H idiìthta aut qrhsimopoie�tai se di�forou tome� (Johnson et. al., 1993, sel. 157) p.q. gia na aniqneuje�h Ôparxh skèdash e�te me th morf  uperbolik  skèdash (overdispersion ìtan µ2 > µ), e�tew èlleiyh skèdash (underdisperion ìtan µ2 < µ). Wstìso, h èlleiyh skèdash sunant�tai12



sp�nia se pragmatik� dedomèna sta opo�a h deigmatik  diaspor� sun jw xepern� thn deigmatik mèsh tim  (overdispersion). Sti peript¸sei autè pa�rnoume timè polÔ diaforetikè apì
DI = 1 me apotèlesma na mhn eustaje� h upìjesh tou aploÔ montèlou Poisson. Gia ton lìgoautì èqoun protaje� enallaktik� montèla pou emfan�zoun overdispersion en¸ sqet�zontai me toaplì montèlo Poisson.2.2 Arnhtik  Diwnumik  - Negative BinomialH Arnhtik  Diwnumik  katanom  mpore� na kataskeuaste� prosjètonta èna akìmh ierarqikìep�pedo sto aplì montèlo Poisson, sugkekrimèna:

yi|ǫi, λ ∼ Poisson(ǫiλ), ǫi|ϑ ∼ Gamma(ϑ, ϑ)ìpou ϑ > 0 kai Gamma(a, b) e�nai mia katanom  G�mma me mèsh tim  a/b kai diaspor� a/b2. Hsun�rthsh puknìthta pijanìthta d�netai apì:
f(yi|λ, ϑ) =

∞∫

0

f(yi|λ, ǫi)f(ǫi)dǫi

=

∞∫

0

e−λǫiλǫi
yi

yi!

ϑϑǫϑ−1
i e−ϑǫi

Γ(ϑ)
dǫi

=
λyiϑϑ

Γ(yi + 1)Γ(ϑ)

∞∫

0

ǫyi+ϑ−1
i e−ǫi(yi+ϑ)dǫi

=
1

Γ(yi + 1)Γ(ϑ)

λyiϑϑ

(λ + ϑ)yi+ϑ

∞∫

0

zyi+ϑ−1e−zdz, ǫi > 0�ra èqei thn morf :
f(yi|λ, ϑ) =

Γ(yi + ϑ)

Γ(yi + 1)Γ(ϑ)

(
λ

λ + ϑ

)yi
(

ϑ

λ + ϑ

)ϑ

, ϑ > 0 (2.2)ìpou Γ(x) h sun�rthsh G�mma, en¸ h katanom  èqei E(yi) = λ kai V ar(yi) = λ + λ2/ϑ.Diaisjhtik� ja lègame ìti h Arnhtik  Diwnumik  ekfr�zei mia {rop  se atuq mata} ìpou hkat� mèso ìro pijanìthta na sumbe� èna atÔqhma e�nai λǫi kai aut  me thn seir� th exart�tai apìmia katanom  G�mma. To montèlo Poisson e�nai h oriak  katanom  th (2.2) gia thn per�ptwsh13



ϑ → ∞. Sth sunèqeia upolog�zoume ton de�kth DI, en¸ qrhsimopoioÔme thn parametropo�hsh
φ = λ/ϑ:

DI =
V ar(yi)

E(yi)
= 1 + λ/ϑ = 1 + φGia thn per�ptwsh φ → 0 h parap�nw katanom  g�netai h apl  Poisson.2.3 Genikeumènh (Generalized)   Lagrangian PoissonOi Consul kai Jane (1973) prìteinan thn Genikeumènh (Generalized)   Lagrangian Poissonh opo�a sth sunèqeia qrhsimopoi jhke sthn analogistik  epist mh. ProkÔptei apì kat�llhlhmetatrop  th katanom  Tanner-Borel :

Pr[Y = y] =
n

(y − n)!
yy−n−1(ℓβ)y−ne−tβγ , y = n, n + 1, . . .ìpou ekfr�zei ton sunolikì arijmì twn pelat¸n Y pou exuphretoÔntai prin h our� anamon adei�sei dedomènou ìti èqoume mia our� anamon  me tuqa�ou qrìnou �fixh pelat¸n me sta-jerì rujmì ℓ kai me sugkekrimèno qrìno β exuphrèthsh. H metatrop  afor� thn metatìpishth Tanner-Borel dhlad  metasqhmat�zonta thn t.m. Y = X − n ¸ste na uposthr�zei plèonendeqìmena {0, 1, 2, . . .}. H Genikeumènh Poisson an kei sthn Lagrangian oikogèneia katano-m¸n, dhlad  oi pijanìthte mporoÔn na prokÔyoun epekte�nonta (Lagrangian expansion) thngenn tria sun�rthsh pijanìthta. H genn tria sun�rthsh pijanìthta e�nai th morf :
G(z) = eϑ{g(z)−1}dhlad  h katanom  e�nai m�a Poisson stopped-sum, ekfr�zei èna Poisson arijmì anexart twnkatanemhmènwn tuqa�wn metablht¸n me genn tria sun�rthsh pijanìthta g(z).To montèlo th Genikeumènh (Generalized)   Lagrangian Poisson me paramètrou ζ, ωor�zetai w ex :

f(yi|ζ, ω) =
ζ(ζ + ωyi)

yi−1

yi!
e−(ζ+ωyi), ζ > 0, 0 ≤ ω < 1 (2.3)H mèsh tim  th katanom  e�nai E(yi) = ζ(1 − ω)−1 en¸ h diakÔmansh d�netai apì V ar(yi) =

ζ(1 − ω)−3. SÔmfwna me ton Ter Berg (1996) oi timè pou mpore� na p�rei to ω e�nai mèsa stodi�sthma [0, 1). Jewrhtik� h katanom  or�zetai kai gia opoiad pote tim  tou ω ∈ ℜ mìno pou sek�je per�ptwsh plhn tou diast mato [0, 1) oi timè th ajroistik  sun�rthsh pijanìthta14



(a. σ. p.) den ajro�zoun sthn tim  1. Sti peript¸sei autè e�nai sÔnhje na qrhsimopoie�taimia {kìlourh} ekdoq  th ¸ste na ikanopoioÔntai oi periorismo� th a. σ. p. (Scollnik 1998).Pèra apì autì ton periorismì oi arnhtikè timè tou ω odhgoÔn sthn emf�nish underdispersion,mia idiìthta pou den e�nai tìso sun jei gia ton arijmì twn ait sewn apozhmi¸sewn. Gia autìton lìgo ja me�noume sthn melèth th katanom  gia ω ∈ [0, 1). Gia ω = 0 pa�rnoume thn apl 
Poisson me mèso ζ .Tèlo gia na dieukolÔnoume ti sugkr�sei an�mesa sta tr�a montèla pou prote�name, para-metropoioÔme thn parap�nw katanom  qrhsimopoi¸nta λ = ζ/(1−ω). H {kainoÔrgia} katanom èqei E(yi) = λ, V ar(yi) = λ(1 − ω)−2, DI = (1 − ω)−2. Ant�stoiqa h sun�rthsh puknìthtapijanìthta e�nai:

f(yi|λ, ω) = (1 − ω)λ
{(1 − ω)λ + ωyi}yi−1

yi!
e−{(1−ω)λ+ωyi}. (2.4)H parametropo�hsh ma wfele� giat� mporoÔme plèon na ermhneÔsoume thn par�metro λ meton �dio trìpo an�mesa sta tr�a montèla kai ma dieukolÔnei sthn ulopo�hsh tou algìrijmou

MCMC pou ja analÔsoume parak�tw (Par�rthma Aþ).2.4 Kajorismì twn a-priori katanom¸nOi posterior pijanìthte twn montèlwn e�nai polÔ eua�sjhte ston bajmì twn a priori dia-spor¸n èqonta mia t�sh na eunooÔn ta montèla me pio apl  dom  kaj¸ oi prior diasporèaux�noun (Bartlett, 1957, Lindley, 1957, Sinharay kai Stern, 2002). Epomènw h epilog  twn
prior e�nai ka�ria shmas�a gia thn a posteriori upost rixh twn montèlwn. Sthn dhmos�eus tou o Lindley (1957) d�nei èmfash sthn ep�drash tou megèjou tou de�gmato sti posteriorpijanìthte twn montèlwn kai sta antifatik� apotelèsmata metaxÔ twn Mpe�zian¸n kai klas-sik¸n elègqwn shmantikìthta. O Bartlett (1957) ant�stoiqa ton�zei thn ep�drash th priorkatanom  sti posterior pijanìthte twn montèlwn. To prìblhma g�netai pio emfanè ìtansugkr�nontai (nested) montèla pou to èna perilamb�netai sto �llo. Sugkekrimèna to Pois-

son montèlo perilamb�netai kai sto montèlo th Arnhtik  Diwnumik  kai sto montèlo thGenikeumènh Poisson.Me b�sh ta parap�nw or�zoume ti prior katanomè kai katal goume sthn ex  ierarqik 15



dom  twn paramètrwn twn montèlwn:
f(λ, m1) = f(λ|m1)f(m1)

f(λ, ϑ, m2) = f(ϑ|λ, m2)f(λ|m2)f(m2)

f(λ, ω, m3) = f(ω|λ, m3)f(λ|m3)f(m3).Epilègoume gia prior katanom  tou de�kth tou montèlou m thn omoiìmorfh katanom  p�nwsto q¸ro twn montèlwn M, katal gonta sthn f(mi) = 1
3
, i = 1, 2, 3. Me thn sugkekrimènh

prior katanom  d�noume thn �dia prot�mhsh kai sta tr�a montèla, jètonta thn pijanìthta touk�je montèlou �sh. Fusik� h epilog  th prior katanom  e�nai upokeimenik  kai se kami�per�ptwsh den mpore� na jewrhje� tèleia.Ep�sh ìse par�metroi e�nai koinè an�mesa sta montèla pou prote�name ja prèpei na tidièpoun oi �die katanomè ¸ste na e�nai sunepe� me ti arqikè pepoij sei ma. Sthn per�ptwshpou exet�zoume, h par�metro λ e�nai koin  se ìla ta montèla epomènw qrhsimopoioÔme thn�dia prior katanom  f(λ|m), pou e�nai mia katanom  G�mma, Gamma(a, b). Efìson ekfr�zoumethn èlleiyh k�poia plhrofor�a gia thn λ jètoume ti uper-paramètrou (hyperparameters)

a, b �sou me k�poion polÔ mikrì jetikì arijmì: sugkekrimèna qrhsimopoi same a = b = 0.0001pou odhge� se prior mèsh tim  E(λ) = 1 kai diaspor� V ar(λ) = 10000. H ep�drash aut th epilog  sti posterior pijanìthte twn montèlwn e�nai el�qisth diìti h par�metro λ e�naiparoÔsa se ìla ta montèla pou exet�zoume (Kass and Raftery, sel. 24, 1994).Tèlo ma mènei na or�soume ti prior katanomè f(ϑ|λ, m2) kai f(ω|λ, m3) ¸ste oi katanomèpou ephre�zoun ton DI na e�nai ousiastik� h �dia kai sta duo montèla. Gia autì ton lìgokajor�zoume thn mia katanom  kai upolog�zoume thn �llh exis¸nonta tou de�kte skèdash
DI twn duo katanom¸n. Me autì ton trìpo katafèrnoume na èqoun thn �dia katanom  twn DIkai sta dÔo montèla. Exis¸nonta sto montèlo th Arnhtik  Diwnumik  kai sto montèlo thGenikeumènh Poisson èqoume:

