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Extreme shoot-outing

20th of June, 2007. Heerenveen, Abe Lenstra Stadion. After a
last-minute equalizer in the semi-finals of the U21-European Championship
between England and The Netherlands, the extra time provides no goals
and a penalty shoot-out needs to decide who wins...
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Extreme shoot-outing

Figure 1: As it happened

At the end, the Dutch prevailed, which was a great show of character by
the team, as they had the added pressure of having to level after most of
the rounds.
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Extreme shoot-outing

These were the results of the penalties round by round.

Figure 2: Penalty shoot-out result.

The Dutch team had to level a total of 9 times during this shoot-out,
whereas the English team never faced the pressure of immediate loss.
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Problem case
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Problem case
The shoot-out

Two teams, Team A and Team B, played a match.

To determine a winner, a shoot-out takes place (usually over 5
rounds).

In every round, every team takes one penalty.

If, after 5 rounds, the scores are equal, the sudden death phase starts.

The sudden death ends if and only if a team scores in a round, while
the other team does not.
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Problem case
Empirical evidence

The best known and abundantly present penalty shoot-out has one
team starting all the rounds, and one team shooting second -
A(B)A(B)A(B). . . .

Palacios-Huerta and Apesteguia (2010) showed in an empirical study
that there is an advantage for the team that shoots first.

This is usually explained by the extra pressure of having to catch up
every round; known as First Mover Advantage. (Brams and Ismail
2017; Vandebroek et al., 2018)

Roel Lambers Joint work with Frits Spieksma (TU Eindhoven )Penalty shoot-outs: the quest for fairness 03-07-2019 9 / 30



Problem case
Empirical evidence

The best known and abundantly present penalty shoot-out has one
team starting all the rounds, and one team shooting second -
A(B)A(B)A(B). . . .

Palacios-Huerta and Apesteguia (2010) showed in an empirical study
that there is an advantage for the team that shoots first.

This is usually explained by the extra pressure of having to catch up
every round; known as First Mover Advantage. (Brams and Ismail
2017; Vandebroek et al., 2018)

Roel Lambers Joint work with Frits Spieksma (TU Eindhoven )Penalty shoot-outs: the quest for fairness 03-07-2019 9 / 30



Problem case
Model

The FMA can be modelled by a probability p of scoring for the first
shooting team, and q < p for the second.

We, however, have a different approach, as we assume added pressure
from trailing or not.

We say there is a probability p of scoring if a team is at least equal in
score, and a probability q if a team is trailing in score, with p > q.
If the score is equal at the beginning of a round started by A, this results
in probabilities:

P(Team A wins round) = p · (1− q) =: P+

P(Team B wins round) = (1− p) · p =: P−

P(The round is drawn) = (1− p)2 + pq =: P±

Difference P+ − P− = λ is referred to as the FMA.
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Problem case
Model

The values of p, q are not known, but can be estimated from real
world results.

For football, p = 3
4 , q = 2

3 is common in the literature.

Alternatives have been suggested and experimented with, such as the
one called ABBA with football, that has A(B)B(A) as sequence.

Also, field hockey has shoot-outs in which the eventual sudden death
is started by the team that did not start the shoot-out.
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Problem case
Fairness

It is undesirable to have an unfair shoot-out to decide the outcome of a
game. What do we consider a fair shoot-out?

We want the order of the penalties to be fixed before the first penalty.
Then:

Definition

We say a penalty shoot-out S between A and B is fair, if:

P(Team A wins) = P(Team B wins)

We assume both teams are as good as the other.
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Problem case
Central Question

What are the requirements for a shoot-out to be fair?
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Sudden-death stage
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Sudden-death stage

The probability that team A wins the sudden death is equal to:

P(Team A wins) =
∞∑
r=1

P(r-1 rounds drawn)P(Team A wins round r)

An analogue expression can be derived for Team B.
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Sudden-death stage
Calculations

Let I be the index set of all the rounds in which Team A is allowed to
shoot first.

The most common penalty shoot-out has I = N, and for
instance ABBA has I = {1, 3, . . . }. Team B shoots first in the remaining
rounds I = N \ I .
We have P+,P− as probabilities of the first and second shooting team
winning a round, and P± for a drawn round. Then:

P(Team A wins) =
P−

1− P±
+ λ

∑
r∈I

Pr−1
±

Similarly, we derive for Team B:

P(Team B wins) =
P−

1− P±
+ λ

∑
r∈I

P r−1
±

Roel Lambers Joint work with Frits Spieksma (TU Eindhoven )Penalty shoot-outs: the quest for fairness 03-07-2019 16 / 30



Sudden-death stage
Calculations

Let I be the index set of all the rounds in which Team A is allowed to
shoot first. The most common penalty shoot-out has I = N, and for
instance ABBA has I = {1, 3, . . . }. Team B shoots first in the remaining
rounds I = N \ I .

