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Data
vs. (November 25, 2017)
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Data

minute-by-minute data taken from www.whoscored.com

multivariate time series {ymt}t=1,2,...,Tm

ymt = (ymt1, . . . , ymtK ): obs. variables in match m at time t

here, K = 2 variables: shots on goal and ball touches

www.whoscored.com


Modelling momentum
a match progresses through different phases
 hidden Markov models (HMMs) are considered

sm,t−1... sm,t sm,t+1 ...

ym,t−1 ym,t ym,t+1

observations ymt are driven by a state process smt

transition probability matrix (t.p.m.) Γ = (γij) for smt



State-dependent distributions

shots on goal and ball touches are count variables
(hence Poisson distribtion would be a standard choice)

here, we account for possible over- and underdispersion
 Conway-Maxwell-Poisson distribution is considered

Pr(X = x) = 1
Z (λ, ν)

λx

(x !)ν

with Z (λ, ν) =
∑∞

k=0 λ
k/(k!)ν , λ > 0 and ν ≥ 0.



State-dependent distributions

within-state correlation in ymt is allowed by using a copula C

bivariate distribution as state-dependent distribution:

F (ymt | smt) = C
(
F1(ymt1 | smt),F2(ymt2 | smt)

)
• F1,F2: c.d.f. of the two marginals
• C : copula



State-dependent distributions

differences have to be taken for the joint p.m.f. (discrete marginals!)

(see, e.g., Nikoloulopoulos 2013):

f (ymt | smt) = C
(
F1(ymt1 | smt),F2(ymt2 | smt)

)
− C

(
F1(ymt1 − 1 | smt),F2(ymt2 | smt)

)
− C

(
F1(ymt1 | smt),F2(ymt2 − 1 | smt)

)
+ C

(
F1(ymt1 − 1 | smt),F2(ymt2 − 1 | smt)

)

copulas allowing for positive and negative dep. are considered
(Frank, Ali-Mikhail-Haq (AMH) and Clayton)



Transistion probabilities

modeling state-switching by covariates
 entries γ(t)

ij in the t.p.m. are functions of covariates

covariates are contained in linear predictor η(t)
ij :

γ
(t)
ij =

exp(η(t)
ij )

1 +
∑

l 6=i exp(η(t)
il )

t.p.m. Γt is not constant anymore



HMM likelihood

With the t.p.m. Γt as above and..
... N × N diagonal matrix P(ymt) with i-th diagonal element
given by f (ymt |smt = i)
... δ =

(
Pr(sm1 = 1), . . . ,Pr(sm1 = N)

)
likelihood for a single match m given as: (see Zucchini et al. 2016)

L = δP(ym1)ΓtP(ym2) . . .ΓtP(ymTm )1

(with 1 = (1, . . . , 1)′ ∈ RN)



Results



Results

data of Borussia Dortmund (season 2017/18) ( m = 34 matches)

covariates:
• difference in the current score
• market value of the opponent (in Mio. Euro)
• minute of the match



Results – model selection

model selection by AIC and BIC:

Frank Clayton AMH
AIC BIC AIC BIC AIC BIC

2 states 20,954 21,033 20,941 21,020 20,943 21,022
3 states 20,865 21,005 20,839 20,979 20,861 21,001
4 states 20,836 21,049 20,817 21,030 20,831 21,043
5 states 20,814 21,112 20,801 21,098 20,834 21,132



Results – state-dependent distributions

  Shots

0

1

2

3

 

 B
all

 to
uc

he
s

0

5

10

15
20

25
30

0.1

0.2

0.3

State 1

  Shots

0

1

2

3

 

 B
all

 to
uc

he
s

0

5

10

15
20

25
30

0.02

0.04

0.06

0.08

0.10

State 2

  Shots

0

1

2

3

 

 B
all

 to
uc

he
s

0

5

10

15
20

25
30

0.02

0.04

0.06

State 3

Shots on goal λ̂ = 0.0001, ν̂ = 1.507 λ̂ = 0.132, ν = 0.256 λ̂ = 0.150, ν̂ = 0.071
mean: 0.148 mean: 0.133 mean: 0.173

Ball touches λ̂ = 0.131, ν̂ = 0.003 λ̂ = 1.077, ν̂ = 0.164 λ̂ = 1.638, ν̂ = 0.256
mean: 2.368 mean: 4.772 mean: 9.947

Dependence θ̂ = 2.241 θ̂ = 0.225 θ̂ = −0.226



Results – stationary distributions
State 1: defense and counter attacks; State 2: balanced; State 3: dominance
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Results: decoded state sequence
vs. (November 25, 2017)
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decoded state: ● ● ●1 (defense and counter attacks) 2 (balanced) 3 (dominance)



Conclusions & current research

model potentially useful for managers but also for bookmakers
• analysis of opponents
• predicting goals for in-game betting

dealing with short interruptions
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