φ = λ/ϑ =
ω(2 − ω)

(1 − ω)2
  ω = 1 − 1√

1 + φ
. (2.5)'Opw e�dame sthn §2.3 h par�metro ω or�zetai sto di�sthma [0, 1) kai mia sun jh katanom pou mpore� na ekfr�sei thn abebaiìthta ma e�nai h omoiìmorfh d�nonta �sh pijanìthta seopoiod pote di�sthma �sou m kou. Opìte h ant�stoiqh prior katanom  gia to φ e�nai mia B tatÔpou II (Beta type II) me paramètrou 1, 1/2 kai sun�rthsh puknìthta pijanìthta:

fφ(φ|λ, m2) =
1

2
(1 + φ)−

3

2 ,16



Epeid  ϑ = λ/φ h prior gia to ϑ d�netai apì:
fϑ(ϑ|λ, m1) = fφ(

λ

ϑ
|λ, m2)λϑ−2 =

1

2
λϑ−2(1 +

λ

ϑ
)−

3

2 , (2.6)H opo�a e�nai mia B ta tÔpou II (Beta type II) upì kl�maka.

17



Kef�laio 3
O algìrijmo RJMCMC gia tiait sei apozhmi¸sewn

Se autì to kef�laio ja epikentrwjoÔme ston upologismì twn posterior pijanot twn twnmontèlwn qrhsimopoi¸nta thn mejodolog�a pou prot�jhke apì ton Green (1995) Reversible

Jumb Markov Chain Monte Carlo (RJMCMC). 'Opw èqoume  dh diapist¸sei, ektì apì thnper�ptwsh twn suzug¸n katanom¸n, o upologismì twn posterior katanom¸n e�nai idia�tera dÔ-skolo lìgwn twn oloklhrwm�twn pou emplèkontai mèsw tou jewr mato tou Bayes. Gia autìton lìgo èqoume katafÔgei se mia seir� apì: analutikè prosegg�sei, arijmhtikè mejìdouep�lush, Monte Carlo ektim sei, ektim sei pou bas�zontai sta apotelèsmata prosomoi¸sewn
MCMC gia k�je montèlo kai tèlo ektim sei MCMC gia montèla diaforetik¸n diast�sewn.Epilèxame ton algìrijmo RJMCMC gia th meg�lh prosarmostikìthta pou èqei, diìti mpore�na qeiriste� poll� kai diaforetik� antagwnistik� montèla mèsa se mia MCMC alus�da. Meautì ton trìpo katafèrnoume na upolog�soume ti �gnwste paramètrou twn montèlwn maen¸ tautìqrona upolog�zoume ti posterior pijanìthte pou ja ma bohj soun sthn epilog enì apì twn montèlwn   stou upologismoÔ tou BMA.3.1 O genikì algìrijmo RJMCMCH Reversible Jump mejodolog�a   mejodolog�a {anastrèyimou �lmato} prot�jhke, ìpw e�-dame, w mia statistik  mèjodo ton Green (1995). Epekte�nei ti teqnikè MCMC kaj¸h deigmatolhy�a bas�zetai kai sto q¸ro twn paramètrwn kai sto q¸ro twn montèlwn pou ta18



teleuta�a mporoÔn na diafèroun w pro ti diast�sei tou. Par�gei mia Markobian  alus�-da (Markov Chain) pou mpore� na {metaphd�} metaxÔ montèlwn diaforetik¸n diast�sewn en¸diathre� ti sunj ke th aperiodikìthta, th mh-anagwg  (irreducibility) kai th leptome-r  isorrop�a (detailed balance) ¸ste na exasfal�zetai h swst  oriak  katanom  (peraitèrwplhrofor�e mpore�te na bre�te stou Carlin kai Louis, 2001, Chen et al., 2000, Han kai Carlin(2001).A upojèsoume ìti èqoume èna sÔnolo antagwnistik¸n montèlwn M. Mia bohjhtik  meta-blht  m ∈ M epishma�nei to k�je montèlo kai θm e�nai to ant�stoiqo di�nusma paramètrwn. Oalgìrijmo leitourge� p�nw sto q¸ro th ènwsh, M×
⋃

m∈M θm, pou ja suzht soume para-k�tw. An h trèqousa kat�stash th alus�da Markov e�nai (m, θm), ìpou θm èqei di�stash
dm, genik  diatÔpwsh tou algìrijmou e�nai w ex :

• Prote�noume èna kainoÔrgio montèlo m′ me pijanìthta j(m, m′).
• Par�goume to u apì mia puknìthta prosfor� (proposal density) q(u|θm, m, m′).
• Prote�noume èna kainoÔrgio di�nusma paramètrwn θ′

m′ jètonta (θ′

m′ , u′) = gm,m′(θm, u)ìpou gm,m′ e�nai mia kajorismènh antistrèyimh sun�rthsh.
• Gia na epitÔqoume thn swst  oriak  katanom , deqìmaste thn proteinìmenh metak�nhshsto montèlo m′ me pijanìthta:
α = min

(
1,

f(y|m′, θ′
m′)f(θ′

m′ |m′)f(m′)j(m′, m)q(u′|θm, m′, m)

f(y|m, θm)f(θm|m)f(m)j(m, m′)q(u|θm′ , m, m′)

∣∣∣∣
∂g(θm, u)

∂(θm, u)

∣∣∣∣
)

. (3.1)Shmantik� qarakthristik� gia thn apodotikìthta kai gia thn ulopo�hsh tou algìrijmou e�naioi puknìthte prosfor� (proposal densities) q(u|θm, m, m′) kai h sun�rthsh antisto�qhsh
gm,m′ . H gm,m′ antistoiqe� ton q¸ro twn paramètrwn enì montèlou sto q¸ro paramètrwn enì�llou qrhsimopoi¸nta ta dianÔsmata u kai u′ ¸ste dm′ + du′ = dm + du. H sunhjismènhpraktik  pou akolouje�tai e�nai na jètoume e�te to du′ e�te to du �so me mhdèn an�loga mepoio montèlo èqei ti ligìtere paramètrou. 'Otan èqoume dm < dm′, jètoume du′ = 0,par�goume to u apì to q(u|θm, m, m′) kai upolog�zoume to θ′

m′ qrhsimopoi¸nta thn sun�rthshantisto�qhsh gm,m′. Diaforetik� ìtan dm′ < dm, jètoume u′ = 0 kai kateuje�an upolog�zoumeto θm′ qrhsimopoi¸nta thn sun�rthsh antisto�qhsh gm,m′ qwr� na qreiaste� na par�goumesumplhrwmatikè paramètrou. 19



Oi ant�stoiqe katanomè prosfor� (proposal distributions) kataskeu�zontai apì xeqwri-stè prosomoi¸sei MCMC gia k�je montèlo (Dellaportas et al., 2002). Tele�w diaforetik�kataskeu�zoume thn sun�rthsh antisto�qhsh gm,m′ lamb�nonta upìyhn thn dom  tou k�jemontèlou kai ti pijanè susqet�sei tou. Ep�sei isqÔei lìgw summetr�a gm,m′ =g−1
m,m′.E�nai qr simo na xekajar�soume l�go thn ènnoia th {antisto�qish} akolouj¸nta to pa-r�deigma twn Carlin kai Louis (2001). A upojèsoume ìti sugkr�noume dÔo montèla, to m = 1èqei èna di�nusma paramètrwn thn θ1 ∈ ℜ kai to �llo m = 2 èqei ant�stoiqa èna di�nusma para-mètrwn θ2 ∈ ℜ2. An θ1 e�nai èna di�nusma pou perilamb�netai sto θ2, tìte ìtan metakinoÔmasteapì m = 1 se m′ = 2 pa�rnoume to u ∼ q(u|θ1, m, m′) kai jètoume:

θ′2′ = (θ1, u)opìte h Iakwbian  or�zousa sto 3.1 e�nai �sh me èna kaj¸ jèloume (θ′

2′) = gm,m′(θ1, u) pouisqÔei ìtan gm,m′ e�nai h tautotik  sun�rthsh.Se pollè peript¸sei den mporoÔme na jewr soume to θ1 ìti perilamb�netai sto θ2. O
Green(1995) analÔei thn per�ptwsh enì change-point model dhlad  èna montèlo pou mpore�na all�zei ti paramètrou. W change-point model mpore� na jewrhje� èna montèlo pallindrì-mhsh sto di�sthma [0, L]. Sthn per�ptwsh aut , ja qrhsimopoioÔme mia sun�rthsh b matome k ∈ K = {0, 1, 2, . . .} b mata. Epomènw par�goume k + 1 diast mata ìpou sto kajèna tomontèlo ma èqei stajerè paramètrou all� diaforetikè apì k�je �llo di�sthma. Akolouje�èna �llo par�deigma pou diaforopoie�tai w pro thn sun�rthsh taÔtish.'Estw ìti èqoume na sugkr�noume dÔo montèla qronologik¸n seir¸n to montèlo 1 èqeistajerì mèso ep�pedo θ1 kai to montèlo 2 èqei dÔo ep�peda θ2,1, prin apì èna shme�o allag - parèmbash (change point), θ2,2 met�. An jèloume na metaphd soume apì to montèlo 2 stomontèlo 1 den ja mporoÔsame na jewr soume to θ2,1   to θ2,2 upodi�nusma tou θ′