We have P+,P− as probabilities of the first and second shooting team
winning a round, and P± for a drawn round. Then:

P(Team A wins) =
P−

1− P±
+ λ

∑
r∈I

Pr−1
±

Similarly, we derive for Team B:

P(Team B wins) =
P−

1− P±
+ λ

∑
r∈I

P r−1
±

Roel Lambers Joint work with Frits Spieksma (TU Eindhoven )Penalty shoot-outs: the quest for fairness 03-07-2019 16 / 30



Sudden-death stage
Calculations

Let I be the index set of all the rounds in which Team A is allowed to
shoot first. The most common penalty shoot-out has I = N, and for
instance ABBA has I = {1, 3, . . . }. Team B shoots first in the remaining
rounds I = N \ I .
We have P+,P− as probabilities of the first and second shooting team
winning a round, and P± for a drawn round. Then:

P(Team A wins) =
P−

1− P±
+ λ

∑
r∈I

Pr−1
±

Similarly, we derive for Team B:

P(Team B wins) =
P−

1− P±
+ λ

∑
r∈I

P r−1
±

Roel Lambers Joint work with Frits Spieksma (TU Eindhoven )Penalty shoot-outs: the quest for fairness 03-07-2019 16 / 30



Sudden-death stage
Fairness

A sequence S where Team A shoots first in rounds I is fair with respect to
P+,P−,P± if: ∑

r∈I
P r−1
± =

∑
r∈N\I

P r−1
± (1)

Notice that the fairness of I only depends on I and the value of P± - not
on P+,P− or the FMA λ.
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Sudden-death stage
Theorem of unfairness

Theorem

If we assume that p, q ∈ Q, every finite repeated sequence Sn is unfair.

This means that if we assume p, q ∈ Q, and we try to find a fair shoot-out
policy with a finite repeated sequence, we will fail.
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Sudden-death stage
Proof

Proof.
Let fI (x) be the polynomial fI (x) =

∑
i∈I x

i−1, then the corresponding
sequence S is fair if P± is a solutions of the polynomial:

fS(x) = fI (x)− fI (x) =
∑
i∈I

x i−1 −
∑
j∈I

x j−1 = 0

If we have any finite sequence Sn of n rounds, that is repeated, the
characteristic polynomial of the resulting sequence S will be:

fS = fSn · (1 + xn + . . . )

Thus, all zeroes of fS(x) need to be zeroes of fSn(x). However, since
fSn(x) is a polynomial of finite degree with coefficients ±1, there will be no
rational zero x ∈ (0, 1) (Gauss’ Lemma).
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Sudden-death stage
Unfairness

Even worse:

The common sequence A(B)A(B) . . . with polynomial
fA = 1 + x + · · · = 0 has no solution with x ∈ (0, 1).

The popular alternative ABBA
fABBA = 1− x + x2 + · · · = (1− x)(1 + x2 + . . . ) = 0 has no
solutions with x ∈ (0, 1).

A well known infinite penalty shoot-out is based on the
Prouhet-Thue-Morse (PTM) sequence. Team A starts round 1, Team B
round 2. From then, the following rounds will be an inverse copy of the
first rounds.

AB BA BAAB BAABABBA . . . (2)

This can be proven to be unfair for all values of P± ∈ (0, 1).
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Sudden-death stage
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Sudden-death stage
Fair algorithm

The following algorithm creates a fair shoot-out, for any given value of
P± ≥ 1

2 .

Algorithm

Let Team A shoot first in round 1 and set I1 = {1}. Then, starting from
n = 1, construct In+1 from In in the following way:

If fIn(P±) < fI n(P±) : In+1 = In ∪ {n + 1}.
Otherwise: In+1 = In

By this construction, the resulting set I = limn→∞ In will have:

fI (P±) = fI (P±)

And therefore be fair.
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Sudden-death stage
Fair algorithm

If we assume p = 3
4 , q = 2

3 , this would be the sequence generated by the
algorithm:

Figure 3: Fair sudden death sequence

The sudden death in the match of the example should have had, as
sequence: ABBBABABBAA . . ..

For any p, q, a fair sequence can be calculated using the algorithm.
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Best of 5
Dynamics

The Best-of-5 is not just 5 rounds of the sudden death.

It is possible that, at the start of a round, one team has scored more
goals than the other - adding pressure to the team lagging behind, as
they have to make up a goal.

This also influences the advantage a team gets from starting a round.

Roel Lambers Joint work with Frits Spieksma (TU Eindhoven )Penalty shoot-outs: the quest for fairness 03-07-2019 24 / 30



Best of 5
Dynamics

The Best-of-5 is not just 5 rounds of the sudden death.

It is possible that, at the start of a round, one team has scored more
goals than the other - adding pressure to the team lagging behind, as
they have to make up a goal.

This also influences the advantage a team gets from starting a round.
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Best of 5
Parameter results

The shoot-out with respect to p, q that is the least unfair:

Figure 4: Fairest Bo5 penalty sequence for given p, q

Note that both AAAAA or ABABA (common and ABBA series) are never
suggested.
When p = 3

4 , q = 2
3 , it suggests ABBAB.
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Best of 5
Comparison

We can compare the unfairness of the preferred penalty sequence, to the
one currently used.
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Best of 5

Figure 5: Compared fairness

Even with very small FMA, there is still an improvement of 1% in fairness.
The model suggest an improvement of 10% in fairness applying ABBAB
instead of AAAA for p = 3

4 , q = 2
3 .
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Best of 5
Suggested sequence

So, in summary, if it comes to a penalty shoot-out, this is how the first 16
rounds in the example should have been taken:

Figure 6: First 16 penalties
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Conclusions

The current penalty shoot-out is inherently unfair.

It is possible to construct fair sudden death sequences.

An improvement in fairness can also be made within the best of 5
shoot-out.

ABBAB in the best-of-5 would be fair compared to the current
AAAAA.
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Questions?
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