1
. Pio fusikìe�nai na jewr soume thn met�bash:

θ′

1
=

θ2,1 + θ2,2

2mia kai h mèsh tim  twn dÔo epipèdwn d�noun mia antagwnistik  tim  gia na metaphd soume stomontèlo 1. Tèlo gia na exasfal�soume thn antistrof  aut  th k�nhsh, gia na metaphd -soume dhlad  apì to montèlo 1 sto montèlo 2 mporoÔme na p�roume èna u ∼ q(u|θ1) tètoio¸ste na jèsoume:
θ′

1,2
= θ1 − u kai θ′

2,2
= θ1 + ukai lamb�noume mia 1 − 1 antistrèyimh sun�rthsh w gm,m′ .20



3.2 Efarmog  sti ait sei apozhm�wshStìqo ma e�nai na kataskeu�soume èna algìrijmo RJMCMC gia ti ait sei apozhm�wsh,qrhsimopoi¸nta ta tr�a antagwnistik� montèla pou parousi�same sto kef�laio 2. H metablht pou upodeiknÔei to k�je montèlo m pa�rnei timè m ∈ {m1, m2, m3} ìpou m1 to Poissonmontèlo, m2 to montèlo th Arnhtik  Diwnumik  kai m3 to montèlo th Genikeumènh Poisson.Epiplèon, oi par�metroi gia to montèlo Poisson sumbol�zontai me θm1 = λ, gia to montèloArnhtik  Diwnumik  θm2 = (λ, ϑ)T kai gia to montèlo th Genikeumènh Poisson θm3 =

(λ, ω)T .JewroÔme ìti h Markobian  alus�da e�nai sthn kat�stash (m, θm), o algìrijmo RJMCMCgia thn sÔgkrish twn montèlwn pou ma endiafèroun mpore� na diatupwje� w ex :1. Par�goume ti paramètrou θm tou montèlou apì thn posterior katanom  f(θm|y, m) methn bo jeia m�a apl  MCMC exomo�wsh (leptomèreie sto par�rthma Aþ).2. Prote�noume èna �lma apì to m sto m′, m 6= m′ me pijanìthta j(m, m′) = (|M| − 1)−1.3. (aþ) AntistoiqoÔme ti paramètrou tou palioÔ me tou nèou montèlou melet¸nta ìleti peript¸sei:
i. E�n m = m1 (Poisson) kai m′ = m2 (Arnhtik  Diwnumik ) tìte par�goume miaproteinìmenh tim  gia to ϑ apì thn katanom  prosfor� qϑ(ϑ|m).
ii. E�n m = m1 (Poisson) kai m′ = m3 (Genikeumènh Poisson) tìte par�goume miaproteinìmenh tim  gia to ω apì thn katanom  prosfor� qω(ω|m).
iii. E�n m = m2 (Arnhtik  Diwnumik ) kai m′ = m3 (Genikeumènh Poisson) tìtepar�goume mia proteinìmenh tim  gia to ω apì thn sun�rthsh antisto�qhsh:

ω = hm2,m3
(ϑ) = 1 −

(
1 + λϑ−1

)−1/2 (3.2)èpetai apì thn (2.5), exis¸nonta tou de�kte skèdash DI twn dÔo katanom¸n.
iv. E�n m = m2 (Arnhtik  Diwnumik )   m = m3 (Genikeumènh Poisson) kai m′ =

m1 tìte den qrei�zetai na par�goume epiplèon paramètrou.
v. An m = m3 (Genikeumènh Poisson) kai m′ = m2 (Arnhtik  Diwnumik ) tìtejètoume:

ϑ = h−1
m2,m3

(ω) = hm3,m2
(ω) =

λ(1 − ω)2

ω(2 − ω)
. (3.3)21



(bþ) Deqìmaste to proteinìmeno �lma me pijanìthta α(m, m′) = min {1, δ(m, m′)},ìpou:
δ(m1, m2) =

f(y|λ, ϑ, m2)f(λ, ϑ|m2)f(m2)

f(y|λ, m1)f(λ|m1)f(m1)qϑ(ϑ|m1)

δ(m1, m3) =
f(y|λ, ω, m3)f(λ, ω|m3)f(m3)

f(y|λ, m1)f(λ|m1)f(m1)qω(ω|m1)

δ(m2, m3) =
f(y|λ, ω, m3)f(λ, ω|m3)f(m3)

f(y|λ, ϑ, m2)f(λ, ϑ|m2)f(m2)
× 1

2

(
1 + λϑ−1

)−3/2
λϑ−2.Gia ti ant�strofe metab�sei qrhsimopoioÔme thn idiìthta: δ(m, m′) = 1/δ(m′, m).Gia mia pio diaisjhtik  eikìna anatrèxte sto sq ma (3.1) ìpou anaparist�tai o parap�nwalgìrijmo. H ro  twn bhm�twn e�nai apì p�nw pro ta k�tw, ta b mata pou èqoun pollèdunatè epilogè sthn pragmatikìthta perior�zontai an�loga me ta montèla pou èqoun epilege�sth dedomènh qronik  stigm  (epan�lhyh).Gia to montèlo th apl  katanom  Poisson èqoume qrhsimopoi sei suzug  prior ka-tanom  kai gnwr�zoume ìti h posterior f(λ|y, m1) e�nai mia katanom  G�mma me paramètrou

Gamma(
∑n

i=1 yi + α, n + b). Sunep¸ sto b ma 1, ìtan èqoume m = m1 par�goume thn par�-metro λ kateuje�an apì thn posterior katanom .Ston parap�nw algìrijmo, h sÔgkrish metaxÔ twn montèlwn m2 kai m3 mpore� na g�neiqrhsimopoi¸nta ton algìrijmo Metropolized Carlin Chib (  ènan independence sampler). Opr¸to perigr�fetai apì tou Dellaportas et al. (2002) kai e�nai mia parallag  tou algìrijmoutwn Carlin kai Chib (1995). Se aut  thn per�ptwsh oi par�metroi ϑ kai ω lamb�nontai apìti katanomè prosfor� qϑ(ϑ|m) sto b ma 3-(a')-i kai qω(ω|m) sto 3-(a')-ii en¸ sugkr�nontaiupolog�zonta to δ(m2, m3) = δ(m1, m3)/δ(m1, m2).Se per�ptwsh ma, èqoume upojèsei mia sqèsh metaxÔ twn DI (oi de�kte skèdash) kaiautì ma epitrèpei na epilèxoume mia pio automatopoihmènh parallag  tou RJMCMC gia thnsÔgkrish twn montèlwn m2, m3 akolouj¸nta thn prosèggish twn Ntzoufras et al. (2003).Me autì ton trìpo, apofeÔgoume na par�goume timè kai gia ti dÔo paramètrou ϑ, ω diìtimporoÔme na par�goume paramètrou gia to èna montèlo kai oi ìpoie epiplèon par�metroipar�gontai exis¸nonta ton DI. OdhgoÔmaste ètsi se 1 − 1 metasqhmatismì ìpw e�dame sto(2.5) me thn idiìthta na krat�me to DI stajerì ìtan prote�netai mia met�bash apì to montèloth Arnhtik  Diwnumik  sth Genikeumènh Poisson kai ant�strofa.Tèlo qrhsimopoi¸nta ti prior katanomè pou parousi�same sto Kef�laio 2 o parap�nwlìgo aplopoie�tai se mia sÔgkrish twn pijanofanei¸n (stajmismène apì ti prior pijanìthte22



Par�goume ti paramètrou θm tou montèlouapì thn posterior katanom  f(θm|y,m)Prote�noume èna �lma apì to m sto m′, m 6= m′me pijanìthta j(m,m′) = (|M| − 1)−1

m2 → m3

ω = hm2,m3
(ϑ) = 1 −

(
1 + λϑ−1

)−1/2

m1 → m3

ω apì qω(ω|m)
m1 → m2

ϑ apì qϑ(ϑ|m)
m2   m3 → m1kam�a epiplèon

m3 → m2

ϑ = h−1
m2,m3

(ω) = hm3,m2
(ω) = λ(1−ω)2

ω(2−ω)

Deqìmaste to proteinìmeno �lma me pijanìthta
α(m,m′) = min {1, δ(m,m′)}

Sq ma 3.1: O algìrijmo RJMCMCtou k�je montèlou) se k�je epan�lhyh tou algìrijmou:
δ(m2, m3) =

f(y|λ, ω, m3)f(m3)

f(y|λ, ϑ, m2)f(m2)
.
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3.3 Kajorismì twn katanom¸n prosfor�H swst  kai prosektik  epilog  twn katanom¸n prosfor� qϑ(ϑ|m) kai qω(ω|m) kajor�zeithn apotelesmatikìthta tou algìrijmou RJMCMC. Oi katanomè prosfor� par�goun timègia ti paramètrou pou {le�poun} apì èna montèlo ìtan epiqeire�tai mia met�bash se èna �llo.Gia autì to lìgo, èna apotelesmatikì RJMCMC algìrijmo prèpei na d�nei timè kont�sthn posterior katanom  tou montèlou m′. An autì den sumba�nei tìte oi proteinìmene timèsuneq¸ ja aporr�ptontai, ant�stoiqa o algìrijmo e�te ja epikentrwje� se èna montèlo e�teja sugkl�nei pro thn swst  posterior katanom  polÔ arg�.Sth dik  ma per�ptwsh qrhsimopoioÔme se k�je montèlo dokimastikè MCMC prosomoi¸-sei twn 1000 epanal yewn. Oi timè pou prokÔptoun ma exuphretoÔn w proseggistikèektim trie gia ti posterior katanomè tou k�je montèlou. Ep�sh, ma bohjoÔn ¸ste oi pro-teinìmene timè kai h ant�stoiqh posterior katanom  na mh diafèroun polÔ. Gia thn par�metro ϑth Arnhtik  Diwnumik  (pou pa�rnei jetikè timè) qrhsimopoioÔme mia Log-Normal katanom 
qϑ(ϑ|m) = LN(log ϑ, σ̄2

log ϑ), ìpou log ϑ e�nai h mèsh tim  kai σ̄2
log ϑ h diaspor� twn log ϑ pou l�-bame apì th dokimastik  prosomo�wsh, gia analutik  perigraf  kai perissìtere leptomèreieanatrèxte sto par�rthma Aþ.Fusik�, mporoÔme na qrhsimopoi soume opoiad pote katanom  pou or�zetai sto di�sthma

(0,∞) jètonta ti paramètrou ¸ste na taut�zontai me thn posterior mèsh tim  kai diakÔmanshapì th dokimastik  prosomo�wsh. H apotelesmatikìthta k�je katanom  prosfor� exar-t�tai apì to pìso kont� e�nai apì thn posterior katanom  twn dokimastik¸n prosomoi¸sewn.E�nai anagka�o na ton�soume ìti oi posterior pijanìthte tou k�je montèlou prèpei na epibebai¸-nontai apì diaforetikè katanomè prosfor� ¸ste na epitugq�noume èna k�lo {me�gma} twnmontèlwn. Apì thn �llh meri�, h apodotikìthta tou algìrijmou exart�tai apì ti diaforetikèepilogè twn katanom¸n prosfor�, sunep¸, kai o arijmì twn epanal yewn pou qrei�zetaigia na sugkl�nei exart�tai apì thn epilog  th katanom . Oi Dellaportas et al. (2002) kaioi Brooks et al. (2003) meletoÔn thn epilog  twn katanom¸n prosfor� kai prote�noun m�amèjodo autìmatou kajorismoÔ twn katanom¸n.Parìmoia gia thn par�metro ω th Genikeumènh Poisson, pou pa�rnei timè sto di�sthma
[0, 1], qrhsimopoioÔme qω(ω|m) = Beta(ā, b̄). Oi par�metroi ā kai b̄ upolog�zontai exis¸nontathn mèsh tim  kai thn diakÔmansh th katanom  B ta me thn deigmatik  mèsh tim  (ω̄) kai24



deigmatik  diakÔmansh σ̄2
ω, ant�stoiqa, apì to de�gma th dokimastik  MCMC prosomo�wshgia to montèlo th Genikeumènh Poisson, dhlad :

ω̄ =
ā

ā + b̄
, σ̄2

ω =
āb̄

(ā + b̄)2(ā + b̄ + 1)kai katal goume:
ā = ω̄

(
ω̄(1 − ω̄)

σ̄2
ω

− 1

)
, b̄ = ā

1 − ω̄

ω̄
. (3.4)

H alus�da MCMC e�nai dunatìn na sugkl�nei grhgorìtera an aux soume   mei¸soume, an�-loga me thn per�ptwsh, thn diakÔmansh th katanom  prosfor� ¸ste na èqoume uyhloÔrujmoÔ apodoq .3.4 An�lush tou de�gmato RJMCMCMe to pèra twn L epanal yewn tou algìrijmou RJMCMC lamb�noume èna de�gma metimè twn paramètrwn m(k), λ(k), ϑ(k), ω(k) gia k�je epan�lhyh k = 1, . . . , L. Ti pr¸te Bepanal yei den ti lamb�noume upìyh ma w mia per�odo burn-in pou ma bohj� na apale�youmethn ìpoia pijan  ep�drash apì ti arqikè timè. H metablht  m(k) ∈ {1, 2, 3} e�nai èna de�kthtou montèlou pou o algìrijmo episkèptetai sthn k-sth epan�lhyh. O algìrijmo dra w ex gia k�je montèlo pou episkèptetai:
• 'Otan episkèptetai to m1 (Poisson) tìte èqoume m = 1 kai ϑ = ω = 0.
• 'Otan episkèptetai to m2 (Arnhtik  Diwnumik ) tìte èqoume m = 2 kai ω = 0.
• 'Otan episkèptetai to m3 (Genikeumènh Poisson) tìte èqoume m = 3 kai ϑ = 0.Apì to RJMCMC de�gma ektimoÔme thn posterior pijanìthta tou montèlou f(mi|y) gia

i = 1, 2, 3 apì ton tÔpo:
f̂(mi|y) =

1

L − B

L∑

k=B+1

Imi
(m(k)) (3.5)ìpou h de�ktria sun�rthsh Imi

(m(k)) = 1 an i = m(k) kai mhdèn diaforetik�. H parap�nwektim tria ma bohj� na upolog�soume tou posterior lìgou twn montèlwn (posterior model25



odds) kai tou Bayes Factors pou d�nontai apì tou tÔpou:
P̂Oij =

f̂(mi|y)

f̂(mj |y)
= B̂F ij

f̂(mi)

f̂(mj)
⇔

B̂F ij = P̂Oij
f̂(mj)

f̂(mi)
. (3.6)
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Kef�laio 4
Efarmog  se dedomèna

Se autì to komm�ti th ergas�a ja efarmìsoume ton RJMCMC algìrijmo se dÔo setdedomènwn pou qrhsimopoioÔntai kai apì ton Denuit (1997). Prìkeitai gia ton arijmì twnait sewn apozhm�wsh pou aforoÔn autokinhtistik� atuq mata sthn Elbet�a to 1961 kai toBèlgio to 1993. Sunoy�zoume ta dedomèna ston p�naka suqnot twn 4.1 kai ta anaparistoÔmesta istogr�mmata tou sq mato 4.1 ìpou d�nontai se sqèsh me th sqetik  suqnìthta. K�jekl�sh tou istogr�mmato e�nai dexi� anoiqt  dhlad  den perièqei ton arijmì sta dexi� th kaip�nw apì k�je mia d�netai o arijmì twn ait sewn gia thn kl�sh twn atuqhm�twn.Arijmì atuqhm�twnQ¸ra 0 1 2 3 4 5 6 71. Elbet�a 1961 103704 14075 1766 255 45 6 2 02. Bèlgio 1993 57178 5618 446 50 8 0 0 0P�naka 4.1: P�naka suqnot twn gia ti ait sei apozhm�wsh autokinhtistik¸n atuqhm�twn.Trèxame ton algìrijmo gia 21000 epanal yei gia k�je q¸ra apì ti opo�e afairèsame tipr¸te 1000 w burn-in per�odo. Oi arqikè timè upolog�sthkan qrhsimopoi¸nta ektim seime thn mèjodo twn rop¸n. Oi par�metroi twn katanom¸n prosfor� bas�zontai se dokimastikè
MCMC exomoi¸sei twn 3.000 epanal yewn afoÔ afairèjhkan ep�sh oi pr¸te 1000 w burn-inper�odo, me ti diakum�nsei tètoie ¸ste na epitugq�noume meg�lo rujmì apodoq , megalÔterotou 80%, gia thn per�ptwsh th Arnhtik  Diwnumik , kont� sto 20% gia thn per�ptwsh thGenikeumènh Poisson. Sta sq mata 4.2 kai 4.3 d�nontai oi timè pou pairnoun oi par�metroi twn27



dÔo montèlwn kat� thn di�rkeia tou RJMCMC algìrijmou gia ta dedomèna th Elbet�a kaitou Belg�ou ant�stoiqa. Sthn MCMC alus�da k�je montèlou èqoun afaireje� oi kenè timè,pou proke�ptoun ìtan to montèlo den èqei epileqje�.AfoÔ èqoume ta apotelèsmata tou algìrijmou e�maste se jèsh na gnwr�zoume ti posteriormèse timè twn paramètrwn kai twn posterior pijanot twn twn montèlwn. Arqik� mporoÔmena upolog�soume analutik� ti posterior timè tou montèlou Poisson lìgw suzug¸n katanom¸n(P�naka 4.2).
Posterior Timè

a′ b′ Mèsh tim  Tupik  ApìklishDedomèna {∑n

i=1
yi + a} {n + b} {E(λ|y) = a′/b′} {Sλ|y =

√
a′/b′}1. Elbet�a 1961 18594 119853 0.155 0.00112. Bèlgio 1993 6691 63299 0.106 0.0013P�naka 4.2: Posterior Ektim sei gia to montèlo PoissonApì ton algìrijmo RJMCMC pa�rnoume ti ektim sei twn paramètrwn gia ta montèla thArnhtik  Diwnumik  katanom  (P�naka 4.3) kai th Genikeumènh Poisson (P�naka 4.4).ParathroÔme, kai sti dÔo q¸re, ìti oi ektim sei th paramètrou λ e�nai parapl sie kaj¸èqoume par�gei to de�gma apì thn suzug  posterior katanom .

Posterior Mèsh tim  ± Tupik  Apìklish
λ ϑ1. Elbet�a 1961 0.15508±0.000796 0.98372±0.000252. Bèlgio 1993 0.10570±0.000934 1.20907±0.00019P�naka 4.3: Posterior Ektim sei gia to montèlo th Arnhtik  Diwnumik D�noume ti posterior pijanìthte k�je montèlou (P�naka 4.5). E�nai safè apì ti pija-nìthte twn montèlwn ìti to aplì montèlo Poisson den uposthr�zetai kajìlou apì ta dedomènakai o algìrijmo den to episkèptetai kajìlou.Gia na sugkr�noume ta upìloipa montèla upolog�zoume tou Bayes Factors (P�naka 4.6).To Poisson montèlo èqei mhdenikè posterior pijanìthte sta dedomèna twn dÔo qwr¸n. 'Eqoumeepilèxei gia prior pijanìthta k�je montèlou f(m1) = f(m2) = f(m3) = 1/3, en¸ isqÔei apì(3.6): 28
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Histogram of Belgium 1993 data
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Sq ma 4.1: Istogr�mmata twn dedomènwn Elbet�a kai Belg�ou29
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Sq ma 4.2: RJMCMC Output twn paramètrwn gia ta dedomèna th Elbet�a30
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Sq ma 4.3: RJMCMC Output twn paramètrwn gia ta dedomèna tou Belg�ou31



Posterior Mèsh tim  ± Tupik  Apìklish
λ ω1. Elbet�a 1961 0.15514±0.000854 0.06805±0.0019952. Bèlgio 1993 0.10570±0.000912 0.03925±0.002611P�naka 4.4: Posterior Ektim sei gia to montèlo th Genikeumènh Poisson

Posterior pijanìthta tou Montèlou
m1 m2 m3Elbet�a 1961 0 0.07099645 0.9290035Bèlgio 1993 0 0.3756812 0.6243188P�naka 4.5: Posterior pijanìthte twn montèlwn

Bayes Factors twn montèlwn
m2 v.s. m1 m3 v.s. m1 m3 v.s. m2Elbet�a 1961 ∞ ∞ 13.08521Bèlgio 1993 ∞ ∞ 1.661831P�naka 4.6: Bayes Factors
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B̂F ij = P̂Oij
f̂(mj)

f̂(mi)
= P̂Oij =

f̂(mi|y)

f̂(mj |y)
(4.1)Me th bo jeia tou p�naka 1.2 ja ex�goume ta sumper�smat� ma. 'Opw e�dame to montèloth apl  katanom  Poisson den uposthr�zetai kajìlou anexart tw twn dedomènwn kai twnmontèlwn. Gia ta dedomèna th Elbet�a blèpoume ìti up�rqei dunat  èndeixh gia to montèlo thGenikeumènh Poisson ènanti tou montèlou th Arnhtik  Diwnumik . Sta dedomèna tou Bel-g�ou uposthr�zetai ep�sh to montèlo th Genikeumènh Poisson all� se polÔ mikrìtero bajmìgia na th jewr soume w isqur  èndeixh gia thn Genikeumènh Poisson. Epiplèon, entop�zoumeto mègejo twn diafor¸n d�nonta stou P�nake 4.7 kai 4.8 ti suqnìthte twn dedomènwn pouprokÔptoun apì ti katanomè prìbleyh me ti paramètrou pou upolog�same.Oi P�nake 4.7,4.8 ektimoÔn ton arijmì twn ait sewn pou katatèjhkan apì pel�te poue�qan Y atuq mata. Gia par�deigma, an jèloume na doÔme ston P�naka 4.7 ti ektim sei twnmontèlwn gia to pìsoi pel�te èkanan ait sei gia èna atÔqhma (Y = 1), parathroÔme ìtito montèlo Poisson ektim� 15909.81 pel�te, to montèlo th Arnhtik  Diwnumik  13902.50pel�te, th Genikeumènh Poisson 14009.45 pel�te en¸ o pragmatikì arijmì twn pelat¸ne�nai 14075. Prìbleyh me th mèsh tim  twn suqnot twnArijmì atuqhm�twn: YMontèlo Y = 0 Y = 1 Y = 2 Y = 3 Y = 4 Y = 5 Y = 6

Poisson 102643.9 15909.81 1233.010 63.70553 2.468589 0.076526 0.001976
Neg.Binomial 103778.4 13902.50 1877.835 254.3361 34.49455 4.682177 0.6358892
Gen.Poisson 103718.7 14009.45 1836.825 247.8467 34.46168 4.914465 0.7154753ParathroÔmena 103704 14075 1766 255 45 6 2P�naka 4.7: Per�lhyh twn katanom¸n prìbleyh gia ta dedomèna th Elbet�aTo montèlo Poisson parousi�zei meg�lh apìklish se sqèsh me ti timè twn upolo�pwnmontèlwn kai twn pragmatik¸n. Ston P�naka 4.8 to montèlo parousi�zei polÔ mikrè timè(< 10−4) oi opo�e anafèrontai w 00. Kai sti dÔo sullogè dedomènwn d�netai mia prot�mh-sh tou montèlou th Genikeumènh Poisson ènanti th Arnhtik  Diwnumik  apì tou Bayes

Factors. Sta dedomèna th Elbet�a èqoume gia Y = 0, 1, 2 kalÔterh prosarmog  tou m3montèlou me meg�le diaforè sti suqnìthte en¸ gia tou upìloipou arijmoÔ atuqhm�twn33



oi problepìmene suqnìthte e�nai polÔ kont�, me to m3 montèlo na èqei elafr¸ kalÔterhprosarmog  (exa�resh gia Y = 3). Sta dedomèna tou Belg�ou parathroÔme ep�sh to montèloth Genikeumènh Poisson na èqei elafr¸ kalÔterh prosarmog  plhn th our� (Y ≥ 3) ìpouto montèlo m2 prosegg�zei k�pw kalÔtera ti parathroÔmene suqnìthte.Prìbleyh me th mèsh tim  twn suqnot twnArijmì atuqhm�twn: YMontèlo Y = 0 Y = 1 Y = 2 Y = 3 Y = 4

Poisson 63230.41 69.55345 0.0382544 00 00
Neg.Binomial 57199.68 5560.179 493.7555 42.46329 3.59239
Gen.Poisson 57187.4 5583.981 483.3304 41.3744 3.57393ParathroÔmena 57178 5618 446 50 8P�naka 4.8: Per�lhyh twn katanom¸n prìbleyh gia ta dedomèna tou Belg�ou
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Kef�laio 5
Sumper�smata - Mellontik  'Ereuna

Se aut  thn ergas�a qrhsimopoi same th Mpe�zianì upìdeigma kai teqnikè MCMC gia naektim soume kai na sugkr�noume trei katanomè pou qrhsimopoioÔntai eurèw sthn analogi-stik  epist mh gia thn montelopo�hsh tou arijmoÔ twn ait sewn apozhm�wsh. To Mpe�zianìupìdeigma ma epitrèpei na qrhsimopoi soume sunart sei qrhsimìthta gia thn epilog  enìmontèlou   teqnikè st�jmish gia thn epilog  enì me�gmato montèlwn kaj¸ kai na sugkr�-noume montèla ta opo�a den èqoun apara�thta k�poia domik  omoiìthta (non-nested models).Ta apotelèsmata apì ti sullogè dedomènwn pou qrhsimopoi same de�qnoun, xek�jara, ìtih katanom  Poisson den e�nai kat�llhlh gia na ekfr�sei ton arijmì ait sewn apozhm�wsh.MetaxÔ th Arnhtik  Diwnumik  kai th Genikeumènh Poisson d�netai elafr¸ megalÔterh
posterior upost rixh sthn deÔterh an kai oi diaforè pou up�rqoun sti problepìmene timèden e�nai idia�tera meg�le.H omoiìthta pou parathroÔme metaxÔ twn dÔo teleuta�wn katanom¸n mpore� na exhghje�apì ton Douglas (1994) pou sumpera�nei ìti gia dedomèna me mikrì arijmì ait sewn pollèdiakritè katanomè mporoÔn na efarmostoÔn ikanopoihtik�. Sthn pr�xh epibebai¸same thnepilog  ma apì tou Bayes Factors kaj¸ diapist¸same diaforè oi opo�e ja  tan megalÔteregia perissìtera dedomèna.H mejodolog�a pou qrhsimopoi same mpore� na epektaje� kai ston pio genikì tomèa twn apo-zhmi¸sewn ìpou qrhsimopoie�tai h Poisson katanom  gia na apod¸sei ton arijmì twn ait sewn,gia na eleqje� pìso ikanopoihtik� anaparist� ta dedomèna. 'Ena �llo tomèa èreuna poumpore� epektaje� e�nai sthn prìbleyh twn apojematik¸n gia apozhmi¸sei (claim reserving).MporoÔn ep�sh na prostejoÔn kai �lla montèla ston algìrijmo RJMCMC. Me autì ton35



trìpo sugkr�nontai perissìtera montèla all� kai mporoÔn na qrhsimopoihjoÔn se èna staj-mismèno me�gma montèlwn (Bayesian Model Averaging) to opo�o ja odhg sei se akribèstereproblèyei.Tèlo w pro thn ulopo�hsh tou algìrijmou qrhsimopoi jhke to statistikì pakèto R,sumbatì me thn gl¸ssa programmatismoÔ S3, en¸ akolouj jhke mia antikeimenostraf  (object-

oriented) prosèggish. Fusik� ston k¸dika mporoÔn na eisaqjoÔn pl jo beltistopoi sewn,eidik� an qrhsimopoi soume thn dunatìthta eisagwg  precompiled bibliojhk¸n pou ja qei-r�zontan thn mn mh tou upologist  ¸ste na èqoume taqÔterh prìsbash sta antike�mena twn�diwn montèlwn. Mia �llh antimet¸pish tou probl mato ja epètrepe thn qr sh vectorizing,teqnik  pou sÔmfwna me tou dhmiourgoÔ tou R belti¸nei thn taqÔthta ektèlesh. Pro-tim jhke h antikeimenostraf  prosèggish kaj¸ epitrèpei thn eÔkolh sunt rhsh tou k¸dikakai thn eisagwg  nèwn kl�sewn ¸ste na mpore� na prosteje� eÔkola mia diaforetik  katanom ait sewn apozhm�wsh.
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Par�rthma Aþ
MCMC gia k�je montèlo

Sto pr¸to b ma tou algìrijmou RJMCMC (3.2) anaferj kame se MCMC prosomoi¸seipou qrhsimopoioÔme gia na par�goume timè apì thn posterior katanom  th paramètrou gia k�jemontèlo. Arqik� ja perigr�youme to genikì pla�sio enì MCMC algor�jmou pou akolouje�thn mejodolog�a twn Metropolis - Hastings ¸ste na katal xoume na par�goume timè apìthn posterior katanom  twn paramètrwn (λ, ϑ) an epilègoume to m2 montèlo   twn (λ, ω) anepilègoume to m3 montèlo. To m1 montèlo (Poisson) èqei suzug  posterior katanom  kaimporoÔme na thn upolog�soume analutik�.Arqik� jewroÔme auja�rete timè θ(0)
m kai epanalamb�noume ta akìlouja b mata èw hsÔgklish na èqei exasfaliste�. Jètoume gia ta montèla ma, θm1 = λ, θm2 = (λ, ϑ)T , θm3 =

(λ, ω)T . AfairoÔme ti pr¸te 1000 apì ti sunolik� 3000 timè jewr¸nta ìti apoteloÔn mia{burn-in period} dhlad  exale�foume thn epirro  twn auja�retwn arqik¸n tim¸n. Sta dedomènapou qrhsimopoioÔme epilègoume ti ex  arqikè timè:
λ(0) = ȳ, ϑ(0) = max

{
0.01, ȳ2/(s2

y − ȳ)
}

, ω(0) = max
{

0.01, 1 −
√

ȳ/s2
y

} (Aþ.1)ìpou ȳ e�nai h deigmatik  mèsh tim  twn dedomènwn kai s2
y h deigmatik  diakÔmansh.Gia na ulopoi soume èna MCMC algìrijmo gia èna montèlo m epanalamb�noume ta ex b mata gia t = 1, . . . , T :BHMA 1: Jètoume θ = θm(t).BHMA 2: Gia ìle ti paramètrou tou montèlou j = 1, . . . , dm41



1. Prote�noume θ′j apì q(θ′j |θ\j), ìpou θj e�nai to j-sto stoiqe�o tou dianÔsmato1 θ kai
θ\j = (θ1, . . . , θj−1, θj+1, . . . , θdm

)T .2. Upolog�zoume thn pijanìthta apodoq :
a = min

{
1,

f(y|θ′
m, m)f(θ′

m|m)q(θ′j |θ\j)

f(y|θm, m)f(θm|m)q(θj |θ\j)

}ìpou θ′ = (θ1, . . . , θj−1, θ
′
j , θj+1, . . . , θdm

)T3. Par�goume thn t.m. u ∼ U(0, 1), ìpou U(0, 1) e�nai h omoiìmorfh katanom  sto di�sthma
(0, 1).4. An α > u tìte jètoume θj = θ′j diaforetik� af noume to θj ìpw èqei.BHMA 3: Jètoume θ(t+1)

m = θm.'Opw e�dame h posterior katanom  tou montèlou Poisson e�nai suzug  kai par�goume titimè tou λ kateuje�an apì aut .Gia ta �lla dÔo montèla, h katanom  prosfor� pou afor� thn par�metro λ bas�zetaisthn posterior katanom  th paramètrou tou aploÔ montèlou Poisson. Opìte q(λ′|λ) e�nai miakatanom  G�mma me paramètrou Gamma(a + nȳ, b + n). H epilog  aut  leitoÔrghse polÔapotelesmatik� sta dedomèna pou dokim�same ton algìrijmo.Se ì,ti afor� ti paramètrou ϑ kai ω èqoume qrhsimopoi sei parallagè tou random walk

Metropolis. Sugkekrimèna, gia thn par�metro ϑ qrhsimopoi same thn sun�rthsh prosfor�
q(ϑ′|ϑ) = LN(log ϑ, C2

ϑ), ìpou LN(µ, s2) e�nai h katanom  Log-Normal me paramètrou µ, s2kai sun�rthsh puknìthta pijanìthta:
f(x) =

1√
2πsx

exp

{
−1

2

(
log x − µ

s2

)2
}

. (Aþ.2)Gia to ω qrhsimopoi same thn katanom  prosfor� q(ω′|ω) = Beta
(
Cω

ω
1−ω

, Cω

) me mèshtim  ω kai sun�rthsh puknìthta pijanìthta:
q(ω′|ω) =

Γ
(

Cω

1−ω

)

Γ
(
Cω

ω
1−ω

)
Γ (Cω)

ω′Cω
ω

1−ω
−1

(1 − ω′)Cω−1. (Aþ.3)Sti parap�nw katanomè prosfor� up�rqoun oi posìthte Cϑ, Cω e�nai par�metroi pouti rujm�zoume kat�llhla ¸ste na epitugq�noume rujmì apodoq  an�mesa sto 30 − 50%.1H j-st  par�metro tou dianÔsmato paramètrwn.42



MCMC gia to montèlo th Arnhtik  Diwnumik Efarmìzoume ton parap�nw algìrijmo p�nw sto montèlo th Arnhtik  Diwnumik , m2, ¸stena par�goume paramètrou λ kai θ. Jewr¸nta ìti (λ, θ) e�nai oi trèqouse timè tou algor�jmouèqoume:1. Pa�rnoume mia tim  th λ apì thn f(λ|ϑ, y, m2) qrhsimopoi¸nta thn mèjodo independent

Metropolis:(aþ) Prote�noume mia nèa upoy fia tim  λ′ apì thn katanom  Gamma(a + nȳ, b + n).(bþ) Deqìmaste thn proteinìmenh tim  me pijanìthta:
α = min

{
1,

λ′

λ

(
λ + ϑ

λ′ + ϑ

)nȳ+nϑ+3/2

e−n(λ−λ′)

}
. (Aþ.4)2. Pa�rnoume mia tim  th ϑ apì thn f(ϑ|λ, y, m2) qrhsimopoi¸nta thn mèjodo Metropolis-

Hastings:(aþ) Prote�noume mia upoyhfia tim  ϑ′ apì thn katanom  LN(log ϑ, C2
ϑ) (Aþ.2).(bþ) Deqìmaste thn proteinìmenh tim  me pijanìthta α = min{1, A}, ìpou A d�netai apì:

log A =
n∑

i=1

log
Γ(yi + ϑ′)

Γ(yi + ϑ)
+ n log

Γ(ϑ)

Γ(ϑ′)

+(nϑ′ + 1/2) logϑ′ − (nϑ + 1/2) log ϑ

+(nȳ − 3/2) log
λ + ϑ′

λ + ϑ
+ nϑ′ log(λ + ϑ′)

−nϑ log(λ + ϑ). (Aþ.5)
MCMC gia to montèlo th Genikeumènh PoissonAnt�stoiqa sto montèlo m3 (Genikeumènh Poisson) efarmìzoume ton genikì algìrijmo gia napar�goume ti paramètrou λ kai ω. Jewr¸nta ìti (λ, ω) e�nai oi trèqouse timè tou algo-r�jmou èqoume:1. Pa�rnoume mia tim  th λ apì thn f(λ|ω, y, m3) qrhsimopoi¸nta thn mèjodo independent

Metropolis:(aþ) Prote�noume mia nèa upoy fia tim  λ′ apì thn katanom  Gamma(a + nȳ, b + n).43



(bþ) Deqìmaste thn proteinìmenh tim  me pijanìthta:
α = min

{
1,

(
λ′

λ

)n−nȳ

enω(λ′−λ)

[
n∏

i=1

(
(1 − ω)λ′ + ωyi

(1 − ω)λ + ωyi

)yi−1
]}

. (Aþ.6)2. Pa�rnoume mia tim  th ω apì thn f(ω|λ, y, m3) qrhsimopoi¸nta ex  mèjodo Metropolis-

Hastings:(aþ) Prote�noume mia upoyhfia tim  ω′ apì thn katanom  Beta
(
Cω

ω
1−ω

, Cω

) (Aþ.3).(bþ) Deqìmaste thn proteinìmenh tim  me pijanìthta α = min{1, A}, ìpou A d�netai apì:
log A = (n − Cω + 1) log

1 − ω′

1 − ω
− n(ȳ − λ)(ω′ − ω)

+

n∑

i=1

(
(yi − 1) log

(1 − ω′)λ + ω′yi

(1 − ω)λ + ωyi

)

+ log
Γ
(

Cω

1−ω′

)

Γ
(

Cω

1−ω

) + log
Γ
(
Cω

ω
1−ω

)

Γ
(
Cω

ω′

1−ω′

)

+

(
Cω

ω′

1 − ω′
− 1

)
log ω −

(
Cω

ω

1 − ω
− 1

)
log ω′. (Aþ.7)Me aut  thn ulopo�hsh lamb�noume ta de�gmata twn (λ, ϑ) kai (λ, ω). Kai sti dÔo sullogèdedomènwn pou qrhsimopoi same epilèxame gia ti stajerè (Cϑ, Cω) ti timè (0.001, 100).
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Par�rthma Bþ
Ulopo�hsh sto RSe autì to par�rthma d�noume ti kuriìtere sunart sei pou ulopoi jhkan sto statistikì pa-kèto R, sumbatì me thn gl¸ssa programmatismoÔ S3, en¸ akolouj jhke mia antikeimenostraf (object-oriented) prosèggish.Me autì ton trìpo diaqwr�zontai ta montèla se kl�sei kai se k�je b ma tou algìrijmouprote�netai èna montèlo me ant�stoiqe paramètrou, upì thn morf  antikeimènou pou apotele�m�a pragmatopo�hsh th ant�stoiqh kl�sh. Plèon ta antike�mena mporoÔn na sumperilh-fjoÔn se domè dedomènwn ìpw l�ste kai na epexergastoÔn me exeidikeumène mejìdou p.q.
print.rjmcmc gia thn ektÔpwsh mia alus�da pou par�gei o RJMCMC. Oi kl�sei or�sthkankat� analog�a me ta montèla, dhlad  m1 gia to m1 montèlo k.o.k. To telikì apotèlesma,dhlad  h alus�da RJMCMC d�netai apì mia l�sta anafor¸n se antike�mena, dhlad  k�je b matou algìrijmou d�netai apì mia dipl  anafor� (reference). Arqik� eis�goume ta dedomèna:
InsDat <- data.frame(

array(c(

103704,14075,1766,255,45,6,2,0,

57178,5618,446,50,8,0,0,0,

c(8,2)),

row.names=c(0,1,2,3,4,5,6,7))

names(InsDat)<-c("Switzerland 1961","Belgium 1993")Sth sunèqeia or�zoume thn kentrik  sun�rthsh pou or�zei ton algìrijmo RJMCMC.
rjmcmc <- function(y,iter=5000){

y<<-y#make y global

#y is a vector of data ex. InsDat[,1]

#Count accepted tries to jump

accm1m2<<-0

accm1m3<<-0

accm2m3<<-0

accm2m1<<-0

accm3m2<<-0

accm3m1<<-0

#Count total tries to jump

totm1m2<<-0

totm1m3<<-0

totm2m3<<-0

totm2m1<<-0
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totm3m2<<-0

totm3m1<<-0

#Step 1: Do pilot runs - generate parameters

pilotruns()

#choose a random model to start

old <- generate()

listmodels<-list(old)

for(i in 1:iter){

#select new model

new <- select(old)

#try to jump

old<-accept(old,new)

listmodels <- c(listmodels,list(old))

}

class(listmodels)<-"rjmcmc"

return(listmodels)

}Or�zoume mia sun�rthsh pou ja ektup¸nei me kat�llhlo trìpo ta antike�mena pou an kounsth kl�sh rjmcmc. H sun�rthsh pa�rnei thn MCMC alus�da tou algìrijmou, th diatrèqei en¸tautìqrona dhmiourge� nèe, m�a se k�je montèlo. K�je nèa alus�da perièqei ìle ti episkèyeitou algìrijmou sto en lìgw montèlo. Ousiastik� e�nai èna gr goro trìpo na ekfr�soumeti de�ktrie sunart sei pou ma qrei�zontai gia na ektim soume thn posterior pijanìthta toumontèlou (3.5).
print.rjmcmc <-function(blah){

cutx<-function(x,i=1){return(x[i+1:length(x)])} #cuts the first i elements

blah<-blah[1001:length(blah)]

xm1<-0

xm2a<-0

xm2b<-0

xm3a<-0

xm3b<-0

for(i in 1:length(blah)) {

if(class(blah[[i]])=="m1")

{

xm1<-c(xm1,blah[[i]]$lambda)

}

if(class(blah[[i]])=="m2")

{

xm2a<-c(xm2a,blah[[i]]$lambda)

xm2b<-c(xm2b,blah[[i]]$theta)

}

if(class(blah[[i]])=="m3")

{

xm3a<-c(xm3a,blah[[i]]$lambda)

xm3b<-c(xm3b,blah[[i]]$omega)

}

}

if(length(xm1)==1){length(xm1)<-0}

else{xm1<-xm1[2:length(xm1)]}

xm2a<-xm2a[2:length(xm2a)]

xm2b<-xm2b[2:length(xm2b)]

xm3a<-xm3a[2:length(xm3a)]
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xm3b<-xm3b[2:length(xm3b)]

#Plots

def.par <- par(no.readonly = TRUE)# save default, for resetting...

op <- par(mfrow = c(2, 2),bg="grey")

plot(xm2a,type=’l’,main="Model 2 lambda",ylab="lambda",xlab="Iteration")

plot(xm2b,type=’l’,main="Model 2 theta",ylab="theta",xlab="Iteration")

plot(xm3a,type=’l’,main="Model 3 lambda",ylab="lambda",xlab="Iteration")

plot(xm3b,type=’l’,main="Model 3 0mega",ylab="omega",xlab="Iteration")

par(op)

par(def.par)# reset to default

#Informations about the models

tot<-length(xm1)+length(xm2a)+length(xm3a)

if(length(xm1)==0){

cat("Model 1:\nmean lambda: NA sd: NA\nPosterior Prob: 0\n")

}

else{

cat("Model 1:\nmean lambda: ",mean(xm1)," sd: ",sd(xm1,T),

"\nPosterior Prob:",length(xm1)/tot,"\n")

}

cat("Model 2:\nmean lambda: ",mean(xm2a)," sd: ",sd(xm2a,T),

"\nmean theta: ",mean(xm2b)," sd: ",sd(xm2b,T),

"\nPosterior Prob:",length(xm2a)/tot,"\n")

cat("Model 3:\nmean lambda: ",mean(xm3a)," sd: ",sd(xm3a,T),

"\nmean omega: ",mean(xm3b)," sd: ",sd(xm3b,T),

"\nPosterior Prob:",length(xm3a)/tot,"\n")

cat("Acceptance rates:\n")

cat("m1m2:",accm1m2/totm1m2,"\tm1m3:",accm1m3/totm1m3,"\n")

cat("m2m1:",accm2m1/totm2m1,"\tm2m3:",accm2m3/totm2m3,"\n")

cat("m3m1:",accm3m1/totm3m1,"\tm3m2:",accm3m2/totm3m2,"\n")

}Or�zoume thn sun�rthsh katanom  pijanìthta gia thn Genikeumènh Poisson.
dgpoisson<- function(x,lambda,omega){

if(omega<0 || omega>=1){stop("illegal value in omega [0,1)")}

return(

(1-omega)*lambda*

(

((1-omega)*lambda + omega * x)^(x-1)

) *

exp(-((1-omega)*lambda + omega*x)) /

gamma(x+1)

)

}Or�zoume thn sun�rthsh Pijanof�neia h opo�a an�loga me ton tÔpo tou montèlo pou ja èqeiw ìrisma ja epilègei thn ant�stoiqh exeidikeumènh sun�rthsh pou fèrei sto tèlo ton tÔpotou montèlou, p.q. .m1 gia to montèlo m1.
loglikelihood <- function(x,...){

UseMethod("loglikelihood")

}

loglikelihood.m1 <- function(x){

lambda<-x$lambda
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l<-0

for(i in 1:length(y)){

l<-l+y[i]*log(dpois(i,lambda))

}

return(l)

}

loglikelihood.m2 <- function(x){

l<-0

lambda<-x$lambda

theta<-x$theta

for(i in 1:length(y)){

l<-l+y[i]*(log(dnbinom(i,size=theta,mu=lambda)))

}

return(l)

}

loglikelihood.m3 <- function(x){

l<-0

lambda<-x$lambda

omega<-x$omega

for(i in 1:length(y)){

l<-l+y[i]*(log(dgpoisson(i,lambda,omega)))

}

return(l)

}

loglikelihood.default <- function(x){

stop("Not an Candidate Model, cannot compute likelhood")

}Dedomènou ìti gnwr�zoume to montèlo pou e�maste epilègoume sthn tÔqh èna apì ta upìloipadÔo k�je for� (ulopoie�tai sth mèjodo select sth sunèqeia). Upolog�zoume thn pijanìthtaenì �lmato sto nèo montèlo kai apofas�zoume an telik� g�nei (B mata 2 kai 3 tou RJMCMCalgìrijmou).
accept <- function(old,...){

UseMethod("accept")

}

accept.m1 <- function(old,new){

if(class(new)=="m2"){#m1->m2

a<-min(1,m1m2(old,new))

totm1m2<<-totm1m2+1

if(runif(1)<a){

accm1m2<<-accm1m2+1

return(new)

}

else{return(old)}

}

if(class(new)=="m3"){#m1->m3

a<-min(1,m1m3(old,new))

totm1m3<<-totm1m3+1

if(runif(1)<a){

accm1m3<<-accm1m3+1

return(new)

}

else{return(old)}

}

}
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accept.m2 <- function(old,new){

if(class(new)=="m1"){#m2->m1

a<-min(1,1/m1m2(new,old))

totm2m1<<-totm2m1+1

if(runif(1)<a){

accm2m1<<-accm2m1+1

return(new)

}

else{return(old)}

}

if(class(new)=="m3"){#m2->m3

a<-min(1,m2m3(old,new))

totm2m3<<-totm2m3+1

if(runif(1)<a){

accm2m3<<-accm2m3+1

return(new)

}

else{return(old)}

}

}

accept.m3 <- function(old,new){

if(class(new)=="m1"){#m3->m1

a<-min(1,1/m1m3(new,old))

totm3m1<<-totm3m1+1

if(runif(1)<a){

accm3m1<<-accm3m1+1

return(new)

}

else{return(old)}

}

if(class(new)=="m2"){#m3->m2

a<-min(1,1/(m2m3(new,old)))

totm3m2<<-totm3m2+1

if(runif(1)<a){

accm3m2<<-accm3m2+1

return(new)

}

else{return(old)}

}

}

m1m2<-function(old,new){

mistheta<-rlnorm(1,ThetaLogNormA,ThetaLogNormB)

## Constructed theta for the m1 model

return(exp(loglikelihood(new)-loglikelihood(old))*

dbetaii(new$theta,new$lambda)*

dgamma(new$lambda,0.0001,0.0001)/

(dgamma(old$lambda,0.0001,0.0001)*

dlnorm(mistheta,ThetaLogNormA,ThetaLogNormB))

)

}

m1m3<-function(old,new){

misomega<-rbeta(1,OmegaBetaA,OmegaBetaB)

## Constructed omega for the m1 model
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return(exp(loglikelihood(new)-loglikelihood(old))*

dunif(new$omega,0,1)*

dgamma(new$lambda,.0001,.0001)/

(dgamma(old$lambda,.0001,.0001)*

dbeta(misomega,OmegaBetaA,OmegaBetaB))

)

}

m2m3<-function(old,new){

return( exp(loglikelihood(new)-loglikelihood(old))*

(

.5*(1+old$lambda/old$theta)^(-3/2) *

(old$lambda/(old$theta^2))

)*

dunif(new$omega,0,1)*

dgamma(new$lambda,.0001,.0001)/

(

dbetaii(old$theta,old$lambda)*

dgamma(old$lambda,.0001,.0001)

)

)

}Epilègoume èna montèlo sthn tÔqh kai to kataskeu�zoume. Autì ma dieukolÔnei gia naarq�soume ton algìrijmo RJMCMC apì èna tuqa�o montèlo.
generate <- function(x,...){

prob<-runif(1)

if (prob<=1/3){

#Negative Binomial

#THETA ~ LogNormal

new <- list(lambda=rgamma(1,LambdaGammaA,LambdaGammaB),

theta=rlnorm(1,ThetaLogNormA,ThetaLogNormB),omega=0)

class(new)<-"m2"

return(new)

}

if(prob<=2/3){

#Generalized Poisson

#OMEGA ~ BETA(a,b)

new <- list(lambda=rgamma(1,LambdaGammaA,LambdaGammaB),

theta=0,omega=rbeta(1,OmegaBetaA,OmegaBetaB))

class(new)<-"m3"

return(new)

}

else{

#lambda of Poisson: LAMBDA|X ~ GAMMA(SUM YI + a, n+b)

new<-list(lambda=rgamma(1,LambdaGammaA,LambdaGammaB),

theta=0,omega=0)

class(new)<-"m1"

return(new)

}

}Or�zoume mia mèjodo pou an�loga me to montèlo pou e�maste dhmiourge� sthn tÔqh èna upoy fio.(B ma 1 tou RJMCMC algìrijmou).
select <- function(x,...){

#Method dispatching

UseMethod("select")
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}

#We have a m1 model

select.m1 <- function(x){

if (runif(1)<=.5){

#Theta of Negative Binomial

#THETA ~ LogNormal

new <- list(lambda=rgamma(1,LambdaGammaA,LambdaGammaB),

theta=rlnorm(1,ThetaLogNormA,ThetaLogNormB),omega=0)

class(new)<-"m2"

return(new)

}

#Generalized Poisson

#OMEGA ~ BETA(a,b)

new <- list(lambda=rgamma(1,LambdaGammaA,LambdaGammaB),

theta=0,omega=rbeta(1,OmegaBetaA,OmegaBetaB))

class(new)<-"m3"

return(new)

}

#We have a m2 model

select.m2 <- function(x){

if (runif(1)<=.5){

#lambda of Poisson: LAMBDA|X ~ GAMMA(SUM YI + a, n+b)

new<-list(lambda=rgamma(1,LambdaGammaA,LambdaGammaB),

theta=0,omega=0)

class(new)<-"m1"

return(new)

}

#Generalized Poisson

#OMEGA ~ BETA(a,b)

new <- list(lambda=rgamma(1,LambdaGammaA,LambdaGammaB),

theta=0,omega=rbeta(1,OmegaBetaA,OmegaBetaB))

class(new)<-"m3"

return(new)

}

#We have a m3 model

select.m3 <- function(x){

if (runif(1)<=.5){

#lambda of Poisson: LAMBDA|X ~ GAMMA(SUM YI + a, n+b)

new<-list(lambda=rgamma(1,LambdaGammaA,LambdaGammaB),

theta=0,omega=0)

class(new)<-"m1"

return(new)

}

#Theta of Negative Binomial

#THETA ~ LogNormal

new <- list(lambda=rgamma(1,LambdaGammaA,LambdaGammaB),

theta=rlnorm(1,ThetaLogNormA,ThetaLogNormB),omega=0)

class(new)<-"m2"

return(new)

}Sun�rthsh puknìthta pijanìthta th B ta tÔpou II (Beta type II) upì kl�maka (2.6).
dbetaii<-function(theta,lambda){

return(.5*(lambda/theta^2)*(1+lambda/theta)^(-3/2))
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}Gia ta montèla m2, m3 xekin� ti aplè MCMC exomoi¸sei , pa�rnei ta outputs gia na upo-log�sei ti paramètrou gia ti katanomè prosfor�. Gia to montèlo m1 kai upolog�zei thn
posterior katanom  tou λ.
pilotruns<-function(){

#Initial values for THETA|X

inittheta<-log(samplebnb(y,3000)$theta)

inittheta<-inittheta[1001:length(inittheta)]

#THETA|X ~LOGNORMAL(lognorma,lognormb)

ThetaLogNormA<<-mean(inittheta)

ThetaLogNormB<<-var(inittheta)

#Inital Values for OMEGA|X

initomega<-samplegp(y,3000)$omega

initomega<-initomega[1001:length(initomega)]

#OMEGA ~ BETA(omegabetaa,omegabetab)

minitomega<-mean(initomega)

vinitomega<-var(initomega)

OmegaBetaA<<-minitomega*(

(minitomega*(1-minitomega))/

vinitomega -1

)

OmegaBetaB<<-OmegaBetaA*(1-minitomega)/minitomega

#Inital Values for Lambda|x

#LAMDA ~ GAMMA(LambdaGammaA,LambdaGammaB)

#The posterior distribution is conjugate

LambdaGammaA<<-sum(y*c(0:7))+0.0001

LambdaGammaB<<-sum(y)+0.0001

}Ulopoie� ton MCMC algìrijmo gia to montèlo th Genikeumènh Poisson (Par�rthma Aþ).
"samplegp" <- function(y,iter=1000 ,lambda = sum(y*c(0:7))/sum(y),

omega = max(0.01,1-sqrt((sum(y*c(0:7))/sum(y))/

(( (sum(y) * sum( c(0:7)^2 ) ) - sum(y*c(0:7))^2 )/

( sum(y)*(sum(y)-1) )))))

{

#Initalize

if(is.vector(y)){

n <- sum(y)

my<-sum(y*c(0:7))/sum(y)

}

else{

cat("y not a vector\n")

return()

}

j <- 1

#Numeric Vectors for lambda-omega

lamdaarr <- numeric(iter)

omegaarr <- numeric(iter)

lamdaarr[1]<-lambda
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omegaarr[1] <- omega

acclambda <- 0

accomega <- 0

comega<-100 #needed in omega’s Prior (Beta), LOGLIKEHOOD RATIO

ga <- .0001 #Needed in lambda’s Prior (Gamma)

gb <- .0001 #Needed in lambda’s Prior (Gamma)

while(j < iter){

#########################################################

#1. Sample lambda

#########################################################

#1.a. Propose new candidate lambdanew from GAMMA(ny+a,n+b)

lambdanew <- rgamma(1,shape = (n*my+ga),rate =(n+gb))

#1.b. Accept the proposed value

lfact <- 0

for (i in 1:8) {

lfact <- lfact + (i-2)*y[i]*log(((1-omega)*lambdanew+omega*(i))/

((1-omega)*lambda+omega*(i)))

}

accratio<-(lambdanew/lambda)^(n-n*my) * exp(n*omega*(lambdanew-lambda)) *

exp(lfact)

if(is.na(accratio)){accratio<-0}

if(!is.finite(accratio)){accratio<-1}

alpha <- min(1,accratio)

if (alpha ==1){

lambda<-lambdanew

acclambda <- acclambda + 1

}

else{

if( runif(1) <= alpha ){

lambda<-lambdanew

acclambda <- acclambda + 1

}

}

#########################################################

#2. Sample Omega

#########################################################

#2.a. Propose omeganew

omeganew <- rbeta(1, comega*(omega/(1-omega)), comega)

#2.b. Accept the proposed value

omegafact <- 0

for (i in 1:8) {

omegafact <- omegafact + y[i]*(i-2)*

log( ((1-omeganew) * lambda + omeganew * (i-1)) /

((1-omega) * lambda + omega * (i-1)))

}

logaccratio <- (n - comega + 1) * log((1-omeganew)/(1-omega)) -

n*(my-lambda)*(omeganew-omega) +

omegafact +

log(gamma(comega/(1-omeganew))/gamma(comega/(1-omega)))+
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log( gamma((comega*omega)/(1-omega))/

gamma((comega*omeganew)/(1-omeganew))) +

(comega*(omeganew/(1-omeganew))-1)*log(omega) -

(comega*(omega/(1-omega))-1)*log(omeganew)

accratio<-exp(logaccratio)

if(is.na(accratio)){accratio<-0}

if(!is.finite(accratio)){accratio<-1}

alpha <- min(1,accratio)

if (alpha ==1){

omega<-omeganew

accomega <- accomega + 1

}

else{

if( runif(1) <= alpha ){

omega<-omeganew

accomega <- accomega + 1

}

}

j <- j + 1

lamdaarr[j]<-lambda

omegaarr[j] <- omega

}

return(list(lambda = lamdaarr,

omega = omegaarr,

acclambda = (acclambda/iter),

accomega=(accomega/iter)))

}Ulopoie� ton MCMC algìrijmo gia to montèlo th Arnhtik  Diwnumik  (Par�rthma Aþ).
"samplebnb" <- function(y,iter=1000 ,lambda = sum(y*c(0:7))/sum(y),

theta = max(0.01,

(sum(y*c(0:7))/sum(y))^2/(

( (sum(y) * sum( y*c(0:7)^2 ) ) - sum(c(0:7))^2 )/ (sum(y)*(sum(y)-1))

-(sum(y*c(0:7))/sum(y)))

))

{

#Initalize

if(is.vector(y)){

n <- sum(y)

my<-sum(y*c(0:7))/sum(y)

}

else{

stop("y not a vector\n")

}

iter<-iter

lamdaarr <- numeric(iter)

thetaarr <- numeric(iter)

lamdaarr[1]<-lambda

thetaarr[1] <- theta

j <- 1

acclambda <- 0

acctheta <- 0

ga <- .0001

gb <- .0001

while(j < iter){
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#########################################################

#1. Sample lambda

#########################################################

#1.a. Propose new candidate lambdanew from GAMMA(ny+a,n+b)

lambdanew <- rgamma(1,shape = (n*my+ga),rate =(n+gb))

#1.b. Accept the proposed value

logaccratio<-log(lambdanew)-

log(lambda)+

(n*my+n*theta+1.5)*(log(lambda+theta)-

log(lambdanew+theta))-

n*(lambda-lambdanew)

accratio<-exp(logaccratio)

if(!is.finite(accratio)){accratio=1}

alpha <- min(1,accratio)

if (alpha ==1){

lambda<-lambdanew

acclambda <- acclambda + 1

}

else{

if( runif(1) <= alpha ){

lambda<-lambdanew

acclambda <- acclambda + 1

}

}

#########################################################

#2. Sample Theta

#########################################################

#2.a. Propose thetanew

thetanew <- rlnorm(1, log(theta), sdlog = 0.001)

#2.b. Accept the proposed value

A <- 0

for (i in 1:8){

A<- A + y[i]*log(gamma(i-1+thetanew)/gamma(i-1+theta))

}

A<- A+ n*log(gamma(theta)/gamma(thetanew)) +

(n*thetanew+.5)*log(thetanew)-

(n*theta+.5)*log(theta)+

(n*my-3/2)*log((lambda+thetanew)/(lambda+theta))+

(n*thetanew)*log(lambda+thetanew)-

n*theta*log(lambda+theta)

alpha<-exp(A)

alpha <- min(1,accratio)

#Test for acceptance

if (alpha ==1){

theta<-thetanew

acctheta <- acctheta + 1
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}

else{

if( runif(1) <= alpha ){

theta<-thetanew

acctheta <- acctheta + 1

}

}

#Update

j <- j + 1

lamdaarr[j] <- lambda

thetaarr[j] <- theta

}

return(list(lambda = lamdaarr,

theta = thetaarr,

acclambda = (acclambda/iter),

acctheta=(acctheta/iter)))

}
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